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ABSTRACT
A sequence m = ( d1'd2""’dn) of positive integers is said to be
graphic if there exists a sjmple graph G such that =n is the degree
4sequence of G. For a specified property P of graphs, a sequence m =
(dl’dz""’dn) of positive integers is said to be potentially P-graphic
if n is graphic and there exists a realization of m with the property P.
In this paper we characterize potentially P-graphic sequences where
P is one of the following propértieskz
(i) connected and each block is a clique on k vertices.,

(ii) connected and each block is a clique onvkr,or k2 vertices.

1. INTRODUCTION

In this paper we consider finite undirected graphs without loops
or multiple edges. For a graph G, let V(G) and E(G) denote the vertex
and edge sets respectively. Let degG(u) denote the degree of vertex u

of G, that is, the number of edges in G incident at u. A sequence m =

(dl'df""dn) of positive integers is called the degree sequence of
~graph G if the vertices of G can be labelled Uiy, ., un such that
degchﬂ) = di, 1. =1 = n. A sequence m = (d1’d§""dn) is said to be

graphic if there exists a graph G such that n is the degree sequence of
G. Then G is called .a realization of m. All sequences in this paper
are non-negative integer sequences in non-increasing order. Let w(G)

denote the number of connected components of G.
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Let P be an invariant property of graphs. A graphic sequence ©w =
(dz’dz""’dn) is said to be potentially P-graphic if there exists a
realization of = ~ with property P and it is said to be forcibly
P-graphic if evér'y realization of m has property P. Many authors have
characterized potentially P-graphic and forcibly P-graphic sequences for
various properties ‘P. Some of the propebties P considered in the
literature are : k-edge: connectedness (Edmonds [3]), k-vertex
connectedness (Wang and Kleitman [8]), k-factorability (Rao and Rao [6],
Kundu [4]) and many more. For a good survey of these problems the reader
is referred to S.B.Rao [7].

"~ A nontrivial connected graph with no cut vertices is called a
block. A block of a graph G is a subgraph of G that is a block and it

is maximal with respect to this property.

Consider the property P : G is connected and each block is a
clique. For this property P, the problem of characterizing the

potentially P-graphic sequences was suggested by A.Ramachandra Rao [5].

We define property P(k1’k2""’kr) to be : G is connected and each
block is a clique on k vertices where k is one of the specified r
distinct positive integers kl’kz""'kr' In this paper we characterize
potentially P(kl,kz,...,kr)—graphic sequences for r = 1 'and 2. In
section 2 we present some of the results for general P(k:l’kz""’kr)
In section 3 we discuss the main results for P(kl’kz""'kr) , r =1 and
2.

2. RELATED RESULTS

We assume that k1’k2”"’kr are r distinct integers greater
than or equal to 2. Let =n = (dl’dz""’dn) be a potentially
P(ki,kz,...,kr)-graphic sequence and G a realization of w with t}%e
property P(kl’kz""’kr) . With reference to G , we introduce the
following notation :

b - Number of blocks. of G; .
bi ~ Number of blocks of order ki, 1= 1= r;
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al(v) -~ Number of blocks of order ki containing the vertex v

of G, 1 =1 = r;

b(v) - Number of blocks of G containing the vertex wv;
n, - Number of vertices with degree (k1 - 1), 1 =1 =r;
G - The subgraph of G such that

V(Gi) = { u / u belongs to a block of order ki}
and E(Gx) = { e / e belongs to a block of order kl).

Some of the following facts are immediate and the rest can be
found in any text book (Bondy and Murty [2], Berge [1]). For a graph G
on n vertices with degree sequence n = (d1’d2""’dn) and property

P(k1’k2""’kr) , we have the following :
r
Fact 1. b(v) = iZjlai(v).

r
Fact 2. n =1+2Zb (k- 1).
1511 1

Fact 3.

r
s§1bi ki( k1 - 1).

Fact 4. For a vertex v with degree dj,

dj= deg(v) = 1§1[(k1— 1) “x(V)]'

Fact 5.

T
i
—

+Z (b(v) - 1).

Fact 6. I b

1+ = ( (1§1 a‘(v)) -1

Fact 7. There exists at least one i such that

niz (ki- 1), 1 = 1= r.

Fact 8. b (ai(v) - 1) = b‘— w(Gi) =b -1, 1= i= r.
v e V(Gl)
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From the definition of P(k1’k2""’k ) the following can be
r

easily observed.

Fact 9. If n is potentially P(k1'kz""'k )-graphic then
q
m is potentially P(kl,kz,...,km)—graphic; where m > q.

3. MAIN RESULTS

In the following theorem we characterize potentially P(k)

degree sequences.

Theorem ‘1. Let k = 2 be an integer and n = (d1’d2""’dn) be a
non-increasing sequence of positive integers. w is potentially P(k) -
graphic if and only if there exist positive integers b and aj, 1 = 3
= n such that

(i) n=1+b(k - 1).

(i1) jE dj = k(n - 1)
d

Proof. Let m be potentially P(k)-graphic . Then there exists a graph G,
a realization of m with property P(k) . Now invoking Facts 2,3,4 and 7

we have the necessary conditions (i) to (iii).

