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Abstract

We investigate Laguerre near-planes of order 4 and classify all such
planes. We further develop a description of these planes in terms of
a single map and characterise those Laguerre near-planes that can be
extended to the Miquelian Laguerre plane of order 4.

1. Introduction and result

A finite Laguerre plane of order n where n > 2 is an integer consists of a set P
of points, a set C of circles and a set G of generators (subsets of P) such that the
following four axioms are satisfied:
(P) P contains n(n + 1) points.
(G) g partitions P and each generator contains n points.
(C) Each circle intersects each generator in precisely one point.

(J) Three points no two of which are on the same generator can be uniquely

joined by a circle.

From this definition it readily follows that a Laguerre plane of order n has n + 1
generators, that every circle contains exactly n + 1 points and that there are n?
circles. Labelling the generators from 1 to n + 1 and the points on each generator
from 1 to n and identifying each circle with the (n+ 1)-tuple (c1,... ,¢ny1) where
¢; is the unique point of the circle on generator i, we see that a Laguerre plane
of order n corresponds to an orthogonal array of strength 3 on n symbols (levels),
n + 1 constraints and index 1, cf. [1].

All known models of finite Laguerre planes are of the following form. Let O be
an oval in the Desarguesian projective plane Po = PG(2,p™), p a prime. Embed
P> into 3-dimensional projective space P3 = PG(3,p™) and let v be a point of Ps
not belonging to P,. Then P consists of all points of the cone with base O and
vertex v except the point v. Circles are obtained by intersecting P with planes of
Ps not passing through v. In this way one obtains an ovoidal Laguerre plane of
order p™. If the oval O one starts off with is a conic, one obtains the Miquelian
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Laguerre plane of order p™. All known finite Laguerre planes of odd order are
Miquelian.

The internal incidence structure A, at a point p of a Laguerre plane has the
collection of all points not on the generator through p as point set and, as lines,
all circles passing through p (without the point p) and all generators not passing
through p. This is an affine plane, the derived affine plane at p. A circle K
not passing through the point of derivation p induces an oval in the projective
extension of the derived affine plane at p which intersects the line at infinity in the
point corresponding to lines that come from generators of the Laguerre plane; in
A, one has a parabolic curve. (The derived affine planes of the Miquelian Laguerre
planes are Desarguesian and the parabolic curves are parabolae whose axes are
the verticals, i.e., the lines that come from generators of the Laguerre plane.) A
Laguerre plane can thus be described in one derived affine plane A by the lines
of A and a collection of parabolic curves. This planar description of a Laguerre
plane, which is the most commonly used representation of a Laguerre plane, is then
extended by the points of one generator where one has to adjoin a new point to
each line and to each parabolic curve of the affine plane. It follows from [7] that
every parabolic curve in a finite Desarguesian affine plane of odd order is in fact
a parabola. Furthermore, using a simple counting argument it was shown in [2]
that a finite Laguerre plane of odd order that admits a Desarguesian derivation is
Miquelian.

The spatial description of an ovoidal Laguerre plane as the geometry of plane
sections of an oval cone is related to the planar description in one derived plane
by stereographic projection from one point of the cone onto a plane not passing
through the point of projection. In this description all points of the Laguerre plane
except the points on the generator through the point of projection are covered.

In this note we consider the restriction of a finite Laguerre plane to one of its de-
rived affine planes. When verifying the axioms of a Laguerre plane in such a planar
representation one always has to consider special cases involving the extra points.
We now ask to what extend the description in a derived affine plane determines
the Laguerre plane. A partial solution to this problem was given in [9] in the case
of odd order and under the assumption that a point exists at which the internal
incidence structure (defined in exactly the same way as for Laguerre planes) can
be extended to a Desarguesian affine plane. To be more precise, a Laguerre near-
plane of order n > 3 is an incidence structure of n? points, circles and generators
satisfying the axioms (G), (C) and (J) from above. This definition extends the
terminology for Minkowski near-planes and Mobius near-planes adopted in [5] and
[8], respectively. Laguerre near-planes occur as special Laguerre semi-planes in [6]
but have not been further investigated there. Also note that a Laguerre near-plane
is not a restricted L1l-space as defined in [11] since the restriction made in [11] on
the number of points and lines in an internal incidence structure at a point is not
satisfied.

Clearly, there are n generators, every circle contains exactly n points and there
are n® circles. Like for Laguerre planes we see that a Laguerre near-plane of order
n corresponds to an orthogonal array of strength 3 on n symbols, n constraints and
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index 1. By [1], an orthogonal array of strength 3, n symbols, size n® and index
1 can have at most n + 2 constraints. In fact, if n is odd one has at most n + 1
constraints. In terms of orthogonal arrays the question is whether such an array
on n constraints can be extended to one on n+ 1 constraints and if so in how many
essentially different ways.

One obviously obtains a Laguerre near-plane of order n by deleting a generator
from a Laguerre plane of order n. In the case of the Miquelian Laguerre plane
we obtain in this way the parabola model: its circles are graphs of polynomials of
degree at most 2, that is,

C={{(u,au® +bu+c)|ueF,}|abcecF}

where Fy denotes the Galois field of order ¢q. The axiom (J) is readily verified in
this model.

Conversely, it is not clear how to extend circles in order to construct a Laguerre
plane from a Laguerre near-plane since all circles have the same length. Even
worse, if an extension exists, it may not be unique.

In [9] all Laguerre near-planes of order at most seven, except order 4 are covered.
Furthermore, an example was given that a Laguerre near-plane of even order may
be extended in more than one way to a Laguerre plane of the same order. This
basically is due to the fact that in even order one can replace a point of an oval
in a projective plane by its nucleus and again obtain an oval. Moreover, Laguerre
near-planes of order 4 were used in [8] to construct Mdbius near-planes of order 4.
Also note that the case of order 4 stands out in that the derived incidence structure
at a point of a Laguerre near-plane of order 4 may not extend to an affine plane,
see [9] and [4].

In this paper we investigate Laguerre near-planes of order 4. We develop a
representation of such planes in terms of a single map. We determine, up to
isomorphism, all Laguerre near-planes of order 4. The results obtained in this note
can be summarized as follows.

Theorem. Let f : F} — Fyq where Fy = {0,1,w,w?}, w? = w + 1, denotes the
Galois field of order 4 be a map such that for each xg,yo,20 € Fa the functions
x — f(x,90,20), ¥ — [f(x0,y,20) and z — f(xo,y0,2) are permutations of Fy.
Such a map describes a Laguerre near-plane L(f) of order 4 as follows. The point
set is Fq X Fy and generators are the verticals {c} x Fy for ¢ € Fy. Circles are of
the form
{(L2), (w,9), (@, 2), 0, f(z,y,2))}

for x,y,z € Fy. Conversely, every Laguerre near-plane of order 4 can be uniquely
described in this way by such a map.

