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Abstract

A permutation 7 is said to be a Dumont permutation of the first kind if
each even integer in m must be followed by a smaller integer, and each
odd integer is either followed by a larger integer or is the last element of 7
(see, for example, www.theory.csc.uvic.ca/~cos/inf/perm/Genocchi
Info.html). In Duke Math. J. 41 (1974), 305-318, Dumont showed that
certain classes of permutations on n letters are counted by the Genoc-
chi numbers. In particular, Dumont showed that the (n + 1)st Genocchi
number is the number of Dummont permutations of the first kind on 2n
letters.

In this paper we study the number of Dumont permutations of the first
kind on n letters avoiding the pattern 132 and avoiding (or containing
exac tly once) an arbitrary pattern on k letters. In several interesting
cases the generating function depends only on k.

1 Introduction

Classical patterns. Let a € 6,, and 7 € &}, be two permutations. We say that
a contains 7 if there exists a subsequence 1 < 47 < i9 < -+ < 4 < n such that
(e, - - ., ;) is order-isomorphic to 7; in such a context 7 is usually called a pattern.
We say that « avoids 7, or is T-avoiding, if such a subsequence does not exist.
The set of all T-avoiding permutations in &,, is denoted &,(7). For an arbitrary
finite collection of patterns T, we say that «a avoids T if o avoids every 7 € T'; the
corresponding subset of &,, is denoted &,,(T).

While the case of permutations avoiding a single pattern has attracted much
attention, the case of multiple pattern avoidance remains less investigated. In par-
ticular, it is natural, as the next step, to consider permutations avoiding pairs of
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patterns 71, 72. This problem was solved completely for 71,7 € &3 (see [19]), and
for m € 63 and 7, € &, (see [21]). Several recent papers [6, 9, 13, 14, 15, 16] deal
with the case 71 € &3, o € &, for various pairs 71, 7o. Another natural question is
to study permutations avoiding 71 and containing 75 exactly ¢ times. Such a problem
for certain 71,7 € &3 and t = 1 was investigated in [17], and for certain , € G,
T, € 6 in [1, 9, 13, 18]. The tools involved in these papers include generating
trees, continued fractions, Chebyshev polynomials, and Dyck words. Also, the tools
involved in these papers include many classical sequences, for example sequences of
Catalan numbers, Fibonacci numbers, and Pell numbers.

We denote the nth Catalan number by C,, = n}rl (2"”) The generating function

for the Catalan numbers is denoted by C(z), that is, C(z) = >, ., Cpa” = 1—/1-ds

2x

Generalized patterns. In [2] generalized permutation patterns were introduced
that allow the requirement that two adjacent letters in a pattern must be adjacent in
the permutation. We write a classical pattern with dashes between any two adjacent
letters of the pattern, say 1342, as 1-3-4-2; and if we write, say 24-3-1, then we
mean that if this pattern occurs in permutation 7 € &,,, then the letters in the
permutation 7 that correspond to 2 and 4 are adjacent (see [4]). For example, the
permutation m = 35421 has only two occurrences of the pattern 23-1, namely the
subsequences 352 and 351, whereas m has four occurrences of the pattern 2-3-1,
namely the subsequences 352, 351, 342, and 341.

Claesson [4] presented a complete solution for the number of permutations avoid-
ing any single generalized pattern of length three with exactly one adjacent pair of
letters. Claesson and Mansour [5] presented a complete solution for the number of
permutations avoiding any pair of generalized patterns of length three with exactly
one adjacent pair of letters. Kitaev [8] investigated simultaneous avoidance of two or
more 3-letter generalized patterns without internal dashes. Later, Mansour [10, 11]
(for more details see [12]) presented a general approach to study the number of
permutations avoiding 1-3-2 and avoiding (or containing exactly once) an arbitrary
generalized pattern.

Dumont permutations. A permutation 7 is said to be a Dumont permutation
of the first kind if each even integer in m must be followed by a smaller integer,
and each odd integer is either followed by a larger integer or is the last element of
7 (see, for example, [22]). For example, 2143, 3421, and 4213 are all the Dumont
permutations of the first kind of length 4.

