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Abstract
We study pse(n) and pyo(n), the number of partitions of n into four
distinct even (four distinct odd) squares. The main result is that for

n = 4 (mod 8), we have pyo(n) = pae(n) + paet(n), where pyoy is the
number of partitions of n into four distinct strictly positive squares.

1. Introduction and statement of results

In recent work [1,2], we studied pyq(n), the number of partitions of n into
four squares. We found the generating function for pyg(n), and showed that the
numbers pyry(n) possess some (rare) arithmetic properties.

In this paper we make a study of what we will call ps.(n) and py,(n), the number
of partitions of n into four distinct even (respectively odd) squares. We shall also
have reason to consider pye(n), where the squares are strictly positive.

The main result of this paper is that for n = 4 (mod 8),

Pao(n) = pac(n) + Paey (n).

As a corollary we obtain the surprising result that for n = 4 (mod 8),

p4o(n) > p4e(n) = %péio(n)'

Thus, if pso(n) > 0 (and so n = 4 (mod 8)) then pg.(n) > 0, a conjecture an-
nounced by R. Wm. Gosper at the Ramanujan Centenary Conference in 1987, the
inspiration for this investigation.

We shall give two proofs of our theorem, one arithmetic, the other via generating
functions.
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2. The arithmetic proof

We shall show that if n = 4 (mod 8) there are two partitions of n into four
distinct odd squares for each partition of n into four distinct even squares greater
than zero, and one partition of n into four distinct odd squares for each partition
of n into four distinct even squares one of which is zero.

Suppose n = 4 {mod 8) and
n:m%-{—w%%—x%—l—xi,
is a partition of n into four distinct even squares. Then without loss of generality
(z1, 22,23, 24) = (0,2,2,2) or (2,0,0,0) (mod 4),
T1+ T2+ 23+ 24 =2 (mod 8)
and
zg > 3 > |24l

(In the case (z1, x2, x3,24) = (0,2,2,2) (mod 4), the condition z; +xo+x3+x24 = 2
(mod 8) determines the sign on x4, (the sign of z; is undetermined); in the case
(21, 22,23, 24) = (2,0,0,0) (mod 4) the condition determines the sign on z; (the
sign of x4 is undetermined).)

In the case (z1,T2,23,24) = (0,2,2,2) (mod 4), let
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Then
n=yl+ys+ui vl =+ uh s+t
Y1, Y2, Y3, Y4 =1 (mod 4), i, y3, ¥3, Y4 =1 (mod 4),
V1> Y2 > U3 > Ya, Y1 > Yo > Yz > Yy
are partitions of n into four distinct odd squares, different if and only if z; # 0.
Similarly, in the case (2, zq, 23, 24) = (2,0,0,0) (mod 4), let
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Then , , ) ,
O T R i VR o VAN R A N T/

Y1, Y2, Y3, Y4 = 1 (mOd 4)a y;: yé: yé? ylll =1 (HlOd 4)a
Y1>Y2 > Y3 > ys, Y1 > YL > Yy > Yy

are partitions of n into four distinct odd squares, different if and only if z4 # 0.
Conversely, suppose n = 4 (mod 8) and

n=yi+ 3 +yi+ i
is a partition of n into four distinct odd squares. Then without loss of generality

Y1, Y2, Y3, Ya =1 (mod 4) and y; > yp > y3 > ya.

If we now let
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n=a?+ a3+ 23 + 22,
(.751,.’[,‘2,373,154) = (O’ 27 2s2) or (2’ 0703 O) (Il’lOd 4);
T1+T2+ 23+ 24 =2 (mod 8)
and

g > X3 > t$4l
This establishes the (one-to-one-or—two) correspondence described earlier between

the partitions of n into four distinct even squares and the partitions of n into four
distinct odd squares. W

An example
Consider n = 420. The partitions of 420 into four distinct even squares are
420 =202+ 42 + 22 = 16% + 122 + 42 + 22 = 162 +10? + 82 = 142 + 122 + 82 + 42,

Corresponding to these we have, respectively,

Ty 2 Y1 13

T2 = 20 Yo _ 9

xrs3 h 4 ’ Y3 - -7 ’
Ty 0 Ya -11
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Thus

420 =202 +42 4+ 22 =162+ 122 + 42 + 22 = 16% + 10% + 8% = 142 + 122 + 8% + 42
=192 4+72+32+12 =172+ 112 4+32 + 12 = 172 + 92 + 7% + 12
=152 4132 5% +12 = 152 + 112 + 72 + 52 = 132 + 112 + 92 + 72,

P40(420) = 6, P4c(420) = 4, pac+(420) = 2, and pgo(420) = pa(420) + pyey (420).