The proof of sufficiency is by induction on b. Now let m satisfy
the conditions (i) to (iii). For the basis of induction ,if b = 1 it is
easy to see from conditions (i) to (iii) that k = n-and dj =n-1, 1=
J = n . Thus Kn the complete graph on n vertices has the degree
sequence m and the property P(k), proving the basis of induction. Now
we make the induction hypothesis thaﬁ the suffciency is true for b - 1
and prove it for b z 2. The proof of the inductive step depends on a
procedure of laying off (k - 1) vertices of degree (k - 1) and reducing
the degree of a suitable vertex by\(k - 1) such that the new degree

sequence n’ satisfies conditions (i) to (iii).
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With reference to m let n = {3 7 dJ =k -1; 1= 3 =n}|. Note

that n < n since b = 2. Using conditions (iii) in (ii) and rewriting

it we get,
n
(k—l)(JEl(aJ- 1)) + (k-1) = (n - nl) + (n1 - 1) (1)
Note that,
) n n-—nl
jgl(aj - 1) = j§1 (ocj - 1)z (n - nl) (2)

Combining (1) and (2) we can conclude that n = k.

Now define un’ = (d1,’d21""’dn’1) where n’ = n-k+1 as follows :
q , _ dj , 1= j3j=n- n. - 1
J dj - (k- 1), 3 =n - n

’
n

dJ , h - n1 + 1= 3=
Note that n’ is well defined since n > k. It is easy to verify that =’
satisfies conditions (i) to (iii) with b’ = b - 1. Thus using the
induction hypothesis m’ is potentially P(k) -graphic. Now let G’ be a
realization of m’ with property P(k) . From G’ obtain a G by attaching

a Kk to a vertex of degree (dnq’—(k—l) ) in G’. It is easy to see that
1
G has the degree sequence m and the property P(k) . This completes the

proof of the inductive step and hence the  theorem.

We note that Theorem 1 covers the following known results :

(i) When k = 2, it characterizes the degree sequence of a tree on n
vertices (Bondy and Murty [2],p.27).

(ii) When k = 3, it characterizes the degree sequence of a connected

graph in which each block is a triangle (A.Ramachandra Rao [8]).

In theorem 2, we characterize potentially P(kl,kz)-graphic

sequences.

Theorem 2. Let k1 = k2 = 2 be integers and m = (dl,dr...,dn) be a

non-increasing sequence of positive integers. = is potentially P(k1'kz)
- graphic if and only if there exist non-negative integers b1 s bz;
aj , BJ , for 1 = j = n such that

(1) n=1+ b1 (k1 - 1) + b2 (k2 - 1)



[,
M o

(ii1) . dj = b1 kl(k1 - 1) + lo2 1<2(1<2 - 1).

(iii) dj=aj(k1—1)+8j(kz—1),qsaSb,OsBsb,

j 1 j 2
aJ+B 1; forl= 3 = n.
n
(iv) §(+BJ—1)=b1+ba—1.
n : n
(v) j§1(ocj--1)5b1~1andj§1(;3'j—1)5b2—~1
= N

R
-

B,

[y

Proof. Let m be potentially P(kl,k2)~graphic. Then there exists a
realization G of m with property P(k1’kz) . Using this ’gr-apvh G, define
bi = the number of blocks of order ki, 1= 41 = 2. For a vertex v with
degree dj , define ocj = ocl(v) and BJ = ocz(v) where oci(v) = the number
of blocks of order k containing the vertex v, 1 = 1 = 2. Then
conditions (i) and (11) follow from Facts 2 and 3 respectlvely The
condition (iii) is immediate from Facts 4, 7 and the fact that o (v) =
b;, for 1 = 1 = 2. The conditions (iv) and (v) follow from the Facts

6 and 8 respectively. This completes the necessity part of the proof.

The proof of sufficiency is by induction on b1 + bz‘ Assume that
the n . satisfies the conditions (i) to (v). For the. basis of induction
assume that b1+ bzs 2. Now 1if either b1 = 0 or b2 = 0, then the
condition (i) to (v) reduce to conditions (i) to (iii) of Theorem 1 and
thus m is potentially P(kl)-—graphic and hence P(kl,kz)—graphic, using
Fact 8. Next if b1 = 1 and b2 = 1, from condition (iii). we note
that the possible degrees in m are k1 + k2 -2, k1 - 1 and k2 - 1.

Further, using conditions (i), (ii) and {iv) we can prove that

k. +k -2, ifi1=1
_ 1 2

1 k -1, if 2
k -1, if k +1
2 1

Now construct a graph G by taking a Kk and to exactly one of these k1

1
vertices attach a Kk . It is easy to show that G is a realizatiqn of n

k
1

i = n.

1A
iA

i

A

2
with property P(k1’k2) and thus m is potentially P(kl,kz)—gr‘aphic.
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This completes the proof of the basis of induction. Make the induction
hypothesis that the sufficiency is true for bl + b2 - 1 and prove it

for b1 + b2 = 3. We prove this inductive step by cases.