A permutation 7 is said to be a Dumont permutation of the second kind if m; < i
for any even position i, and m; > ¢ for any odd position i. For example, 2143, 3142,
and 4132 are all the Dumont permutations of the second kind of length 4.

Dumont [7] showed the number of Dumont permutations of the first (second) kind
in &g, is given by the (n+1)* Genocchi number (see [20, Sequence A001469(M3041)]).

Remark 1.1 Let m € &, be any Dumont permutation of the second kind; since
Ty < 2 we get my = 1. Hence, it is easy to see that there are no Dumont permutations
of the second kind in &,(132) for alln > 4. So, in this paper we discuss only the
case of Dumont permutations of the first kind and refer to them simply as Dumont
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permutations.

We define for all r > 2,

Q(z) =1+

xZQT—l(x() (1)

1- xQQT—Z I) .
We denote the solution of Recurrence 1 with Qo(z) = 0 and Q(z) = 1 by F.(z),
and we denote the solution of Recurrence 1 with Qo(z) = Qi(z) = 1 by G,(z).
For example, Fy(z) = 1 + 22, F3(x) = }f;i, Ga(r) = 1%, and G3(z) = l&iﬁ)“;.
Evidently, F,(z) and G, (z) are rational functions in z?, and for all 7 > 1,

Fy(a) 5 i
r\T = 1+ —
j=1 Hmjr_l_]‘(l - .IQFm(.T))
and G.(zr) = 1+ — )
j=1 Hmjrflfj(l - 'T2Gm(x))

Example 1.2 Using Recurrence 1 it is easy to see that

Fi(Va) = (fara+ fo— 22" and Gy(Va) =1+x+ > (3-2"2 = 1)a",

n>0 n>2

where f, is the nth Fibonacci number.

Organization of the paper. In this paper we use generating function tech-
niques to study those Dumont permutations in &,, (n > 0) which avoid 132 and
avoid (or contain exactly once) an arbitrary pattern on k letters. In several interest-
ing cases the generating function depends only on k.

The paper is organized as follows. The case of Dumont permutations avoiding
both 132 and 7 is treated in Section 2. We present a simple structure for any
Dumont permutation avoiding 132. This structure can be obtained explicitly for
several interesting cases, including classical patterns and generalized patterns. This
allows us to find explicitly some statistics on Dumont permutations which avoid 132.
The case of avoiding 132 and containing another pattern 7 exactly once is treated
in Section 3. Again, we find explicitly the generating function for several interesting
cases of 7, including classical patterns and generalized patterns.

Most of the explicit solutions obtained in Sections 2—4 involve the generating
functions F,(z) and Gy (z).

2 Dumont permutations which avoid 132 and another
pattern

Let ® be the set of all Dumont permutations of all sizes including the empty permu-
tation. Let ©,(n) denote the number of Dumont permutations in &,(132,7), and
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let D,(z) =, P+(n)a"™ be the corresponding generating function. In this section
we describe a method for enumerating Dumont permutations which avoid 132 and
another pattern and we use our method to enumerate D, (n) for various 7. We begin
with an observation concerning the structure of the Dumont permutations of the first
kind avoiding 132 which holds immediately from definitions.

Proposition 2.1 For any 7 € 9,(132) such that m; = n, one of the following
assertions holds:

1. if n is an odd number then m = (7', n), where n’ € ®,,_;(132);

2. if n is an even number then m = (n',n,7") such that 7' is a Dumont per-
mutation on the numbers n —j+1,n—j+2,....n—1, 7 is a nonempty
Dumont permutation on the numbers 1,2,--- . n—j, and j=1,2,4,...,n—2
(the minimal element of ™' cannot be an even number).

21 7=90

As a corollary of Proposition 2.1 we find an explicit formula for the number of 132-
avoiding Dumont permutations in &,,.