A Laguerre near-plane L(f) can be uniquely extended to the Miquelian Laguerre
plane of order 4 by adjoining the points of one generator if and only if one of the
following holds.

(1) f+ £(0,0,0) is additive;

(2) the circle set {(x,y, z, f(x,y,2)) | ©,y,z € F4} (i.e., the graph of f) forms

an affine subspace of T over the Galois field Fy of order 2;
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(3) f is of degree at most 3.

Up to isomorphism, there are precisely five Laguerre near-planes of order 4.
These planes are described by the maps

folz,y,2) =z +y+2,

ey, 2) =@ +2) P+ )+ P+ )+ )+ @ +a) (P +2) ety + 2,
Fa(z,y,2) =(x? +2) (2% +2) + o +y + 2,

fa(@,y,2) =(2* + 2) (¥ +9)(Z° +2) + 2 +y + 2,

fa(,y,2) =(2° + 2) (1 + wy) (2% + wz2) + (2 + W?2) (v + w%y)

+ (2 + W) (2% + w?2) + (P +wy) (22 +wz) + T +y + 2

Note that a Laguerre plane of order 4 is Miquelian so that the Laguerre near-
planes described by f1, fa, f3 or f4 cannot be extended to Laguerre planes, that is,
the corresponding orthogonal arrays are maximal. The Laguerre near-plane £(fo)
extends to the Miquelian Laguerre plane of order 4 and this plane in turn can be
extended by adding one generator through the nucleus of the conic over which the
Miquelian Laguerre plane is constructed in 3-dimensional projective space Ps, that
is, one has the geometry of plane intersections of a cone over an hyperoval with
planes of P; not passing through the vertex of the cone. This leads to orthogonal
array with 6 constraints.

Replacing in axiom (J) in the definition of a Laguerre near-plane the number of
points by k one obtains an interpolating system of rank k. By the above theorem
there are essentially five interpolating systems of rank 3 over Fy. Clearly there is
only one interpolating system of rank 4 over Fy. An interpolating system of rank
2 corresponds to an affine plane of order 4, so that there is only one interpolating
system of rank 2 over Fy.

We deal with Laguerre near-planes of order 4 exclusively and sometimes omit
order 4 when speaking of Laguerre near-planes.

2. A representation of Laguerre near-planes of order 4

We denote by Fy = {0,1,w,w?}, w? = w+ 1, the Galois field of order 4. Then
the point set of a Laguerre near-plane of order 4 can be identified with Fy x F4 and
generators being the verticals {c} x Fy.

Since w is a generator of the multiplicative group of Fy, the non-zero elements
of Fy can be written in the form w?® for i = 0,1,2. We use the notation w™® = 0
and

1=1{0,1,2,00}.

Then
Fy={w'|ieT}.
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2.1. A representation of Laguerre near-planes of order 4 in terms of
a single map. Each circle has four points and is uniquely determined by these
points. Each circle is therefore described by some (co, c1,c2,co0) € Ff as

Cegrersezen = {(1, o), (w, Cl)(“}27 €2),(0,¢00)} = {(w', ) [ i € I}

There are 256 vectors in F} and 64 of them describe circles as above. We denote
the collection of all circle describing vectors again by C. In this representation
axioms (G) and (C) of a Laguerre near-plane are clearly satisfied. Axiom (J) is
equivalent to saying that for any three mutually distinct 41, 2,43 € I and any three
Y1,Y2,ys € Fy there is a unique solution (cg, c1, €2, ¢o0) in C such that ¢;, = yy for
k =1,2,3. In particular, for i, = kK — 1 we obtain that ¢, is a function f of ¢g, ¢1
and ¢z, that is, circles in C are represented by vectors of the form (z,y, z, f(z,y, 2))
for z,y,z € Fy where f : F§ — F is some map. Hence, we can write C in the form

C= {(m,y,z,f(m,y,z)) ‘ T,Y,2 € F4}
and C can then be viewed as a hypersurface in Fj.

Furthermore, choosing a different set of mutually distinct indices i1, is, i3 axiom
(J) shows that for fixed xo,y0,20 € Fy4 the functions fy, ., : ¢ — f(z,y0,20),
Fwoz0 1y — f(T0,y,20) and foy 4, 2 — f(0,Y0,2) are permutations of Fy.

Conversely, every map f with this property describes a circle set C and thus
defines a Laguerre near-plane of order 4. We denote this plane by £(f).

2.2. An alternative description. Each circle determines a unique polynomial
of degree at most 3, that is, each circle is described by some (cs, c2,c1,co) € Ff as

C = {(u, csu® + cou® + cru +co) | u € Fu}.

c3,C2,C1,C0
In order to describe how this description of circles relates to the preceding one let
Uy, Ug, Uz, g be the four elements of Fy. Each polynomial

Pug (X) = (X —ur)(X — u2)(X — ug)
vanishes at u1, us and uz and has value 1 at uy because (ug —uy)(ug — uz)(ug — ug)

equals the product of all non-zero elements in Fy. Expanding we explicitly have
the following four polynomials

po(X) =X°

p(X) =X3 +X2+X
po(X) =X + wX? + WX,
P2 (X) =X3 + w? X? + wX.

Using these four polynomials, then
Ccu«,chf«z,ﬂoc = {(uv Cop1 (u) + c1pw (“’) =+ Capy2 (u) + coop()(“’)) ‘ u € F4}
Expanding copi (u) + c1pw(u) 4 capu2 (1) + coopo(u) in powers of u yields
CCU«,CI«,CQ«f«oc = C<l:u+a1+c2+cxtcu+a1w+c2w2,a0+a1u2+a2w,ao¢ .
In the parabola model of a Laguerre near-plane of order 4, all circles are graphs
of polynomials of degree at most 2. Thus ¢y + ¢1 + ¢2 + ¢ = 0 for all circles in
this plane, that is, a describing map f asin 2.1is f(z,y,2) =z +y + .
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Lemma 2.3. The parabola model of a Laguerre near-plane of order 4 can be rep-
resented in the form L(f) for f(z,y,z) =z +y+ 2.

With every map f : F§ — F4 we can associate a unique polynomial in X, Y and
Z of degree at most 3 in each of the three variables, i.e.,

3
fXY,2) =Y aip X'y 2"
ijk=0

for some a;jr € F4. Each of the above restricted maps then is described by a
polynomial in one variable of degree at most 3. However, there are only a few such
polynomials that define permutations of Fy, cf. [3] , §7.

Lemma 2.4. A polynomial p(X) = Z?:o a; X" of degree at most 8 over Fy defines
a permutation of Fy if and only if a3 = 0 and either az = 0 or a; = 0. The latter
condition is equivalent to a3 + a3 = 1.

