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Abstract

For k > 3,1let G = T(ly,ls, . .., i) be the tree with exactly one vertex v of
degree k, and G—v = F,,UP,U---UP, , where P, is the path of order n.
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A graph is adjointly integral if all the roots of its adjoint polynomial are
integers. In this paper, we derive a new expression (different from the
one given by Dong, Teo, Little and Hendy in Australas. J. Combin. 25
(2002), 167-174) for the adjoint polynomial of a path to provide a new
method for finding the roots of the adjoint polynomials of paths and
cycles. Moreover, we establish the following results:

1. % < B(G) < —k, where $(G) is the minimum real root of the

adjoint polynomial of G.
2. The tree T(l,1,...,1) is adjointly integral if and only if I € {1,2}.
3. It >120r 1 <I; <2and (I1,lo,...,0) € {(1,1,...,1),(2,2,...,
2)}, then T'(I1,1ls, . .., ) is not adjointly integral for Iy > 1y > -+ >
I > 1.

1 Introduction

All graphs considered here are finite and simple. For a graph G, let V(G), E(G),
and G, respectively, be the set of vertices, the set of edges, and the complement of
G. Notation and terminology not defined here will conform to those in [1]. Let G be
a graph with n vertices. A partition {A;, As, ..., A} of the vertex set of G, where
k is a positive integer, is called an k-independent partition if every A; is a nonempty
independent set of G. We denote by «(G, k) the number of k-independent partitions
of G. Then the chromatic polynomial of G is given by

P(GA) =) a(Gr) (M),
r>1
where (A), = AA—1)(A—=2)...(A—r+1) for all » > 1. The readers can turn to
[4, 5] for details on chromatic polynomials.

An ideal subgraph of a graph G is a spanning subgraph of G whose components
are all complete graphs([10]). Let N(G, k) denote the number of an ideal subgraphs
with p — k components. For a graph G with n vertices and ¢ edges, it is obvious that
N(G,k) = a(G,n —k) for k> 0.

Definition 1.1.([10]) Let graph G with n vertices, the polynomial

n—1
h(G,x)=> N(G k)a"*
k=0
is called the adjoint polynomial of G.
Remark 1.1. Another polynomial that is related to the adjoint polynomial of
a graph is the o—polynomial ([6]). This polynomial is the same as h(G,x)/zX( )
where x(G) is the chromatic number of G.

Definition 1.2.([10]) Let G be a graph and hi(G, ) the polynomial with a nonzero
constant term such that h(G,z) = 27 Dh (G, x). If hi(G,z) is an irreducible poly-
nomial over the rational number field, then G is called an irreducible graph.
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Remark 1.2. It follows, from Remark 1.1 and the above definition, that p(G) =
X(G), where x(G) is the chromatic number of G.

Definition 1.3. The adjoint roots of a graph G are the zeros of the adjoint polyno-
mial of G.

Now, we introduce some graphs and notation used in this paper. By P, and C,
we denote the path and the cycle with orders n, respectively. The T-shaped tree
T(ly,1ls,13), which was first defined and studied by R.Liu ([9]), is a tree with exactly
one vertex v of degree 3 such that 1}, ;,,, —v = P, U P, U P,. We generalize this by
defining the graph Tj, 5, . ;. to be the graph obtained by replacing each the edges of
the star K, by paths of lengths l1,ls, ..., ;. We call this a star-tree with k branches.
In what follows, it will be assumed that {; > [y > --- > [, > 1 and k > 3. We write
k-l =(,la....lg)ifly =1l =--- =1l = 1. By (G) we denote the minimum
adjoint root of graph G. For graphs G; and G5, G; C Ga(resp. G; C G3) denote
that GG; is a proper subgraph of Ga(resp. G is a subgraph of G).

It is obvious that the adjoint polynomial of a graph is a polynomial in variable
x. In this paper, we give new expressions of adjoint polynomials of paths and cycles
by means of trigonometric functions. As an application, we find the adjoint roots
of all the paths and cycles, which were first obtained by Dong et al ([3]). We also
obtain the lower and upper bounds for the minimum adjoint root of the star-tree
T(ly,la,...,1;). The notion of adjointly integral graph whose adjoint roots are all
integers is first introduced and the conditions for the star-tree T'(l1,ls,. .., 1) to be
adjointly integral is investigated.