Theorem 2.2 The generating function for the number of 132-avoiding Dumont per-
mutations in &, is given by (1+x)C(z?). In other words, the number of 132-avoiding
Dumont permutations in &, is given by Cl,ja), which is the [n/2]th Catalan number.

Proof. By Proposition 2.1, we have two possibilities for block decomposition of an
arbitrary = € ©,,(132). Let us write an equation for D 4(z). The contribution of the
first decomposition above equals

Z Dg(2n + 1)z =2 Z Dg(2n)2*",

equivalently,
Do(r) = Do(—1) = 2(Do(z) + Do(—2)). (2)

The contribution of the second decomposition above equals

> Do(2n)a =) Dy(2n—1)a™ + Y Zn: Do(2j + 1)Do(2n 4 2 — 25)2",

n>1 n>1 n>1 j=0
equivalently,

= 7(95(0) ~ Da(-)) + §(Dele) ~ Dol -2))(Dote) +Dsf-2) =2,
By putting D g(z) = (1 + z)A(z) in Equations 2 and 3 it is easy to see that A(x)
C(z?).

w
=

o
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2.2 A classical pattern 7 =12...k

Let us start with the following example.
Example 2.3 By definition we have D1(z) = 1 and D1z(z) = 1 + = + 2°.

The case of varying k is more interesting. As an extension of Example 2.3, let us
consider the case 7 =12.. . k.

Theorem 2.4 Let Ap(z) = (D1 1(2) + Dr2.k(—2)) and By(z) = (D12, k(z) —
Dia.k(—x)) for all k > 0. Then

Ai(z) = Fi(x), Bi(z) = 2F_1(z), and Do kx(x) = Fi(z) + xFp_1(x).
Proof.  Using the same arguments as in the proof of Theorem 2.2 we get

Do k(2) = D12 k(—2) = 2(D12 (e—1) (@) + D12, k—1)(—17)),
and

Do k() + Dz k(1) — 2 = 2(D12..1(2) — Di2.k(—2))+
+5 (D12 k-1)(®) = D12 k-1)(—2)) (D12..4(2) + Dr2._x(—2) — 2).

The rest is easy to check by the definitions of A;, and Bj. O
Example 2.5 Theorem 2.4, for k = 3, yields D193(x) = % In other words,
the number of 132-avoiding Dumont permutation in &,,(123) is given by 1 + (—1)"

foralln >4, and 1 forn =0,1,2,3. An another ezample, Theorem 2.4, for k =4,

yields Diaza(x) = % In other words, the number of 132-avoiding

Dumont permutation in &,(1234) is frjar2 + faj2 — 2 if n is even number, otherwise
2 for all n > 2, where f,, is the nth Fibonacci number.

As an extension of Theorem 2.4, let us define

Az, T2, 3,...) = Z 1‘[15112.4(707

TED j>1
where 7(7) is the number of occurrences of 7 in 7. Let

A(1>($17I2,$37 . ) = %(Ql(xl,:r27x3, s ) +Q[(*.T17I27.Z'37 s ))7
B(l)(xlax27x37 < ) = %(Ql(:r17x2,x37 .- ) - Q[(*,Z‘17I27I37 s ))

Using the same arguments as in the proof of Theorem 2.4, we obtain the following.

Theorem 2.6 We have

2401 ,
22 AN (21209, 2013, 324, . . )

1
A()($17$2>x37~~):1+1 2. A 2 2 2 )
— X T2 (z123523, ToX3X4, L3TYT5, - - - )

and
B(l)(xl, T2, T3, .. ) = IlA(l)(I1I2,$2$3, T34y - - )



108 TOUFIK MANSOUR
As an application of Theorem 2.6, for 1 = x and z; =1, j > 2, we get that
BW(x,1,1,...) =2AW (z,1,1,...),

and

AN, 1,1,..) = ———— = C(a?).

Hence, we have Dg(z) = (14 2)C(2?) (see Theorem 2.2).