Proof. The polynomial p(X) defines a permutation of Fy if and only if the evalua-
tion map p : Fy — Fy : 2+ p(z) is one-to-one. Since translations and homotheties
are permutations, we may assume that the leading coefficient of p(X) is 1 and that
the constant term equals 0.

Suppose that p(X) has degree 3 so that p(X) = X3 + aaX? + a; X. If a; = 0,
then p(0) = p(az) = 0 and p is not injective for az # 0. If az = a3 = 0, then
p(1) = p(w) = 1 and again p is not injective. We now assume that a; # 0. Since
p(X) defines a permutation of Fy if and only if p(iX ) defines a permutation of
F4, we may assume that a; = 1 so that p(X) = X3 + aaX? + X. But then
p(1) = p(az) = az and p is not injective. This proves that p(X) has degree at most
2, ie., a3 =0.

Suppose that p(X) has degree 2. Then p(X) = X2 + a1 X and p(0) = p(a1) =0
so that p is not injective for a; # 0. Clearly, « — 2 is a permutation of F4 so that
a quadratic polynomial defines a permutation of F, if and only if the linear term
equals 0.

Since u? = 0 or 1 for u = 0 or u # 0, respectively, it readily follows that
u? +v% =1 for u,v € Fy if and only if either u =0, v# OQor u# 0,v=0. O

Note that maps of the form z +— aox? + a1z for az,a; € Fy are additive, that is,
they are linear over Fo, the Galois field of order 2. Hence each such permutation
of Fy represents an element of GL(2,2), the group of all invertible 2 x 2 matrices
over the field Fy. This group has order 6 and obviously the maps for ay # 0,
a; = 0 and ay = 0, a; # 0 belong to it. Therefore we must have already covered
all permutations of this form.

From this point of view one further obtains the inverse of = +— as2? 4 a;z for
as,a1 € Fy, a§ +a} =1, in closed form. Let

a x + a,gmz =u;

then
a%x + a%xz =u?.
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In matrix notation we have

(i) ()= (2):

Since the coefficient matrix of this system of linear equations has determinant
a$ + a3 = 1, one finds
r = a%u + agu?.

We now consider the partial map z — f(z,y, z) which is described by a polyno-
mial in Z. By the preceding lemma the coefficient of Z? must be 0. Therefore

3
Z aijga:iyj = 0

i,j=0

for all z,y € F4. Hence the polynomial p(X,Y) = Zij:() a;;3X"Y7 vanishes

identically. This implies a;;3 = 0 for all ¢ and j. Considering the other partial maps,

we similarly find that a; 3% = a3 jr = 0 for all 4, j and k from 0 to 3. Therefore

f(X,Y, Z) reduces to f(X,Y,Z) = Z?jk:() aijx XYIZ¥ for some a;ji € Fy.
Furthermore,

2 2
(Y aipoa'y))* + (Y aijna'y’)* = 1
i.3=0 i.j=0

for all z,y € Fy. In particular, for x = y = 0 we obtain ady, + ajy; = 1 so that
either apgo2 = 0 or ago; = 0 and the respective other term being non-zero.

By looking at the other partial maps we obtain the following characterisation.
Proposition 2.5. f(X,Y,Z) = 3.2

iike0 @ik X YIZF describes a Laguerre near-
plane if and only if

2 2
( Z (lz‘jﬂi?/j)g +( Z (lijﬂi?/j)g =1

i,j=0 i,j=0
2 2
( Z @ik’ 2%)% + ( Z aipziz®)® =1
i,k=0 i,k=0
2 2
( Z (lzjklljzk)3 +( Z (l1jklljzk)3 =1
7,k=0 7,k=0

for all x,y,z € Fy. In particular, ady, + ady = adag + a1y = a3y + atoo = 1.

It seems that the corresponding polynomial identities cannot be algebraically
used in general to simplify the form of f a great deal although we shall come back
to them later on. Note, however, that the above conditions do not involve the
coefficient aggp. In fact, up to isomorphism, we can always assume that aggy = 0,
see 5.1.
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Corollary 2.6. The inverses of the partial maps with respect to x, y and z are
given by

Fot(@) =15y, 2)2% + [Ty, 2)°0 + [5 (4, 2)° 5 (0, 2) + f§ (0, 2) [T (9, 2)%,

Fak) =13 (z, 2)0% + 11 (2, 2)%y + f§ (2, 2)* £ (@, 2) + [ (2, 2) ] (2, 2)°,

Fon(2) =15(2,9)2% + fi (2, 9)%2 + f5 (2,9)° f5 (2, 9) + 5 (2, 9) 7 (2, 9)%,
respectively, where f5(y, 2), T (y,2), f§ (v, 2), f3(x,2), f{(x,2), f§(2,2), f5(2,y)

fi(z,y) and f§(z,y) are the respective coefficient functions, i.e.,
fla,y,2) =f5(y, 2)a® + fi (. 2)z + f5 (y, 2)

=f3 (@, 2)y* + [ (z. 2)y + f§ (. 2)

=f5(x,9)2" + fi (@, 9)z + f5 (2,y).

Proof. Let f(z,y,2) = fi(x,y)2® + f7(z,y)z + f§(z,y). We can write the inverse
f;; of the partial map with respect to z in the form f;; (2) = galw,y)22+g1 (2, y) 2+
go(z,y). Expanding the identity f,;;(f(a:7 y,z)) = z one finds

92(z,9) f7 (.9)* + g1(z,y) f5 (2,y) = 0
922, 9) f5 (2,9)° + g1(2,y) fi(2,y) = 1
92(2,9) f5 (2,9)* + g1.(2,9) f5 (2, y) + go(z,y) = 0.
This is a system of linear equations for gs(x,y), g1(z,y) and go(x,y). Since its

determinant is f5(z,y)® + fi(z,y)® = 1 by Proposition 3.5, this system has a
unique solution and one readily finds

g2(z,y) = f5(2,9),

g1(z,y) = fi(2,9)*,

90(x,y) = f§ (2, 9)* 5 (2, 9) + f5 (2, 9) 7 (2,9)*.
The inverses of the other partial maps are found likewise. O

Examples 2.7.

(1) Let f(z,y,2) = (> +z)(2*+2) + 2 +y+2. Then f is a Laguerre near-plane
describing map. The inverses of the partial maps with respect to x, y and z are
w— (WHwtyi+y) (P +2)tw+y+2we @2 +2)(2 42wtz
w— (w? +w+y? +y) (2?2 +2) + w+ 2% + y, respectively, where w = f(z,y, 2).

