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Abstract

For n odd, a half-cycle for Zn is a cycle [a1, a2, . . . , am] of distinct
elements from Zn such that (a) m = (n − 1)/2, (b) the elements ai
(i = 1, 2, . . . ,m) are all distinct, and (c) the differences ai+1 − ai (i =
1, 2, . . . ,m, with am+1 = a1) are all distinct and no two of them are
the negatives of one another, modulo n. Similarly, a chaplet for Zn is
now newly defined to be a cycle [a1, a2, . . . , am] of distinct units from Zn

such that (a) m = φ(n)/2 where Euler’s totient function φ(n) gives the
number of units in Zn, and conditions (b) and (c) are satisfied as before.
Thus the relationship between half-cycles and chaplets is analogous to
that between full cycles and the daisy chains defined in a previous pa-
per. Methods of construction are given for both half-cycles and chaplets,
with emphasis on methodology that is fruitful in the range 5 < n < 300.
Some of the methods are adaptations of constructions for daisy chains.
Most results concern robust chaplets, where either (i) the set of elements
ai is identical to the set of differences ai+1−ai or (ii) the two sets are the
negatives of one another. Examples are provided liberally, to help with
the understanding of a novel subject.

1 Preliminaries

The leader of the highly salaried orchestra placed his violin carress-
ingly against his chin, lowered his eyelids, and floated into a sea of melody.

‘Hark!’, said most of the diners, ‘he is playing The Chaplet’ . . . the
familiar strains were greeted with the rapture due to a revelation. [19]



254 D. A. PREECE

With the rapture due to (merited by) a revelation, this paper introduces the
combinatorial concept of a chaplet for the units of Zn where n is odd. We defer the
formal definition to §2, so that we can first outline the context in which the topic
arises.

If n is an odd prime, a chaplet for the units of Zn is a half-cycle (Azäıs [4]) of the
elements of Zn \ {0}; thus, in the terminology of, for example, Buratti and Del Fra
[6], it is the generator of a cyclic k-cycle system of K2k+1 where k = (n − 1)/2.
However, for odd values of n that are not prime, the chaplet, which contains half
of the units of Zn instead of half of the elements of Zn \ {0}, seems to be a new
concept. (The non-mathematical meanings of ‘chaplet’ include ‘garland or wreath
for the head’, ‘circlet’, ‘string of beads’. The word survives in the antiques business.)
The relationship between chaplets and half-cycles of Zn is the same as that between
daisy chains [15] and the total cycles of Azäıs [4].

Although the concept of chaplets, like that of daisy chains, arose in the construc-
tion of power sequence terraces [1, 2, 3], we now introduce it independently of its
provenance, with a brief illustration of the links between chaplets, terraces and graph
decompositions in the final section of this paper. Our emphasis is on constructing
chaplets for Zn where 5 < n < 300.

When we have elements a1, a2, . . . , as of Zn that are arranged, in that order,
around a circle to form a cycle, we follow the convention of using square brackets to
write the cycle as [a1, a2, . . . , as]. Then, as necessary, we interpret as+1 to be a1, and
as+2 to be a2, and so on. A translate of the cycle is obtained by adding an element c
to each member of the cycle, modulo n. For convenience, we write a displayed cycle
in linear form, without square brackets and commas:

↪→ a1 a2 a3 . . . as ←↩ (mod n) .

Here, as in [15], the symbols ↪→ and ←↩ are reminders that the two ends of the
linear form are joined. We always regard the entry after the symbol ↪→ as being a1.
Some construction methods are such that the constructed cycles fall naturally into
segments, all of the same length; we separate the segments by fences | , e.g.

↪→ a1 a2 a3 | a4 a5 a6 | · · · | a3�−2 a3�−1 a3� | ←↩ (mod n) .

Any positive integer n has a prime-power decomposition n = piqjrk · · · (i, j, k ≥ 1)
where p, q, r, . . . are finitely many distinct primes. In standard number-theoretic
terminology, the units of the corresponding group Zn are those elements of Zn \ {0}
that are coprime with n (e.g. [11, p. 84]). The number of units in Zn is given by
Euler’s totient function

φ(n) = (p − 1)pi−1(q − 1)qj−1(r − 1)rk−1 · · ·
(e.g. [11, p. 87]). We write Un for the set of units of Zn. Thus |Un | = φ(n). If z ∈ Zn

or Un, we write ordn(z) for the order of z, modulo n, in Zn or Un respectively.