Another application of Theorem 2.6 is to the number of right to left maxima. Let
T € Gy, m; is a right to left mazima if m; > 7; for all ¢ < j. We denote the number
of right to left maxima of 7 by rim(m). Proposition 5 of [3] proved

Irm(m) =Y 12, j(m)(~1)".

Jj=21

Therefore,

> almy e = Ay, y L yy )
TED

together with Theorem 2.6 and AW (z,1,1,...) = C(2?) we get

Zx\ﬂ\yrlm(ﬂ') =14+ .TC((EZ)y + ZxZn—ch—l(xZMJn.

TED n>2

Corollary 2.7 The generating function for the number of Dumont permutations
avoiding 132 and having exactly k right to left maxima is given by x**=2C*=1(2?) for
all k > 2, and 2*C*(2*) for k=0, 1.

2.3 A classical pattern 7 =2134...k

Similarly as in Theorem 2.4, we obtain the case 7 = 2134...k.

Theorem 2.8 For allk > 2,

Do k(7)) = Gp1(x) + 2Gjs.

1+2—23

Example 2.9 Theorem 2.8 for k = 3,4 yields Dy3(x) = T
—x

1+z—a%—a%+ a2
(1 —=x2)?

cmd @2134 (.L') =
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2.4 A generalized pattern 12-3---.--k

In this subsection we use the notation of generalized patterns (see Section 1). For
example, we write the classical pattern 132 as 1-3-2.

By definition, we get D12(z) = 1 + z + 2%, So, by the same arguments as in the
proof of Theorem 2.4, together with
D1a(2) = Dia(z) = 1+ 2 + 27,

we obtain the following.

Theorem 2.10 For allk > 1,

Dig-3-. k() = Di-gz- (7)) = Fi(x) + 2Fp1(2).
A comparison of Theorem 2.4 with Theorem 2.10 suggests that there should exist
a bijection between the sets &,,(1-3-2,12-3-- - - - k) and &,,(1-3-2,1-2-3-- - --k). How-

ever, we failed to produce such a bijection, and finding one remains a challenging
open question.

Now, let us define
1 12-3-...-j
%(xl,x271:3,...)=Zz1(ﬂ)nx1 itm,
TeD i>2
where 7(7) is the number of occurrences of 7 in 7. Let

AP (21, 29,15, ...) = 2(B(a1, 22, w3, .. ) + B(—21, 32, 73,...)),

B(z)(l'l,l‘27$3, .. ) = %(%(Il,x%‘?ﬁg, .. ) - %(—Il,xg,xg, cee ))

Using the same arguments as those in the proof of Theorem 2.4, we get

Theorem 2.11

23 (1 = wy + 29 AP (21, wow3, T34, .. ))

A (31, 29, 25,...) =1+ ;
(w1, 22,75, .-) 1 —22x5(1 — mows + 29w3A®) (21, Tox3wy, 137375, .. )

and
2 2
B3 (21,29, x5, ...) = &1 — 2129 + 2129 AP (21, Tox5, w324 . . ).

Let 7 € &,,; we say m; is a rise for w if m; < w4 forall j =1,2,...,n—1. We
denote the number of rises of 7 by rises(w). By definition, we have

D allyret — g — gy 4+ (14 2y) AP (2,9, 1,1,..),
TED

so as an application of Theorem 2.11 we get

Corollary 2.12 The generating function o almlyrises(m) s given by
1+ zy — 22%y + 22%y? — (1 + zy)\/1 — 422y
2x2y2 '
In other words, the generating function for Dumont permutations avoiding 1-3-2 with

ezactly k rises is given by Cra® 1 + Cpp12®*2 for all k > 1, and 1 4+ = + 22 for
k =0, where C,, is the mth Catalan number.
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2.5 A generalized pattern 7 = 21-3----- k

In this subsection, we use the notation of generalized patterns (see Section 1). For
example, we write the classical pattern 132 as 1-3-2.

By definition, we get D91(x) = 1 4+ x. So, by the same arguments as in the proof
of Theorem 2.4 together with

Do (x) = Doa(z) =1+,

we obtain the following.