Case A : either b1 =0 or b2 = 0.
In this case, conditions (i) to (v) reduce to conditions (i) to (iii) of

Theorem 1. Now using Theorem 1 and Fact 9 we conclude that = is

potentially P(k1 . kz) -graphic.

Case B : blzland bzzl

Using conditions (i) and (iv) we can easily show that
n z (kl— 1) or n, = (kz—l)
where, n ={j/a =1, 8 =0; 1

3

]
and = j / =0, =1; 1
n, = |{J o, Bj

n }|
n}l.

Y
[ S
A A

Subcase (i): n, = (k2 - 1).

Now in order to accomplish the laying off procedure we prove the
existence of a degree clt such that dt = Bt(kz - 1) with Bta 2 or dt =
oct(kl— 1) + i:'s’t(k2 - 1) with « =z 1 and Btzl. Suppose such a dt does not
exist. Then condition (iv) can be rewritten as

?(aj+BJ-1)+§?(ocj—1)* )}(BJ—I)=b1+b2—1.

=1 « =1 « =0
] J J
= 1 = 0 zZ 1
3 BJ BJ
That is, Z (a, - 1) =b + b -1
b J 1 -2
a, =z 1
j
=0
BJ
Thus we get Z(aj—1)= Z(aj~1)=b1+b2~1
o =1 [: B |
J J
B. =0

and this contradicts condition (v). Thus the existence of a dt as
required is proved. From the set of such dt’s, choose the one with the
largest Bt' Now construct a degree sequence m’ with bl + b2 reduced by

one by laying off (k2 - 1) vertices of degree (k2 - 1) and reducing



the degree dt by (kz— 1). More precisely define m’ = (dxl’dzl""’d 7))

n
where n’ = n - k2 + 1 as follows :

d. , j#t, 1= j3=n
djl= j -
dj“(kz—l),j=t.

With reference to the sequence n’, let us define bl', bz’; a’, B’ ‘,

1 = j=n’as follows :

b’ =b , o’ =a , 1=y =n’
1 1 J J
b2=b2—1, BJ=BJ,1SJSD and j # t ,
Bt =B -1
Now using the facts n’ = n - k2 + 1, OLJ= 0 and Bj= 1 for

n’ + 1 =3 =n, it is easy to verify that n’ satisfies conditions (i)
to (v). Now by the induction hypothesis obtain a realization G’ of u’
with the property P(ksz) . From G’ construct a graph G by attaching a

Kk to a vertex of degree dtl in G’. Note that G 'is a realization of =n
2

and also has property P(kl,kz]. Thus m is potentially P(kl,kz)—gr'aphic.

Subcase (ii) : n, < (k2 - 1).

In this case note that n B (](1 - 1). Now the laying off procedure
will be accomplished using degrees (l(1 - 1) and the arguments can be
provided along the same lines as in the subcase (i). This completes the

sufficiency proof in all the cases and hence the theorem is proved. n]

A.Ramachandra Rao characterized potentially Q-graphic sequences
(Theorem 1, [51) where property Q is : the graph is connected and each
block is an edge or a triangle. Note that property Q is equivalent to
property P(3,2) .Thus Theorem 2 covers the characterization of

potentialyly Q-graphic sequences.
In the following we provide examples of sequences to demonstrate

that none of the five conditions of Theorem 2 is redundant. In these

examples, we express the sequence using the convention that an integer
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dl occurring s, times in the sequence is represented by dxsi .

n = (10,4,2"®) for k, =5, k, =3:

Note that n = 14. Consider b =1, b =3, « . =1, B =3, a=1, B
1 2 1 1 2 2

= 0, o, = 0, and 83 = 1. (Here ai and Bi are used to express di in

condition (iii) for 1 = i1 = 3 where d1 = 10, dé = 4 and d3 =

2.). It is easy to see that they satisfy conditions (ii) to (v)

but not (i).

n = (10,4% 2"%) for k, =5 k =3:

Note that b =1, b =5, « =1, B =3, «. =0, B =2 , a =0

1 2 1 1 2 2 3

and [33 = 1 satisfy conditions (i), (iii), (iv) and (v}, but not (ii).

n = (8,3°%2% for k =4, k =3;:

It is easy to show that b =1, b =3, « =1, B, =3, a =1, B =

1 2 1 1 2 2
o, @ = 0 and 83 = 1 satisfy conditions (i), (ii),(iv) and (v),

but not (iii).

.= (6,3%2% for k =4, k, =3;:

In this case b =1, b =3, a =0, B, =3, « =1, . =0, « =0,
1 2 1 1 2 2 3

and 63 = 1 satisfy conditions(i), (ii),(iii) and (v), but not (iv).
n = (5,4%,37,2) for k =4, k =3;:

Now b1 = 2, b2 = 2, al = 1, Bl =1, az = 0, Bz = 2, a3 = 1, Bs = Q,
@, = 0 and 64 = 1 satisfy conditions (i) to (iv) but not (v).

One can easily verify that there is no graph with the property

P(kl,kg), realizing any of the above sequences. This establishes the

fact that none of the five conditions of Theorem 2 is redundant.
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