For values of n that are odd prime powers, primitive roots of n can be used in
constructing chaplets (see Theorem 3.2 below). However, other odd integers greater
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than 1 do not have primitive roots. For these other values of n, the “next best thing”
to a primitive root is a primitive λ-root of n, which is a unit of Zn that is of maximum
order [8, 9], that order being given by Carmichael’s λ-function. As the literature of
primitive λ-roots is sparse, notes on them have been placed on the Web [7]. As in
those notes, we write λ(n) for the order of a primitive λ-root of n, although some
authors use e(n) instead, and we write ξ(n) = φ(n)/λ(n). For any composite odd n,
the value of ξ(n) is even [7, §6]. A primitive λ-root x of n is inward if x− 1 is a unit
of Zn, and is outward otherwise. A primitive λ-root x of n is negating if −1 ∈ 〈x〉,
and is non-negating otherwise. A primitive λ-root of n is strong [7, §11] if it is both
inward and non-negating. More generally, we now describe any unit y from Zn to be
negating if −1 ∈ 〈y〉 and non-negating otherwise, to be inward if y − 1 is a unit of
Zn and outward otherwise, and to be strong if it is both inward and non-negating.

2 Definitions of types of cycle

In [4], Azäıs defined a total cycle for Zn to be what is now more commonly called
a directed R-terrace for Zn [13, p. 252], namely an arrangement [a1, a2, . . . , an−1] of
the elements of Zn \ {0} such that the set of differences ai+1− ai (i = 1, 2, . . . , n− 1)
is itself the set of all elements of Zn \ {0}. In [15], we likewise defined a daisy chain
for the units of Zn, where n is odd, to be a cycle [a1, a2, . . . , aφ(n)] of units such that
the set of differences ai+1−ai (i = 1, 2, . . . , φ(n)) is itself the set of units. Analogous
to total cycles and daisy chains, we now define half-cycles and chaplets as types of
half-length cycle, and we define subclasses of them that are of special interest.

For n odd, Azäıs [4] defined a cycle [a1, a2, . . . , a(n−1)/2] of elements of Zn to be a
half-cycle if

(i) the elements ai (i = 1, 2, . . . , (n− 1)/2)) are all distinct, and

(ii) the differences a2 − a1, a3 − a2, . . . , a(n+1)/2 − a(n−1)/2 are all distinct and no
two of them are the negatives of one another, modulo n.

We now define a half-cycle to be strong if none of the values ai equals 0 (mod n)
and no two of the values ai are the negatives of one another, modulo n. We further
define a strong half-cycle to be a robust half-cycle if the set of values ai is identical
to the set of values ai+1−ai or to the set of values ai−ai+1 (i = 1, 2, . . . , (n−1)/2)).
We say that a robust half-cycle is a champion half-cycle if, when i and c are values
such that ai+c ≡ ±(ai+1 − ai), then ai+c+j ≡ ±(ai+1+j − ai+j), modulo n, for all j in
{0, 1, . . . , (n− 3)/2}.

As the values ai+1 − ai (i = 1, 2, . . . , (n − 1)/2)) sum to zero, modulo n, a
necessary condition for a strong half-cycle to be robust is that its elements (i =
1, 2, . . . , (n− 1)/2)) sum to zero, modulo n.

Half-cycles generate balanced circuit designs [18], these being neighbour designs
that have been variously named (see [14]).

Turning now to cycles of elements of Un instead of elements of Zn or Zn \ {0},
we define a cycle [a1, a2, . . . , aφ(n)/2] of elements of Un to be a chaplet for Zn if
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(i) the elements ai (i = 1, 2, . . . , φ(n)/2)) are all distinct, and

(ii) the differences a2 − a1, a3 − a2, . . . , a(φ(n)+2)/2 − aφ(n)/2 are all distinct and no
two of them are the negatives of one another, modulo n.

We further define strong chaplet, robust chaplet and champion chaplet exactly anal-
ogously to strong, robust and champion half-cycles, respectively. Thus, if n is prime,
a chaplet for Zn is a half-cycle for Zn that does not contain 0, and the concepts
of strong, robust and champion chaplets are identical to the respective concepts for
half-cycles.