(2) Let f(a,y,2) = (a®+2)(y* +y) + (¥° +y) (2*+2) + (2® +2) (2P +2) +a+y+ 2.
Then f is a Laguerre near-plane describing map. The inverses of the partial maps
with respect to x, y and z are w — f(w,y?, 22), w — f(2?,w,2%), w — f(22,y2, w),
respectively, where w = f(x,y, 2).

(3) Let f(z,y,2) = (#? + 2)(y* + y)(2®2 + z) + = + y + 2. Then [ is a Laguerre
near-plane describing map. The inverses of the partial maps with respect to x,
y and z are w — f(w,y,2), w — f(z,w,2), w— f(z,y,w), respectively, where

w = f(z,y,2).
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3. Isomorphisms and Linear Laguerre near-planes of order 4

3.1. Isomorphisms of Laguerre near-planes of order 4. The obvious defi-
nition of an isomorphism between Laguerre near-planes of the same order is that
we have a bijection between the point sets that takes generators to generators and
circles to circles. Using the representation 2.1 for Laguerre near-planes of order 4,
every isomorphism is of the form

Fi — Fi: (u,0) = (a(u), Bu(v))

where « and (3, are permutations of Fy for each u € Fy.

Clearly, the group of permutations of Fy is the symmetric group Ss. Every
even permutation can be written as u — au + b for some a,b € Fy, a # 0. The
automorphism u — u? of Fy is an odd permutation of F4 — in fact, a transposition
— and every odd permutation of Fy is of the form u — au? + b for some a,b € Fy.

The collection of all permutations of Fy x Fy as above forms a group I' of order
(4h* = (24)® = 215.3%. We give a set of generators for I as permutations of Fy x Fy
and determine how circles and Laguerre near-planes of order 4 are transformed.

(1) (u,v) — (u, By(v)) where 3, are permutations of Fy for each u € Fy. These

permutations take Ceg cy,ea,co0 80 OBy (co),Buler) B (c2).00(cas)- A Laguerre
near-plane L£(f) is taken to £(f’) where

f/(.T),? 7Z) = ﬁﬂ(f(ﬁfl(r)’ﬁujl(y)vﬁ;zl(z))
for z,y,z € Fy.

(2) (u,v) — (u+t,w) for t € Fy. These permutations take C.,
Cdy,dy,ds do. Where

0,C1,C2,Co0 to

€0, €1,C2,C00), ift=0,

(

CooyC2,C1,C0), ift=1,
(do,d1,d2,doo) = (€00 ) .
(c2,Co0,C0,01), ft=uw,

(c1,¢0,Co05C2), ift=w?.

A Laguerre near-plane L£(f) is taken to L£(f’) where f' = f for t = 0
and f’ is an inverse of a partial map of f with the other two variables
exchanged given by f'(f(x,y,2),2,y) = x, f'(z f(z,y,2),2) = y and
f'(y,z, f(x,y,2)) = z for t = 1, w and w?, respectively, that is, the maps
(@,9,2) > f22(2), (2,9,2) > f-3(y) and (2,9,2) > [, 1(2), respectively.
(3) (u,v) — (ru,v) for r € Fy, r # 0. These permutations take Cc ¢, cs,co. tO
Cey rerrrcarco, Where 7 = wF k& =0,1,2, and the indices 3—k, 1 —k and
2 — k are taken modulo 3. A Laguerre near-plane £(f) is taken to L(f’)
where
f('T;Z/:Z)v ifT:l:
f’(mn,z): f(yvz’x)v ifr=w,

f(z,2,y), ifr=w

(4) (u,v) — (u?,v). This permutation takes Ce ¢, cp.co 10 Cegrenrerien- A
Laguerre near-plane £(f) is taken to £(f’) where f'(z,y,2) = f(z, 2,v).
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Note that inverses of partial maps can be obtained as a composition of permu-
tations of types (2), (3) and (4). More precisely, the inverse of the partial map
with respect to x, y and z can be found after the permutation (u,v) — (u2+ 1,v),
(u,v) = (w(u? +1),v) and (u,v) — (w?(u? + 1),v), respectively.

3.2. Linear Laguerre near-planes of order 4. A nice class of examples are
the linear Laguerre near-planes of order 4. In this case, C is an affine subspace of
F4, that is, C is of the form

C= {(607017027000) € ]Fi | apCo + a1c1 + agCo + ApoCoo = b}

for some ag, a1, az, 00,0 € F, (ag,a1,a2,as) # (0,0,0,0). For C to be a hyper-
surface as described in 2.1 we have to require that each a;, ¢ € I, is non-zero.
Furthermore, because (ag, a1, a2, a00,b) and A(ag, a1, az,a00,b) for A € F, XA # 0,
describe the same linear Laguerre near-plane, we can assume that ao, = 1. The
associated map f then is

f(z,y,2) = apx + a1y + azz +b.

We denote this Laguerre near-plane by £(ag, a1, az,b). Clearly, the parabola model
of a Laguerre near-plane of order 4 is of this form. More precisely, it can be obtained
for (agp,a1,az2,b) = (1,1,1,0). In fact, all affine subspaces essentially yield the same
model. From 3.1 we see that the permutation of type (1)

(u,apv), ifu=1,
() (u,a1v), fu=uw,
N (u,a9v),  ifu=w?

(u,v+b), ifu=0,

yields an isomorphism from L(ag,a1,az2,b) to £(1,1,1,0). Hence, we have the
following result.

Proposition 3.3. FEvery linear Laguerre near-plane of order 4 is isomorphic to
the Laguerre near-plane £(1,1,1,0) obtained from the Miquelian Laguerre plane of
order 4 by deleting one generator.

As for models of Laguerre near-planes of order 4 that are not isomorphic to
£(1,1,1,0) we begin with a closer description of circles of £(1,1,1,0). They are of
the form

{(u,au® +bu+c) | u € Fy}

for a,b,c € Fy, and they fall into three classes. First, there are the graphs of the
four constant polynomials obtained for @ = b = 0. Then there are the graphs of
the 24 permutation polynomials obtained for a = 0, b # 0 and a # 0, b = 0. Third,
there are the graphs of the remaining 36 polynomials obtained for a,b # 0; these
polynomials take on exactly two values and each of these values occurs exactly
twice.

Note that the same picture emerges if we delete a different generator from the
Miquelian Laguerre plane of order 4 because the automorphism group of this plane
is transitive on the point set.

154



Example 3.4. We now modify the above model to obtain a new Laguerre near-
plane of order 4. To this end, we consider the circles that are entirely contained
in

S =Ty x {w,w?}.

There are 8 such circles, two of the first kind and six of the third kind.