Theorem 2.13 For all k > 2,
Do1-3-.. k(1) = Doo13-.(x) = Gro1(x) + 2Gr_z(x).

A comparison of Theorem 2.8 with Theorem 2.13 suggests that there should
exist a bijection between the sets &,,(1-3-2,21-3-- - -- k) and &,(1-3-2,2-1-3-- - - -k).
However, we failed to produce such a bijection, and finding one remains a challenging
open question.

Now, let us define
Q:({L'l, T, T3, . . . ) _ Z :L.i(ﬂ-) H x?l-B—...-j(fr)7
TED Jj=2

where 7(7) is the number of occurrences of 7 in . Let

A(g)(l'l, Lo, T3, .. ) = %(C((El, T, X3, . .. ) + Q:(—l'l, X2, L3, .. )),

B(d)(xl,l‘g, T3, ... ) = %(Q:(l’l, T2,X3, .. ) — Q:(—.Z'l, T2, T3, ... ))
Using the same arguments as in the proof of Theorem 2.4, we get the following.
Theorem 2.14 We have

2209 A®) (21, w03, 324, . . )

A(3)x,x,xt,... =1+ ‘ ;
(w1, 22,75, .- 1 — 2220 AB) (21, mox3my, w3735, . . . )

and

B(S)(xl,xg,xg, .. ) = IlA(3>(l'1,IQ$3,I3I4 . )

Let 7 € 8,,; we say that 7; is a descent for mif m; > mjq forall j =1,2,... ,n—1.
We denote the number of descents of 7 by descents(r). By definitions, we have

Sl — (14 ) A @y, 1,1, ),
TED

therefore as an application of Theorem 2.14 we get

Corollary 2.15 The generating function Y .o glmlydescents(m) s given by
(1 4+ 2)C(z%y). In other words, the generating function for Dumont permutations
avoiding 1-3-2 with ezactly k descents is given by Cpaz®**' + Cra®+? for all k > 0,
where C,, is the m™ Catalan number.
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2.6 A classical pattern 7 =23...k1

Again, Proposition 2.1 gives a complete answer for 7 = 23... k1.

Theorem 2.16 For all k > 3,

22(1+ )

D =1 '
23..k1(7) TrE T 22 Fy_s(x)

Proof.  Using the same arguments as in the proof of Theorem 2.2 we get

Doz k1(2) — Doz k1 (—2) = 2(Daz g1 (x) + Doz k1 (—1)),
and

Doz k1 (2) + Doz k1 (—2) — 2 = 2(Daz. k1 () — Doz k1 (—2))+
+5 (D12 (h—2)(2) = Dra..(b—2) (—2)) (D23 11 (%) + Doz g1 (—2) — 2).

The rest is easy to check by the definitions of Fy(x) together with Theorem 2.4. O

Example 2.17 Theorem 2.16, for k =5, yields Daza51(x) = M In other

1-2z2—z

words, the number of Dumont permutation in &,(132,23451) is given by Py, /9, which
is the [n/2]th Pell number for all n > 2.

3 Dumont permutations which avoid 132 and contain
another pattern exactly once

Let ©,.(n) denote the number of Dumont permutations in &,(132) containing 7
exactly 7 times, and let D..(z) = >_, . D-,(n)z" be the corresponding generating
function.

3.1 A classical pattern 7 =12...k

Theorem 3.1 Let

22 2 F 1 (z)

Ax(z) = 1= 2F o(2) szk_2(I)Ak—1(x) +

0= )

for all k > 2, where Ay(z) =0 and Ay(x) = z*. Then for all k > 2

Dy g (x) = Ax(x) + 2 Ak (2).