The following are half-cycles and chaplets for Z13:

(a) ↪→ 1 2 7 9 5 8 ←↩
(b) ↪→ 1 2 8 10 6 9 ←↩
(c) ↪→ 1 8 9 7 3 11 ←↩
Of these, (a) is not strong, nor is any of its translates that are half-cycles and chaplets,
whereas (b) is strong but not robust, and (c), which is adapted from a cycle in [12],
is robust but not champion. The cycle

↪→ 1 9 13 10 11 5 15 3 ←↩ ,
given in 1967 by Rees [17, p. 790], is a strong (but not robust) half-cycle and chaplet
for Z17; it is an arrangement of the elements 30, 31, . . . , 37 (mod 17). The following
is a chaplet for Z21, but no translate of it is a strong chaplet:

↪→ 1 17 4 8 19 20 ←↩ .

Chaplets do not exist for Z3 and Z5. Also, for n = 3r (r > 1), the 3r−1 elements
in a chaplet for Zn would have to be alternately congruent to 1 and 2 (mod 3), which
is impossible as 3r−1 is odd, so chaplets do not exist where n is any power of 3.
However, no such argument excludes powers of 5. Indeed, the following is a strong
chaplet for Z25:

↪→ 1 2 8 21 18 9 13 6 14 3 ←↩ .
The Azäıs constructions [4] for half-cycles for Zn (where n is odd, n > 7) differ

slightly from one another according as n ≡ 1, 3, 5 or 7 (mod 8), and do not produce
strong half-cycles. So instead we now give Buratti and Del Fra’s simple construction
[6, p. 116] that works for any odd value n. Strong half-cycles obtained via this
construction consist of the integers 1, 2, . . . , (n − 1)/2, taken in order, save that
1 + 2	(n− 9)/8
 of them are negated, modulo n.

Theorem 2.1 [6] For i = 1, 2, . . . , (n− 1)/2 where n is odd, n > 5, write

ai =

{
i(−1)i+1 if i < (n− 1)/4

i(−1)i if i ≥ (n− 1)/4

Then the cycle [a1, a2, . . . , a(n−1)/2] is a strong half-cycle for Zn.
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Example 2.1: Theorem 2.1 yields the following strong half-cycle for Z19:

↪→ 1 17 3 15 14 6 12 8 10 ←↩ .

Note 2.1: For n ≡ 7 (mod 8), the elements a1, a2, . . . , a(n−1)/2 in Theorem 2.1 sum
to 0 (mod n), but the strong half-cycle that they produce is not robust for n > 7.

3 n prime or a prime power

We now turn to some theorems that are similar to theorems given previously [15] for
daisy chains. Our first three theorems are for n = pk where p is a prime satisfying
p ≡ 3 (mod 4) and p > 3.

Theorem 3.1 Let n be an odd prime power of the form n = pk (k ≥ 1) where the
prime p satisfies p ≡ 3 (mod 4) and p > 3. Then φ(n) = pk−1(p − 1), and the cycle
[a1, a2, . . . , aφ(n)/2] is a champion chaplet for Zn if ai = xi−1 (i = 1, 2, . . . , φ(n)/2)
where x is a strong unit of order φ(n)/2 in Zn.

Proof: Obvious. (For n prime, see [17, pp. 784–785].) �

Example 3.1(a): With n = 19, we can take x = 5 in Theorem 3.1 to obtain the
following champion chaplet for Z19:

↪→ 1 5 6 11 17 9 7 16 4 ←↩ .

Example 3.1(b): With n = 49, we can take x = 46 in Theorem 3.1 to obtain the
following champion chaplet for Z49:

↪→ 1 46 9 22 32 2 43 18 44 15 4 37 36 39 30 8 25 23 29 11 16 ←↩ .

Theorem 3.2 Let n be an odd prime power of the form n = pk (k ≥ 1) where the
prime p satisfies p ≡ 3 (mod 4) and p > 3. Suppose that φ(n) = pk−1(p − 1) = 2πω
where π and ω are coprime (2 < π and 2 < ω). Suppose further that y and v are
units of Zn such that ordn(y) = πω and ordn(v) = ω. Then

↪→ v0y0 v0y1 . . . v0yπ−1 | v1y0 v1y1 . . . v1yπ−1 | · · · |
vω−1y0 vω−1y1 . . . vω−1yπ−1 | ←↩ (mod n)

is a robust chaplet for Zn if
(a) y − 1 ∈ y〈v〉 and v − yω−1 ∈ 〈v〉, or
(b) y − 1 ∈ −y〈v〉 and v − yω−1 ∈ −〈v〉.