These 8 circles cover 32 admissible triples of points, that is, triples of points
such that no two of the points are on the same generator. We now replace these
circles by 8 new circles covering the same 32 admissible triples of points. From
this property it will be clear that we again obtain a Laguerre near-plane of order
4. The new circles are obtained as the images of the 8 old circles under the map

(u,v), ifu#0,

¢ (wv)— { (u,v?), if u=0;

that is, the points (0,w) and (0,w?) are swapped and all other points remain
unchanged.

However, since we still have circles of all three types and the new circles where
one of the values w or w? occurs thrice and the other once, this Laguerre near-plane
cannot, be obtained from a Laguerre plane of order 4 by deleting one generator.

In order to represent this Laguerre near-plane by a function f as in 2.1 one at
the eight circles that are replaced. In the parabola model these circles are described
as

Cz,y‘z,z+y+z

for all z,y, 2 € {w,w?}. These circles are replaced by

Cz‘y,z‘z+y+z+1-

Hence f(z,y,2) = x+y+z+g(z,y, z) where g(x,y, z) is a function that has value
1if z,y,2 € {w,w?} and value 0 else. Now g(z,y,2) can be found as

9(2: Y, 2) =Pu (2)Pw(Y)Pu (2) + Puo ()P (Y) P2 (2)
+ Do (2)Pu2 (¥)P(2) + Po ()P (Y)Puz (2)
+ Po2 (2) P (Y)Pe (2) + P2 (2)peo (Y) P2 (2)
+ P2 (2)Pw2 (Y)Pw (2) + Doz (T)Pu2 (Y)Pw2 (2)
=(pu () + Pu2 (%)) (P (¥) + oz (¥)) (P (2) + Pu2 (2))
=@+ 2)(y* +y)(z* + 2)

S~

Therefore
flxy,2) = (@@ +a) @ + )P +2) +a+y+ 2

see Example 2.7.3 for f being a Laguerre near-plane describing map.
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4. The Classification
We return to the permutations of type (1) listed in 3.1 and and have a closer
look at how they transform a Laguerre near-plane £(f).

4.1 Normal form. Each permutation of F, is generated by permutations of the
form w +— u +t, u — ru and v — u? for some r,t € Fy, r # 0. Correspondingly,
permutations of type (1) listed in 3.1 are generated by the following transforma-
tions.

(1a) (u,v) — (u, v+ tpy(u)) = {
to L(f') where

(u,v), if u# w,

for t,w € Fy takes £
(u,v+1t), ifu=w, or t,w € Fy takes £(f)

F'(@y,2) = f(@+ tpu(1),y + tpu (@), 2 + tpu(w?)) + tpw(0)

flz,y,2)+t, ifw=0,

flz+ty,2), ifw=1,

flr,y+t,2), ifw=uw,
(

flr,y,z+1t), if w=w?.

(u,v), ifu#w,
(u,rv), ifu=w,

rf(z,y,z), ifw=0,
[Pz, 2), ifw=1,

(1b) (u,v) — { for r,w € Fy, r # 0, takes L(f) to L(f')

where

Iy, 2) =

flz, 7%y, 2), ifw=uw,
flz,y,r%2), if w=w>
(), ifuw,

. for w € Fy takes L(f) to L(f’) where
(u,v?), if u=w,

(10) (uo) ~ {

x,y,2)%, ifw=0,

=y, z), ifw=1,

, ifw = w2

(

( )

(2,92, 2), fw=w,
( )

Note that permutations of type (1a) can be used to yield a map that takes (0,0,0)
to 0 whereas permutations of type (1b) and (1c¢) allow us to replace any of the coor-
dinates by a fixed multiple or by its square, respectively. Recall that permutations
of type (3) and (4) allow us to obtain any permutation of the coordinates z, y and
z. This can be applied to obtain some normalizations for some of the coefficients
of f. In particular, applying an isomorphism of type (la), we can achieve that
agoo = 0. This means that Cp0,0 is then a circle in our Laguerre near-plane.
Furthermore, since ady, + agy; = ady + adyg = adgy + adyy = 1, see 2.5, we can
use isomorphisms of type (1c), if necessary, to achieve ago2 = ag20 = az00 = 0.
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Finally, using isomorphisms of type (1b), if necessary, we can further assume that
ago1 = aoro = aipo = 1. Then f(2,0,0) = =z, f(0,y,0) = y and f(0,0,2) = 2
for all x,y,z € Fy. We say that f is in normal form if the above identities are
satisfied. All examples 2.7 are in normal form. With this notation we have proved
the following.

Proposition 4.2. A Laguerre near-plane L(f) is isomorphic to a Laguerre near-
plane L(f') where f' is in normal form.

Note that normal form is preserved under isomorphisms of type (3) and (4) and
the transformations (u,v) — (u,v), r # 0, (type (1b)), and (u,v) — (u,v?) (type
(10)).

A map f in normal form can obviously be written in the form f(z,y,z) =
g(x,y,z) + © + y + z where the polynomial ¢(X,Y,Z) corresponding to g has no
pure terms X*, Y7 or Z*.

Proposition 4.3. A Laguerre near-plane L(f) is isomorphic to the Laguerre near-
plane obtained from the Miquelian Laguerre plane of order 4 by deleting one gen-
erator if and only if f+ £(0,0,0) is additive, that is,

F(x,y,2) = aga® + a1 + boy® + b1y + co2® + 1z +d

for some az,ay,ba, by, ca,c1,d € Fy, a3 + a3 =b3 +b3 =c3 +c =1.
A Laguerre near-plane L(f) with f in normal form is isomorphic to the parabola
model of a Laguerre near-plane of order 4 if and only if f(x,y,2) =z +y+ z.

Proof. Each permutation of the form (1) takes an affine subspace of the affine space
4 over the prime field F5 to such a subspace. Furthermore, each such subspace that
meets each parallel of the coordinates axes in exactly one point can be described
by a function f as in the proposition. Hence every Laguerre near-plane isomorphic
to £(1,1,1,0) can be represented in this form.

Conversely, £(f) with f as above is isomorphic to £(f’) for some f’ in normal
form. Furthermore, f’ still has the same overall form. Hence f'(z,y,2) = 2 +y+z,
that is, £(f’) is the parabola model. O

In the proof of Proposition 4.3 we found another characterization of the parabola
model.

Corollary 4.4. A Laguerre near-plane L(f) is isomorphic to the parabola model of
a Laguerre near-plane of order / if and only if the graph of f is an affine subspace
of T over Fs.

Let f(z,z,y) = Z?jk:o aijkxiyjzk for some a;j, € Fy. We say that f has degree
nif n = max{i+j+k | a;jx # 0}. Note that isomorphisms of types (1a), (1b), (3)
and (4) do not change the degree. In the following we discuss the degrees from 1 to
4 separately and do a computer search for degrees 5 and 6. Using an isomorphism
of type (1la), if necessary, we may always assume that aggg = 0.