2 A new method for finding the adjoint roots of paths and
cycles

Lemma 2.1.([10],[13])

(1) Forn>2, h(P,,x

Shen(ulp)a s B(P) > 4.
2(h(Po-1,2) + h(Poos, x)).
Skent (L) B(Cn) >

(h(Cry 1, @) + h(Cy2, 7).

(
(2) Forn>3, h(P,,x
(8) Forn >4, h(

(

)
)
Cn, )
(4) Forn > 6, h(Cy,x)

Lemma 2.2.([3]) (1) For uv € E(G) not contained in any triangle of G, we have
MG, z) = G —uw,x) + zh(G — {u,v}, ).

(2) For any positive integer n, h(P,,x) has the following zeros:

2
0,0,...,0, —2—2cos STF, s:1,2,...,{£J.
—_——— n+1 2
5
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(3) For any positive integer n > 4, h(C,,x) has the following zeros:

2% —1
00,0, -9 2c0s2 = DT 5:1727...,{3J.
~— n 2
(51

In this section, we shall find an explicit expression for h(P,,—4cos?#) and
h(C,,, —4 cos? §), from which we find a new proof of (2) and (3) of Lemma 2.2.

Lemma 2.3. (1) Forn >4, h(Cy,z) = (P, z) + hi (P2, x).
xhy(Py_1,2) + hi(Ph_2,x), if n = 2k;
hi(Po_1,z) + hi(Pn_2,x), ifn=2k+1.
Proof. (1) We distinguish the following two cases:
Case 1. n = 2k.
From (1) of Lemma 2.2, we have that
WCh, ) = (P, z) + zh(P,—2, x). (2.1)

(2) Forn>2, hy(Py,z) = {

Noting that both n and n — 2 are even, we obtain, from (1) and (3) of Lemma 2.1,
that p(C,) = Z, p(P,) = 2 and p(P,_») = “52. Eliminating the common factor %
from both sides of Equation (2.1), we get the result.

Case 2. n =2k + 1.

Remark that both n and n — 2 are all odd, it follows, from (1) and (3) of Lemma 2.1,
that p(Cy) = 254, p(P,) = * and p(P,_») = “52. Eliminating the common factor
2"2" from both sides of Equation (2.1), we arrive at the result.

Part (2) of the lemma can be proved in a similar way. O

Theorem 2.1. Forn > 2,

1)k sin (n+ 1)0

) L YGRS P
hy(P,, —4cos®0) = ) Smele
GG U T

Proof. We will prove the theorem by mathematical induction on n.

By (1) of Lemma 2.1, we see that hi(P,,z) = x+1. By substituting x = —4 cos? 6
in hy(Ps,x), we obtain that
—2sinfcos20 —sinf  sin30

. 29 _ _ 1= ==
hi(P2) =1—4cos™ 0 2cos20 — 1 sin @ sinf

Thus the result holds for n = 2.

Similarly, hi(P;) = x + 2. By substituting # = —4cos? in h;(Ps, ), we obtain

that
2 sin 26 cos 260 _ sin 40

e 29 _ = ==
hi(Ps) =2 —4cos™ 0 2cos 20 sin 26 sin 20
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Thus the result holds for n = 3.

Assume that the theorem holds when the path has less than n vertices, where
n > 4. We distinguish the following cases:
Case 1. n = 2k.

In the light of (2) of Lemma 2.3 and by substituting z = —4 cos? 6, we have, by the
inductive assumption, that

hi(Pn,z) = xhi(Pa_1,2) + hi(Pa_2, )
_ (1 4 cos® O sinnf (=) sin (n — 1)
N sin 26 sin 6
_ (1) 2sinné cos (1) sin (n —1)0

sin # sin #
_ gk sin(n+1)0 +sin (n — 1)0 k1 sin(n —1)6
= 1 sin 6 + (=1 sin 6
o w.sin(n+1)¢
= =) sin 6 '

Thus the theorem holds in this case.

Case 2. n =2k + 1.