Proof: (a) As y − 1 ∈ y〈v〉, the successive differences v0yi(y − 1) from the first
segment (i = 0, 1, . . . , π − 2) are equal to the successive entries (excluding the first
entry) in one of the subsequent segments. As v− yω−1 ∈ 〈v〉, the difference v− yω−1
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at the first fence is the also the first entry in one of the segments. The result follows.
Case (b) is proved similarly. �

Example 3.2(a): For n = 43 with (π, ω) = (3, 7) we can take y = 15 and v = 11 in
Theorem 3.2 to obtain the following robust half-cycle and chaplet for Z43:

↪→ 1 15 10 | 11 36 24 | 35 9 6 | 41 13 23 | 21 14 38 | 16 25 31 | 4 17 40 | ←↩ .

Here v �= y3, but we could of course take v = y3 to produce the robust half-cycle
obtainable from Theorem 3.1.

Example 3.2(b): For n = 49 with (π, ω) = (3, 7) we can take y = 46 in Theorem
3.2, along with any v satisfying v ≡ 1 (mod 7) and v > 1, to obtain a robust chaplet
for Z49. Taking v = y3 = 22 gives the chaplet from Example 3.1(b). We can also
take v to be any other value (v > 1) satisfying v ≡ 1 (mod 7). Taking v = 43 gives

↪→ 1 46 9 | 43 18 44 | 36 39 30 | 29 11 16 | 22 32 2 | 15 4 37 | 8 25 23 | ←↩ .

Theorem 3.3 Let n be an odd prime power of the form n = pk (k ≥ 1) where the
prime p satisfies p ≡ 3 (mod 4) and p > 3. Suppose that φ(n) = pk−1(p − 1) = 2πω
where π and ω are coprime (2 < π and 2 < ω) and ω is odd. Suppose further that
Zn contains non-negating units v and y = (v + 1)−1 such that ordn(v) = ω and
ordn(y) = π. Then

↪→ v0y0 v0y1 . . . v0yπ−1 | v1y0 v1y1 . . . v1yπ−1 | · · · |
vω−1y0 vω−1y1 . . . vω−1yπ−1 | ←↩ (mod n)

is a robust chaplet for Zn.

Now write x = v + 1 = y−1 and z = −v−1 = −(x − 1)−1, so that ordn(x) = π
and ordn(z) = 2ω [not ω]. Then

↪→ x0z0 x0z1 . . . x0zω−1 | x1z0 x1z1 . . . x1zω−1 | · · · |
xπ−1z0 xπ−1z1 . . . xπ−1zω−1 | ←↩ (mod n)

is a robust chaplet for Zn.

Proof: As y = (v + 1)−1, we have y − 1 = −vy, whence the successive differences
v0yi(y − 1) from the first segment of the first cycle (i = 0, 1, . . . , π − 2) are equal to
the values −vyi+1, which are the negatives of all the second segment entries save the
first. The difference at the first fence is v − y−1 = −1, which is the negative of the
first entry in the first segment.

The differences from the first segment of the second cycle are zi(z − 1) (i =
0, 1, . . . , ω − 2), whereas the elements in the second segment, save the first, are
likewise zi · xz. These two sets of values are identical, as the congruence vz ≡ −1
(mod n) implies xz ≡ z − 1 (mod n). The difference at the first fence is x− zω−1 ≡
x+ z−1 ≡ x− v ≡ 1 (mod n), which is the first entry in the first segment. �
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Example 3.3(a): For n = 31 with (π, ω) = (3, 5) we can take v = 4 along with
y = 5−1 = 25 in Theorem 3.3 to obtain the following robust chaplet for Z31:

↪→ 1 25 5 | 4 7 20 | 16 28 18 | 2 19 10 | 8 14 9 | ←↩ .
Then, taking x = 5 and z = 23, we obtain the further robust chaplet

↪→ 1 23 2 15 4 | 5 22 10 13 20 | 25 17 19 3 7 | ←↩ .
Example 3.3(b): For n = 49 with (π, ω) = (3, 7) we can take (v, y) = (29, 18) and
(x, z) = (30, 27) to obtain the following robust chaplets for Z49:

↪→ 1 18 30 | 29 32 37 | 8 46 44 | 36 11 2 | 15 25 9 | 43 39 16 | 22 4 23 | ←↩
and