Degree 1. In this case, we clearly have f(z,y, z) = az+by+cz for some a, b, ¢ € Fy,
a,b,c # 0, and L(f) is isomorphic to £(1,1,1,0) by Proposition 4.3.
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Degree 2. In this case, f(z,y,2) = a007? + ao20y® + apo22> + a1107y + a10172 +
ap11Y% + a100% + ao10y + aoo1 2 for some a;5, € Fyq where at least one coefficient a;
is non-zero for i + j + k = 2. Rewriting f as a partial map in x we have
f(.T7 Y, Z) :a200x2
+ (@110y + @1012 + a100)2
+ ap20y” + o022 + ao11Y% + ao10y + ago1 -
By Lemma 2.4 we have either asgp = 0 or ai10y + @101z + a100 = 0 for all y,z €
]F4. If a200 7é 0, then we obtain ailp = aipor = Aa1p0 = 0; if az00 = 07 then
a110y + @101z + a1p0 # 0 for any y, z € F4 and one finds a119 = aj01 = 0. Therefore
a110 = a101 = 0 in any case. Considering the partial map in y one likewise obtains
ap11 = 0. Hence ai19 = a101 = ap1n = 0 and £(f) is isomorphic to £(1,1,1,0) by
Proposition 4.3.
Degree 3. Writing f as a partial map in z we have
f(@,y, 2) =(a102% + ao12y + ago2)z”
+ (a2012® + a111@Y + ag21y® + @101 + ao11y + doo1)z
+ a2102%y + a1202y” + a2002? + ar1102y + ap20y>
+ @100 + ao10Y

for some a;;i, € Fy where at least one coefficient a;;1 is non-zero for i 4+ j + k = 3.

Equating the coefficient of 2% to 0 describes a line unless a2 = agi2 = 0.
Equating the coefficient of z to 0 describes a conic or a line unless asg; = a111 =
ap21 = @101 = ap11 = 0. Since a line has four points and a conic has at most eight
points (in case of a degenerate conic representing two parallel lines), a line and a
conic or line cannot cover all 16 points of F3. Therefore, both coefficients of 2% and
2 must be constant so that f(z,y, 2) = ago22?+ae012+a21072y+a1207y> +age0r? +
a020y>+a110Ty+a100T+ao10y- In particular, ajpx = ao12 = azo1 = a111 = ag21 = 0.

A simimlar argument for the partial map in z shows that as;g = a120 =0 — a
contradiction to f being of degree 3. Hence degree 3 cannot occur.

Since example 2.7.1 gives us a map f of degree 4, and by Proposition 4.3 and
the above we have the following characterization.

Proposition 4.5. A Laguerre near-plane describing map f cannot have degree 3.
Furthermore, L(f) is isomorphic to the parabola model £(1,1,1,0) if and only if f
has degree at most 3.

Degree 4. Let
: 2,2 2.2 2.2
f(x,y,2) =azor”y" + aoy~2" + axer”2
2 2 2
+ a2112°Yz + a121 Y2 + a112TY2
2 2 2 2 2 2
+ a21027Y + a201272 + @1202Y” + Qo21Y" 2 + Q102227 + Qo12YZ
+ ainxyz
2 2 2
+ G2002” + @020y~ + @022 + G110TY + G011YZ + Q10172
+ a100% + ao10Y + aoo1%
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for some a;;i, € Fy where at least one coefficient a;;1 is non-zero for i 4+ j + k = 4.
There are two types of terms of degree 4, one involving all three variables (like in
xyz?) and the other involving only two variables (like in 2%y?).

‘We now suppose that terms of the first type occur. Using isomorphisms of types
(3) and (4), we may assume that aj1a # 0. Rewriting f as a partial map in z we
have

2 2 2
f(z,y, 2) =(a2022” + a1122Y + ao22y” + @102 + ao12y + aoo2)z
2 2 2 2
+ (agn2”y + ar212y~ + az012” + a1112Y + a1y
+ ai01® + a1y + aoo1)z
2,2 2 2 2 2
+ A220T7Y" + A210T7Y + Q1202Y” + Q200" + A110TY + A020Y

=+ @100Z + Ao10Y-

Equating the coefficient co(z,y) of 22 to 0 describes a nondegenerate quadric which
has at least one point and at most five points or a pair of intersecting lines which
have seven points. Equating the coefficient ¢q(z,y) of z to 0 yields at most ten
points unless this coefficient is identically 0. (The equation (aj217 + ag21)y? +
(a21172 + a1117 + ap11)y + a2017% + a101T + agor = 0 has at most two solutions
y for each x unless aj21 X + ago; is a common factor of ag1 X? + a111 X + ao11
and ag01 X2 + a101.X + agor in which case one may have 4 + 3 - 2 = 10 solutions;
if the coefficient of y? is identically 0, then a similar consideration shows that at
most 10 solutions can occur.) By Lemma 2.4 the sets of zeros Zy = {(z,y) €
Fy x Fy | c2(z,y) = 0} and Z; = {(z,y) € Fa x Fy | ci(z,y) = 0} parition
F4 x Fy; furthermore the first set is nonempty. Hence, in order to cover 16 points,
c2(z,y) = 0 must describe a pair of intersecting lines and Z; must contain nine
points. To get this number of points we must have a12; # 0 (otherwise ¢ (z,y) = 0
has only at most eight points) and a121 X + ag2; must be a common factor of
a211 X2 +a111 X +apr1 and a1 X2+ a101. X + agor. Hence all points on the vertical
line {a;lllalol} x IF4 are solutions. However, such a line intersects at least one of
the two non-parallel lines determined by ca(x,y) = 0 — a contradiction to the fact
that the two sets Zo and Z; must be disjoint.

This shows that terms of the first type cannot occur. We thus have a112 =

a1 = az1; = 0.
(w0), if uw?,
(u,v?), if u=uw?,
by f'(x,y,2) = f(x,y, 2%), see 3.1. Moreover, f has the same degree as f. Apply-
ing the same argument as before to f’ we then see that a;;; = 0.

Using isomorphisms of types (3) and (4) we may now assume that asps # 0. Con-
sidering f as a partial map in z as before we see that the equations ca(x,y) = 0
and ¢;(z,y) = 0 describe a quadric or a quadric/line, respectively. Such a config-
uration can cover 16 points if and only if we have degenerate quadrics describing
two parallel lines in both cases; together, one has a full bundle of parallel lines. In
particular agg; # 0.

The isomorphism (u,v) +— { replaces f by the map f’ given

(u,0),  if uw?,

o , » if necessary, we may now
(u,v?), ifu=uw?