Proof. By Proposition 2.1, we have two possibilities for the block decomposition of
an arbitrary 7 in ©,,(132). Let us write an equation for ®15_1(z). The contribution
of the first decomposition above is

Z 1‘3124..1“1(2" + 1)$2n+1 =T Z 912.“(%1);1(2”)952”7

n>0 n>0
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equivalently
D10 k1 (1) = Do k1 (=) = 2(D12. (k—1);1(7) + D12 (k—1):1(—2)). (4)
The contribution of the second decomposition above is

Z 3312___k;1(2n)x2” = Z @12___k;1(2n — 1)I2n+

n>1 n>1
+> Z Do (b1 (2] + 1) D12 40 (20 + 2 — 2j) 2"+
n>1j=
+ > Z Do (k-1)0(2] + 1)D12..x1 (20 + 2 — 27) 2"
n>1j=

equivalently

Do 51 (2) + D1 k1 (—2) = (D12 k1 (2) — D12 (—2))+
%(1‘312 (=11 (%) = D12 (=) (=) D12,k () + D12 ko (—2) — 2)+
(:‘312“.@ 1);0(96) - 912.“(1%1);0(—95))(3312.«;1(96) + 3312.“1@;1(—1"))-
(5)
Using Theorem 2.4, Equation 4, Equation 5, and Definition 1, we get the desired
result. O

Example 3.2 Theorem 3.1 for k = 3 we get

22(1 +z — 2?)
1—a2 7

59123;1(1’) =

and for k = 4 we get

27(1 4z — 3% + 22% + 32* + 32° — 2% + 27)

Digza (z) = (1 —22)(1 — 22 — 2*)?

As an extension of Theorem 3.1, let us consider the case r > 1. Theorem 2.6, for
given k and r, yields an explicit formula for ©12_j.(2). For example, for k = 3 and
r=0,1,2,3,4, we have the following.

Theorem 3.3 We have
, l+z+at—ab
(i) Digo(2) = ——— 35—

122
(ii) D123 (7) = W;
(iii) Di232() = Hleaa ‘(22_96;))22952 — a3+ 2% ;
(iv) Digz3(r) = Tl xz(;_fi;2_)2x4 — x5 + 26) :

221+ 22)(—=1 - 315+ 322 + 32% — 32* — 2 +x)
(1- a2

(V) Dizsu(r) =
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3.2 A classical pattern 7 =2134...k

Similarly to Theorem 3.1, we have

Theorem 3.4 Let

x? T G- ()

Ap(z) = 1 — 22Gy(2) Ap-a(z) +

for all k > 4, where A;(z) = As(z) = 2% and Az(z) = f;. Then, for all k > 2,

Doz k() = Ap(x) + 2 Ap1(2).

3.3 A generalized patterns 7 = 12-3----- kand 7 =21-3----- k

Similarly to Theorem 3.1, we get

Theorem 3.5 Let

x? 2 F_1(x)

Ap(z) = 1= 2F o(2) xQde(x)Ak—l(tT) +

((EFTT)

for all k > 4, where A;(z) = 22 and Ay(x) = 2z*. Then, for all k > 2,

@12_3_.“_]{;1(1‘) = Ak(l’) + Q.',‘Ak_l(l’).

As an extension of Theorem 3.5, let us consider the case > 1. Theorem 2.11, for
given k and r, yields an explicit formula for ®19-5-...k,(z). For example, for k = 3
and r =0, 1,2, 3,4, we have the following.

Theorem 3.6 We have

1+z+2*—2°
(i) Diz-g0(z) = %; |
(i) Drpoga () = 25(2+ 31:(; ix;;? 2% + 22%) ;
(1) D12-32(2) = GRS 6962(1_ x1;336m4 re o),
z7(3+ 5z — 1022 — 92° + 102" + 32° + 427 — 5a® — 29 + 22'0)

(iv) Diz-33(x) =

(v) Diz-3u(z) =
29(5 + br — 2322 — 723 + 402* — 2% — 3025 + 527 + 528 — 29 + 5210 + 211 — 2212)
(1—22)5 ’

(1— 22! ’

Similarly to Theorem 3.1, we have
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Theorem 3.7 Let

22 21G_1(2)

Ak(l’) = mAk_1($) +

or all k > 4, where Ai(x) = As(x) = 2, 3x:%,an 4x:x677§823).Th6n,
for allk > 4, where A A 2 A ., and A s
forall k> 2,

Do1-3-i1 (2) = Ap(x) + 2Ap1 ().