In terms of (2) of Lemma 2.3 and by substituting = —4 cos? @, we obtain, by the
inductive assumption, that

(P, ) = hi(Pa1,2) + (P2, @)
4k sinnd -
= D sin 6 +(=1) sin 26
_ (1 2 cos B sinnf w1 sin(n—1)0

. sin 20 .(_1) sin 20
— (—)h sin (n + 1)0 + sin (n — 1)6 )
)

e_q Sin(n —1)0

k1 Sin(n—1)6
sin 260

sin 26
x sin(n+1)6
sin 26

Thus the theorem holds in this case. O

Theorem 2.2. Let C,, be the cycle with order n > 4. Then

(—=1)*2cosnf,  if n = 2k;
hi(Cp, —4cos? ) =

(~1)6-Co80. iy — 9k 41,

Proof. Case 1. n = 2k.
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We obtain, from (1) of Lemma 2.3 and Theorem 2.1, that

hi(Cpn,—4cos?0) = hy(P,,—4cos>0) + hy(P,_o, —4cos® )

e sin(n+1)0 k1 Sin(n—1)6

= b sin 6 +(=1) sin 6
_ (71)/%—1 sin (n - 1)9 — sin (n + 1)9

a sin 6

_ (o)1 2eosnfsin(=)

sin @
= (=1)*2cosnd.

Case 2. n =2k + 1.
We obtain, from (1) of Lemma 2.3 and Theorem 2.1, that

hi(Cpn, —4cos*0) = hy(P,,—4cos?0) + hy(P,_o, —4cos® )

e Sin(n+1)0 k1 Sin(n—1)6

= (=D sin 26 +(=1) sin 26
_ (L sin (n — 1)6 — sin (n + 1)6
sin 26
_ (1 2 cosnf sin (—0)
0251119(:089
£ COSTY
= (=D cosf

Theorem 2.3. (1) Forn > 1,

»2"sin(n + 1)f cos™ 0

h(P,, —4cos®6) = (—1) "

(2) Forn >4,
h(Cp, —4cos®0) = (—=1)"2"" cos nf cos™ 6.

Proof. (1) By (1) of Lemma 2.1, we obtain that h(P;,x) = x = —4 cos? §. Hence the
formula holds for n = 1. If n > 2, from (1) of Lemma 2.1, we arrive at p(P,) = [—TQL—]

By h(P,,z) = 2?)h(P,, x), we arrive at
h(P,, —4cos?0) = (—4cos? 0)" Ty (P,, —4cos? ).

The result follows from Theorem 2.1.

(2) Result (2) can be proved in a similar way. O
Corollary 2.1. (1) For any positive integer n, the set of adjoint roots of P, is

ARS(P,) = {[%] 0, —2—200sn2i7r1 [1<k< [%J}
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(2) For any positive integer n > 4, the set of adjoint roots of C,, is

ARS(CH):{[%]O, foQCOSM‘lgkg {%J}

n
Proof. (1) According to (1) of Theorem 2.3, we have
h(P,, —4cos*6) = 0 if and only if sin (n + 1)f cos™ 6 = 0,

which leads to

0— km
n+1

or9:k77+%, where k =0,4+1,4+2,....

By substituting the values of § in ¥ = —4cos?6 = —2(1 + cos26), we obtain the
following adjoint roots of P,

T =—2—2cos 2]”1 or x =0, where k =0,£1,4+2,....
n

From (1) of Lemma 2.1, we arrive at p(G) = [—%} , which implies that the multiplicity
of the adjoint root 0 is [—721—] It is obvious that

T —2 — 2cos ——, where k£ > 0.

n+1 n 4+

—2 — 2cos

)

If k =0, then z = —4, which contradicts 5(P,) > —4. Thus 1 < k < L—g—j

(2) With a similar method, we can prove that (2) of the theorem holds. O

3 The minimum adjoint root of a star-tree and adjointly
integral star-trees

A polynomial is integral if all its zeros are integers. In the theory of graph spectra, a
graph is called integral if its characteristic polynomial is integral. In [7] Lepovic and
Gutman studied some spectral properties of star-trees. In particular, they provided
a new way of characterizing integral star-trees. The main aim of this section is to
investigate which star-trees possess integral adjoint polynomials. A graph is said to
be adjointly integral if its adjoint polynomial is integral. We will see that if a tree is
integral, then it is necessarily adjointly integral. However, the converse is not true.
For example, the path Pj is adjointly integral but is not integral.