Using the isomorphism (u,v) — {
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assume that aggz = 0. Note that the degree has not changed. Using isomorphisms
of type (1b), we may further assume that azg2 = 1, agor = 1 and aga2 = 0 or 1. Let
a = agae. Since 22 + ay? + aip27 + ap1oy = 0 describes a pair of parallel lines, we
must have ajpe # 0 and we can achieve that a1g2 = 1 by an isomorphism of type
(1b). But then ag12 = a and the coefficient ¢z (z,y) of 22 now has the form

2 +ay? +a+ay=(z+ay)(z+ay+1).
(Note that @ = 0 or 1 so that a® = a.) Since ¢;(z,y) = 0 must represent the two
remaining parallel lines in the bundle, one finds that
a2012” + ap21y” + a101% + apny + 1 = aser (z+ay+w)(z+ay+ Wz)
= ago1 (* + ay® + x + ay + 1);

In particular, agp; = 1.
We now rewrite f as a partial map in x. We find

f(@,y,2) =(2° + 2 + azsoy® + az10y + az00)7”

+ (2% + 2 + a1209> + @110y + G200)T

+ ay2z2 + ayz2 + ay2z +ayz + a020y2 + ao10y + 2.
(wv), Hu#l,
(u,v?), ifu=1,
may assume that asgo = 0 and a199 # 0. Note that the substitution of z by 22 in
f does not change the degree. Equating the coefficients of 22 and x to 0 gives us
again two quadrics and these must describe four parallel lines between them. Let
b = ag1p. Then agg = b? and 22 + 2+ a120y® + a110y + @100 = 22+ 2+ b%y> + by +1
as before. Hence a100 = 1, a110 = b and ajo9 = b2.

Finally, rewriting f as a partial map in y, we find

After applying the isomorphism (u,v) — { , if necessary, we

f(z,y,2) =(az® + az + b*2? + b%z + ag20)y?
+ (az? + az + bx? + bx + ago)y
(@ +a) (2 +2) F a2

. . . (wv), fu#w, .
Using the isomorphism (u,v) +— o , if necessary, we may assume
(u,v?), ifu=uw,
that agao = 0 and ag19 # 0. Note that the substitution of y by y? in f does not
change the degree. The same arguments as before yield the following form for f:

fx,y,2) = (@®+2) (22 +2)+al® +y) (22 +2) + b +2)(y? +y) +ox+y+z

where a,b € {0,1}.

Clearly, (a,b) = (0,1) and (a,b) = (1,0) yield isomorphic Laguerre near-planes;
we just swap the roles of z and y. (a,b) = (0,0) yields the plane in Example
2.7.1. Furthermore, in this case, the inverse of the partial map with respect to x
essentially is the above map with (a,b) = (0,1), see 2.7.1. Hence (a,b) = (0,1),
(a,b) = (1,0) and (a,b) = (0,0) yield isomorphic Laguerre near-planes of order 4.
In summary, we have obtained the following result.
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Proposition 4.6. A Laguerre near-plane L(f) with f of degree 4 is isomorphic
to a Laguerre near-plane L(f1) or L(f2) where fi and fo are the maps defined by

fA@y,2) =@ +2)P+y) + P+ P+ + @+ o)+ 2) e tytz

and
fa(z,y,2) = (* +2) (22 +2)+x+y+ 2,

respectively.

As a consequence of Propositions 4.5 and 4.6 we obtain that if £(f) is a Laguerre
near-plane where f has degree at least 5, then for any isomorphic model £(f’) the
describing function f’ also has degree at least 5. So we may assume that the
function f is in normal form in the following.

Degrees 5 and 6. For these last two remaining cases we did a computer search for
functions f. In fact, we searched for all functions f in normal form, not necessarily
of degree 5 or 6. Let

. 2,22 2,2 2,2 2.2
f(z,y, 2) =a2002°y° 2% + 22127y 2 + a2120°yz" + ar20xy”2°+
2,2 2.2 2.2
a22027Y" + G022y~ 2" + ag02272
2 2 2
+ a2112°Yz + a1212Y° 2 + a112TY2
2 2 2 2 2 2
+ 21027Y + Q201272 + A1202Y” + Qo21Y" 2 + A102227 + Ao12YZ
+ ainxyz

+ a0y + aon1yz + a1 rz +r+y+ 2

be in normal form where a;j; € Fy. Furthermore, under an isomorphism (z,y) —
(x,7y), r € {w,w?}, we can replace f by (x,y,2) — rf(r®z,r?y,r22). Then the
coefficients agge of X2Y2Z2 and aj1; of XY Z are replaced by rags and raiqi,
respectively. Hence we may further assume that

a202 = 0or 1 and aiil = 0or 1if ag22 — 0

We proceed in three steps.
Step 1: We determine all coefficients b;; € Fy, i = 0,1,2, j = 1,2, such that
(bo2x? + byax + bp2)® + (borz? + byyx + bo1)® = 1 for all x € Fy. We found 96
solution vectors b = (baz, b12, boz2, b21, b11,bo1). Note that one can restrict the search
to bp2 = 0 and bg; = 1; this yields 16 solution vectors. These vectors are

by 00 0 0 0 0 0 1 1 1 w w w w w u?
bp 00 0 0 0 0 0 1 w w? 1 w W 1 w ?
b 0 0O 0O 0O OO OO O O O O O O 0 O
boy 01 1 w w w? w? 1 w w W1 w w w 1°
by 0 w «w? 1 w 1 w? 1 w? w w 1 w w? w 1
by 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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All other solution vectors are then obtained by multiplication by w and w? and by
03 I3

exchanging the roles of b;s and b;1, i.e., multiplying b by ( L 0
3 03

) where 03 and

I3 denotes the 3 x 3 zero and identity matrix, respectively.
Step 2: We determine all coeflicients b;;r € Fy, ¢ = 0,1,2, j = 0,1,2, k = 1,2,
where b222 = 07 1 and blll = 07 1if b222 = 0 such that (bgggl‘zyz+b212.7)2y+b202.7)2+
b12oxy? + bi12xy + b1o2x + bo2ay® + bo12y + booz)® + (b2212%y? + bar1 2%y + baor2® +
bi217y? + bii1@y + bro17 + o1y + bo11y + boor)® = 1 for all z,y € Fy.