As an extension of Theorem 3.7, let us consider the case r > 1. Theorem 2.14, for
given k and r, yields an explicit formula for ®91-5-...k,(z). For example, for k = 3
and r = 0,1, 2, 3,4, we have the following.

Theorem 3.8 We have

14+x+a*—2°

D Do () = »

(i) Da1-30(2) 12

. 231 +x — 2?)

(ii) Da-31(2) = 1=

25(1 + 2z — 227 — 23 + %)

(iil) Da1-g2(z) = e ;

. (1 +z—a? + 2% — a2t — 2% + 29)

(iv) Dar-s3(z) = 1 -2 ;
271+ 2z — 22% — 225 + 228 4+ 27 — 28)

(V) Da1-3a(x) =

(1—22)p

4 Further results

Here we present three different directions to generalize the results of the previous
sections. The first of these directions is to consider one occurrence of the classical
pattern 132. For example, the following result is true.

Theorem 4.1 There does not exist a Dumont permutation containing 132 (classical
pattern) exactly once.

Proof.  Let m = (#',n, ") be a Dumont permutation of length n, which contains
the pattern 132 exactly once. It is easy to see that there does not exist a Dumont
permutation where n = 0,1,2,3. Suppose n > 4, and let us assume by induction on
n that there does not exist a Dumont permutation of length m < n — 1 containing
132 exactly once. To prove this property for n, let us consider the following two cases
together using Proposition 2.1: n is either an even number, or n is an odd number.

1. Let n be an odd number. Since 7 is a Dumont permutation, we get 7’ = &,
so m contains 132 exactly once if and only if 7’ contains 132 exactly once.
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2. Let n be an even number. Since 7 is a Dumont permutation we have 7’ # &.
Now, let us consider two cases: either n does not appear in the occurrence of
132, or n does.

(a) Let the occurrence of 132 not contain the element n. So, every element of
7' is greater than every element of 7”. Therefore, either 7’ is a Dumont
permutation of length m < n — 2 that contains 132 exactly once, or 7"
is a Dumont permutation of length m < n — 1 that contains 132 exactly
once.

(b) Let the occurrence of 132 contain the element n. So, 7 = (7', a,n, 7", a +
1,7") (see [16]) such that m, = n and 7, = a + 1, where every element of
7' is greater than every element of 7" and every element of 7" is greater
than every element of 7”/. Since n is even number and maximal in 7 we
have that a is an odd number, so @ + 1 is an even number. Therefore, by
using Proposition 2.1 we get that p, ¢ are even numbers, (7', a) is of odd
length, and 7" is of even length. On the other hand, ¢ = p+ 1+ |7”|, so
¢ is an odd number, a contradiction.

Hence, by induction on n we get the desired result. O

The second direction is to consider more than one additional restriction. For
example, the following result is true.

Theorem 4.2 Let k > 2. The generating function for the number of Dumont per-
mutations in 6,(1-3-2,1-2-3 - -k,2-1-3-- - -k) is given by

Gk,1($) + IL'Gk,Z(.T).

A comparison of Theorem 4.2 with Theorem 2.8 suggests that there should exist
a bijection between the sets

6,(1-3-2,2-1-3-----k) and &,(1-3-2,1-2-3 - -k, 2-1-3- - - - -k).

However, we failed to produce such a bijection, and finding one remains an open
question.

The third direction is to consider another 3-letter pattern instead of 1-3-2.

Theorem 4.3 The number of Dumont permutation of the second kind in &,,(3-2-1)
is the same as the number of Dumont permutation in &,(2-3-1) (or in &,,(3-1-2))
which is equal to Cljg).

Acknowledgments: The author is grateful to S. Kitaev and the anonymous
referee for their careful reading of the manuscript.
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