By Corollary 2.1 and h(C3,z) = z(2* + 3z + 1), we have the following result:
Corollary 3.1. (1) The path P, is adjointly integral if and only if n € {1,2,3,5} for
any positive integer n.

(2) The cycle C,, is not adjointly integral for n > 3.
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Lemma 3.1.([12]) Let T be a tree and f(T,\) = AT (T, \) be its characteristic
polynomial, where O(T) denotes the degree of the lowest degree term of f(T,\). If
r = =\, then h(T,x) = (=1)Ff1(T,\), where k is the number of edges of the
maximum matching of T.

As a consequence of Lemma 3.1 we have:

Corollary 3.2. Let T be a tree of order n. If the eigenvalues of T are Ay, Ag, ..., A,
then the adjoint roots of T are —X\2,—A3,..., =2,

Lemma 3.2.([7]) If M1 is the largest eigenvalue of the star-tree T(l1,lg, ..., 1), then
VE < M < k/vVEk —1 holds for any positive integers Iy > lg > -+ > 1, > 1.

It is well-known that the eigenvalues in Corollary 3.2 satisfy the property that
Ai = =An_iq1, for i = 1,2,...,|5]. Consequently, 3(T) = —A? = -\’ By using
this together with Lemma 3.2 we obtain the following upper and lower bounds for
the minimum adjont root of a star-tree.

Theorem 3.1. For any positive integers Iy > lo > -+ > I, > 1 and k > 3, the
minimum adjoint root of T'(I1,1a, ..., lx) satisfies the following inequality

2

1-k

< B(T(ll,lg, .. ,lk)) < —k.

From the above theorem, the distribution of the minimum adjoint roots of star-
trees with three branches is completely determined.

Corollary 3.3. Let S = {T'(I1,l,13) | I1 > Iy > I3 > 1}, then
(1)([13]) B(T(l1,12,13)) = =3 if and only if

(l,l2,13) € T = {(1,1,1)}.
(2)([13]) =4 < B(T(Iy, 12, 15)) < —3 if and only if
(I, l0,13) € T ={(I1,1,1,),(4,2,1),(3,2,1),(2,2,1) | [; > 2}.
(3)([13]) B(T(Iy,1y,13)) = —4 if and only if
(lilols) € Ts ={(5,2,1),(2,2,2),(3,3,1)}.

(4)([13]) =2 = V5 < B(T(lh, 15, 13)) < —4 if and only if (Iy,ly,1s) € Ty =

{(3,3,2), (1,2,1) | I > 5y U{(l, 1o, 1) | I > 3,01, > 2} U{(11,2,2) | I, > 2}.
(5) —4.5 < B(T(I1,12,13)) < —2 — /5 if and only if

(I, l3,13) € S\(LLUTL U T UTY).
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Lemma 3.3.([8]) Let G be a graph that is not complete. For any vertex v € V(G),
the set G, = {K|Kis a complete subgraph of G containing the vertex v). Then

WG,x) =z Y WG —V(K),x),

Ke Gy

where G — V(K) is the subgraph obtained from G by deleting the vertices in V(K)
and together with their incident edges.

Corollary 3.4. The adjoint polynomial of T(I1,la,...,lx) is given by
k
Pl -1,
(P, 1 .
Tnmn (143220
Proof. The proof follows directly from Lemma 3.5. 0

Theorem 3.2. For k > 3 and | > 1, the star-tree T'(k - 1) is adjointly integral if and
only if 1 € {1,2}.
Proof. By Corollary 3.4 and calculation, we arrive at h(T'(k-1),z) = 2*(x + k) and
WT(k-2),z) = ¥ (x + 1)1 (x + k + 1), which imply the sufficiency of the theorem
holds.

For the proof of necessity, the following cases are taken into account.
Case 1. | = 3.

From Corollary 3.4, we arrive at h(T (k- 3),z) = 22 (x + 2)F "1 (2% + (k+ 2)x + k).