For each y € Fy we obtain an identity in x, see Lemma 2.4 and Proposition 2.5.
More precisely, we find that

(17202332 + bio2x + 17002)3 + (17201332 + b1z + b001)3 =1
(Z/ = 0)7

[(bazz + ba12 + bop2)a® + (b122 + bi12 + bio2)@ + bosz + bora + boo2)”
+[(bao1 + b1 + bao1)z® + (b121 + bi11 + b1o1)T + boo1 + bor1 + boor]® =1

(y: 1)7

[(bagow? + batow + bog2)a? + (br2ow? + briow + b102)@ + bogaw? + boraw + booz]?
H[(b221w? + ba1w + bagy )z? + (bra1w? + bi1iw + bio1)x + boa1w? + bor1w + booa >
=1

(y = w) and

[(b222w + ba12w? + bag2)2® + (b12aw + br1aw? + b1o2)@ + bozow + bor2w? + boo2]?
+[(ba21w + o 1 102 + b201)$2 + (bi21w + biw? + b101) + bo21w + boriw® + booﬂ3
=1

(y = w?) for all x € Fy. Hence the vectors

bo =(bao2; b102, booz, b201, b101, booo)
b1 =(baza + b212 + baoz, br22 + b112 + bioz, boza + bo12 + booz,
D221 + ba11 + bao1, bi2r + bi11 + bio1, bo21 + boir + bootr)
by :(b222w2 + bo1ow + bage, bi22w? + b112w + b1g2, bo2aw? + boraw + ooz,
bas1w? + ba11w + baot, b121w* + br11w + bio1, boaiw? + borw + boo1)
bz =(baoaw + ba1aw® + baoz, bi2ow + b112w? + b1o2, bo,2,2 + bor2w? + booz,

baz1w + b2 1 102 + b2o1, bio1w + bi1w? + bio1, bo21w + bor1w? + boot)
must appear in the list found in Step 1. Furthermore,
bo+ b1+ b, +b,2=0.
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Thus, going through the list found in Step 1 one looks for triples (bg, b1, b,,) such
that bg + by + by, is also in this list. The coefficients b;;;, are then determined by

(ba22, barz. baoz) =(bg, b1, bY) -
(b221)b2117b201) :(bé)bzll)bi) S
(b122, b112,b1o2) =(b3, b3,b2) - S
(br21,b111, bro1) =(b5, b3,83) - S
(bo22, boxz, booz) =(b3,b%,b3) - S
(boz1, bo11, boo1) = (b, bS,6%) - S

where bl denotes the ith entry of b., ¢ = 0,1,w, and

Wwow 1
S=|lw w? 0
1 1 0

A total of 4056 solution vectors (b;;r)ijx Were found.
Step 3: We determine all coefficients a;;z € Fy of a Laguerre near-plane describing
map in normal form where agss equals 0 or 1 and aq1; equals 0 or 1 if asee = 0.
Note that ages and aj1; appear as bogs and bypp in each of the three identities
associated with the three partial maps so that we can directly use the list found
in Step 2. Looking at the partial map with respect to z we see that a;jr = by
for ¢, = 0,1,2 and k = 1,2. For the partial map with respect to y we now have
aijr = by for i,k = 0,1,2 and j = 1,2. Finally, for the partial map with respect
to x we obtain a;;r = bjr; for 5,k = 0,1,2 and ¢ = 1,2. Hence we search through

the list found in step 2 for triples of vectors b = (blljk) b? = (b7;;) and b® = (b7;)
that show the following identities
b%22 :b%n:bgn b%n:b%m:b?n
b%21 :bgmzb?zz b%m:bgn:b?m
b%u :b%m:bgu bhz:b%m:bgn
b%22 :b%m:bgm b%n:b%u:b?n
b(1)22 :bgzz b%ozzbgoz bgozzbgzz
b(lm :bglz b%m:b?w bgmzbglz
b(lnz :ngI b%ozzbgm b?02:b821
b(llll :b(2n1 b%m:b?m b%mzbgn

Then
aijk = bjy; for i,k =0,1,2 and j = 1,2,

a0 = bmJ fori=0,1,2, and j =1,2.
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Note that asgp = 0, a1g0 = 1 and aggp = 0 by our assumptions.

A total of 36 maps were found. Of these one is of degree 1, 21 are of degree 4
and 14 are of degree 6. The map of degree 1 is (z,y,z) — = +y + z. The maps fi
and fo are among the 21 maps of degree 4 all of which can be transformed to either
f1 or fa. This observation agrees with (and confirms) our previous results on maps
of degrees at most 4. The 14 maps of degree 6 are listed in the table below where
column ¢ shows the coefficients of map 1.

Each of these maps can be transformed to f3 (column 1) or f4 (column 14), see
the proposition below. In fact, colums 2 to 8 transform into column 1 and columns
9 to 13 transform into column 14. For example, one can use an isomorphism of
type (1c) to replace f by (x,y,z) — f(x2,y2,22)2. This has the effect that each
coefficient is squared so that 0 and 1 are fixed and w and w? are exchanged. Hence
the coefficent vectors in columns 10, 11 and 13 can be transformed into those in
columns 14, 12 and 9, respectively. The coefficent vectors in columns 9 and 13
are transformed into those in column 14 by swapping z with y and x with z,
respectively.
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_
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—
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—
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—
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a220
azi1
a202
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Proposition 4.7. A Laguerre near-plane L(f) with f of degree > 4 is isomorphic
to a Laguerre near-plane L(fs) or L(fa) where f3 and f4 are the maps defined by

fa(,y,2) = (@ +2) (P +y)(Z° +2) Far+y+2
and

fa(a,y,2) =(2° + W?2) (" + wy) (z° + w2) + (@ +&%2) (4 +y)
+ (@ + ) (22 F W) + (VP wy) (2P Hw2) ety + o2,

respectively. There are no Laguerre near-planes L(f) where f has degree 5.

Proof. Examining the 36 solutions one finds that either all coefficients asgs, a1,
as12, 4122, G211, G121, aj12 and aj1; are non-zero or they are all zero. It is clear
that under an isomorphism of type (1a), (1b) (1c), (3) or (4), this property is
preserved. From Corollary 2.6 it follows that under an isomorphism of type (2)
these coefficients are permuted among themselves and perhaps squared so that
they remain all non-zero or all zero. Since for a map of degree 5 some of these
coefficients would have to be zero and some others would have to be non-zero, the
above argument shows that there are no Laguerre near-plane describing maps of
degree 5. Furthermore, if f has degree 6 it must be tranformed into one of the
maps of degree 6 found in Step 3. This proves the proposition. [

So far we have established that a Laguerre near-plane of order 4 is isomorphic
to one of the Laguerre near-planes £(f;), i = 0,1,2,3,4. In [10] we investigated
the automorphism groups I'(f;) of the Laguerre near-planes £(f;) and gave char-
acterisations of some of these planes in terms of their automorphism groups. We
found that I'(f;) has order 210 .32 210.3 29 27.3 and 27 for i = 0,1,2,3,4,
respectively. Hence the Laguerre near-planes £(f;), i = 0,1,2,3,4, are mutually
non-isomorphic. In summary we obtain the following classification result.

Proposition 4.8. A Laguerre near-plane of order 4 is isomorphic to percisely one
of the planes L(f;), i =0,1,2,3,4.
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