3. The generating function proof

Let z;, ¢« = 0, --- ,N be arbitrary. It is easy to verify by expanding the
expression on the right that

2

N 4 N 2N N
(1) 24 Z TiTjLRT] = (Z :ci> -6 (Z m,«) me +3 (Z xf)
2=0 1=0 1=0 1=0

i>j>k>1
N N N
+ SZziZm? - 62:1:;1.
i=0 =0 i=0

(The author discovered this formula recently, but feels that it is unlikely to be
new.)

If in (1) we set z; = ¢®+1" let N — 0o and use the fact that
. 2
D aP T = gy (g?)
i>0

where

w(g) =D g,

i>0
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we obtain

(2) Y pao(n)g" = 5% (2" (a®)" — 64*0(¢%) % (") + 3q*(q*°)?
n=t +8¢" (g% (¢**) - 6g*(g*?))

or

S paolma” = o (a9~ 6a*0(a")b(a™) + 3q" (a0
nE med +8¢"9(¢®)¥(¢**) - 69" (¢?))

since the series in (2) contains only powers of g which are 4 modulo 8.

If in (1) we set z; = q(2)° | let N — co and use the fact that
> = S0 +1)
>0
where -
$lg) = q",
we obtain, after simplification,
3) .
2 Pae(m)” = o (#(a") 4+ 46(0")° — 66(a")? + 12(g*) — 15 + 126(¢*)”
" +120(0°) + 329(4'2) - 489(a™®) — 126(q")*6(c")
—246(q")#(¢°) + 329(q*) b (")) -

If in (1) we set z; = ¢*2* let N — 0o and use the fact that
L oy2 1
DaCHt = 2 (g(gh) ~ 1),
i>0
we obtain

(@) 3 prer ()" = g7 (4" - 466 + 186(0) - 604(g") + 105

ne +120(q%)? — 364(¢*) - 324(¢"2) — 48¢/(¢")
~126(¢*)*¢(¢®) + 249 (¢*) p(¢®) + 326(¢*)¢(¢'?)) -
It follows from (3) and (4) that

3 (Pae(n) + pacy (n))g" = El,—i (6(g")* + 68(¢%) — 246(q*) + 45 + 126(¢°)?
n20 ~120(¢%) — 486(¢"°) — 126(4*)*h(a®) + 326(¢*)6(¢'2)) .
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We now extract the terms in which n = 4 (mod 8). We use the fact that

¢(q) = o(q*) + 2q0(¢®)

to write
D " (pae(n) + pacs (n))g" = L ((#(a"%) + 24" (¢**)* + 6(¢(q"%) + 2¢* ¥ (¢*?))?
n>0 192

—24(d(q"°) + 2¢*P(¢*?)) + 45 + 12¢(¢®)? — 12¢(¢®)
—48¢(¢"%) — 12(¢(¢"®) + 2¢*9(¢°*))*¢(¢®)
+32(¢(¢"%) + 24" (¢°)) ((¢**) + 20" (4°))) .

It follows that

> (pae(n) + pacs (n))q"

n=4 (mod 8)
= 51 (A1) + 4020 W) + 3B ™) — 0 (a®)
—64"¢(¢*)e(a" ) (a*) + 84" 9(a**)9(a*?) + 84" d(¢** )9 ("))
= 57 (@9 ) — 63D ) + 390 )9 (a™)
+8¢*(¢") ¥ (@*) - 6¢*¢(¢*)) -

Here we have used the facts that

d(a*)* + g (g*)? = ¢(q)?

and
$(a®)¥(q") + ad(a®)v(a'?) = ¥ (Q)v (¢%).

So our theorem is equivalent to the identity
b(9)* = 64(9)*P(¢%) +3¢(¢%) = ¢(0)*B(a*) (") ~ 66(q)b(q*) b (q*) + 3 (a?)(g*).

This is straightforward, since, with (¢)eo = H (1-4¢"),
n>1
(¢*)% _ (@)%
A RPN
2402 4y _ (6*)% . (¢*)3% .(qs)go _ (¢*)5 _ 4
HOHEWD) = e 08, @ (e 0L - P9

Y(g) =
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2\5 4\5 8\2
A = S e
_@3(eM% _ @)% (@)%
(0)3 (@%  (¢®)
= P(9)*h(¢%)

and

4\5 8\2 4\4
M) = G e (= = (i = Vi
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