It is obvious that —(k+1) ;: k2 +4 are two adjoint roots of T'(k-3). Suppose that
Vk? + 4 = a, where a is a positive integer. Then a? —k? = (a+k)(a—k) = 4. Recall
that k is a positive integer and k > 3, then a + k > 0 and a — k£ > 0, which leads
toa > k > 3. Hence, a + k > 7 that results in 0 < a — k < 1 which is impossible.
Thus, T'(k - 3) is not adjointly integral.

Case 2. [ =5.

In view of Corollary 3.4, we arrive at h(T(k - 5),x) = x3h*1(Ps)g1(z), where
9,(z) = *+ (k+4)a? + 3k +3)z + k. By a transformation x — y— %54, we obtain,

from g, (), that g,(y) = y* + by + ¢, where b = 3k +3 — (k?) and ¢ = % —(k+
1)(k4+4)+k. According to the formula of solving the roots of cubic equations (see [2]
pp: 4), we get that the roots of ¢,(y) are a+ 3 and 7(#):0:1\/5(#) which indicate

that the roots of g,(z) are a + 3 — @ and f(#) + Z\/g(#) — (k+34)47 where

o= \3/ 5t/ % + % and § = \3/ 5 = \/§ + % If T'(k-5) is adjointly integral, then

a — 3 = 0 which shows by Mathematica that k € {—7.74345 & 2.24615¢, —1.36296 &
1.12805¢, —0.574083, 21.7869} which contradicts k£ being an integer. So T'(k - 5) is
not adjointly integral.

Case 3. l=4orl>6.
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From Corollary 3.4, we know the adjoint roots of T'(k - ) contains the adjoint
roots of P,. By Corollary 3.1, P, is not adjointly integral, so neither is T'(k-1). O

Lemma 3.4.([11]) Let T be a tree and the adjoint roots of T and T — v be, re-
spectively, 1 < mp < - < ppoand 6y < Oy < - < 0,1, where v € V(T) and
\V(T)| = n.

(1) If n = 2k, then

m <t <m<Oy < <mpg <O <y <O
(2) If n =2k +1, then

M <O < <O <o <Oy S <O < = 0.

Lemma 3.5.([13]) Let H be a proper subgraph of a connected graph G, then
B(G) < B(H).

Theorem 3.3. (1) If 1 <; <2 (1 <i<k)and (I1,lo,....lx) € {(k-1),(k-2)},
then T(l1,la, ..., lx) is not adjointly integral.

(2) If I} > 12, then T(ly,ls,...,1lx) is not adjointly integral.
Proof. (1) Under the conditions of the theorem, we have T'(k-1) C T'(l1,ls, ..., lx) C
T(k-2). By 8(T'(k-1)) = —k and B(T'(k -2)) = —k — 1, we obtain from Lemma 3.5
that —k — 1 < B(T'(l1, 1, ...,lx)) < —k which indicates that T'(l1,l,...,l}) is not
adjointly integral.

(2) By u we denote the vertex of degree of k in T'(l1,ls,...,1x). From (1) of

Corollary 2.1, the path P, has the adjoint roots x; = —2 — 2cos I 11

—2 — 2cos % Since [y > 12, then 0 < 112% < 114% < %7 which leads to
—4 < 1 < 1y < —3. From Lemma 3.4 and T(l3,1s,...,ly) —u= P, UP,U---UP,,
we have that T'(l1,ls,...,l;) has at least one adjoint root that lies in the interval
[1, 2], which implies that this adjoint root is not an integer. And so the result

holds. O

On the basis of the above theorems, it seems to be difficult to give an necessary
and sufficient condition for the star-tree to be adjointly integral. However, we have
the following conjecture:

and zo =

Conjecture. For k > 3, the star-tree T(I1,la, . . ., ) is adjointly integral if and only
if (I ley .. l) € {(k-1),(k-2)}. d

From Corollary 3.2, we see that if a tree is integral then it is also adjointly integral.
However, the converse is not true. For example, the path P is adjointly integral but
is not integral. Thus it is interesting to study the relationships between integral
graphs and adjointly integral graphs. We end this paper by posing the following
problem:

Problem. Which graphs are adjointly integral? O
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