↪→ 1 27 43 34 36 41 29 | 30 26 16 40 2 5 37 | 18 45 39 24 11 3 32 | ←↩ .
Note 3.3(a): For prime powers n in the range 5 < n < 300, Theorem 3.3 provides
robust chaplets as follows, where the values of x and z are given in order to permit
comparison with results from Theorem 3.4 below:

n 31 43 49 79 131 211 239︷ ︸︸ ︷ ︷ ︸︸ ︷
π 3 3 3 3 5 13 3 5 17
ω 5 7 7 13 13 5 35 21 7︷ ︸︸ ︷
v 4 35 29 22 52 60 61 13 54 100
y 25 6 18 55 89 58 112 196 188 71
x 5 36 30 23 53 61 62 14 55 101
z 23 27 27 61 68 24 73 146 168 141

Note 3.3(b): For n-values as in Theorem 3.3, the relationship y = (v + 1)−1 is far
from being the only one that can be used, along with ordn(y) = π and ordn(v) = ω,
to produce a robust chaplet of the first type given in Theorem 3.3. (We now allow
the set of differences to be identical either to the set of entries in the chaplet or
to the negative of the set of entries.) For example, for n = 103, the relationship
y = (v + 1)−1 cannot be satisfied, but we can use instead (v, y) = (61, 56) with
(π, ω) = (3, 17) to obtain the following robust chaplet for Z103:

↪→ 1 56 46 | 61 17 25 | · · · | 72 15 16 | · · · | 93 58 55 | · · · | 76 33 97 | ←↩ .
The first 3 differences here are 55, 93 and 15, and by examining the positions of
these elements in the segments of the cycle, we see at once that the chaplet is robust.
For n = pk with p ≡ 3 (mod 4), with the requirement y = (v + 1)−1 abandoned,
robust chaplets for Zn for some pairs (n, π) absent from the table in Note 3.3(a)
can be obtained using the sets of parameters in the following table, where the value
marked ‡ may be replaced by any of the values 111i (i = 2, 3, . . . , 10), all of these
being congruent to 1, modulo 11:



260 D. A. PREECE

n 103 121 127 139 151 191 199 223 239 271 283
π 3 5 7 3 3 5 11 3 7 5 3
ω 17 11 9 23 25 19 9 37 17 27 47
v 61 111‡ 52 36 9 6 175 16 211 32 161
y 56 81 2 42 32 109 63 39 10 187 44

We now give a corollary which, although of only slight use in itself, is a prototype
for the very fruitful corollary to Theorem 4.2 below.

Corollary to Theorem 3.3 Let n, p, k, π, ω, v and y be as in Theorem 3.3.
Suppose that Zn contains a unit u such that u ∈ 〈v〉 and u + 1 ≡ v−τy−1u (mod n)
where 1 < τ < ω and the values τ and ω are coprime. Write t = vτ . Then

↪→ t0y0 t0y1 . . . t0yπ−1 | t1y0 t1y1 . . . t1yπ−1 |
· · · | tω−1y0 tω−1y1 . . . tω−1yπ−1 | ←↩ (mod n)

is a robust chaplet for Zn.

Proof: The segments of the chaplet in the corollary are the same as those in the
first chaplet of Theorem 3.3, but they are now in a different order. The difference at
the first fence is now

t− yπ−1 = vτ − y−1 = vτ(1− v−τy−1)

≡ −u−1vτ (mod n) ,

which is the same as the difference at one of the fences of the first chaplet in Theorem
3.3. �

Example 3.3(c): For the set of parameters given for n = 79 in Note 3.3(a), we can
take u = 8 = v11, with u + 1 = 9 = y−1v4 = v−7y−1u, whence we take τ = 7 and
thus t = v7 = 38. This gives the following robust chaplet for Z79:

↪→ 1 55 23 | 38 36 5 | 22 25 32 | 46 2 31 |
10 76 72 | 64 44 50 | 62 13 4 | 65 20 73 | 21 49 9 |

8 45 26 | 67 51 40 | 18 42 19 | 52 16 11 | ←↩ .
Example 3.3(d): In the range 5 < n < 300, the parameter sets corresponding to
chaplets obtainable from the corollary to Theorem 3.3 are as follows:

n 49 79 131 211
π 3 3 5 3
ω 7 13 13 35
v 29 22 60 13
y 18 55 58 196︷ ︸︸ ︷
u 1 8 15 36 43 8 80 5
τ 4 5 6 2 3 7 3 22
t 15 43 22 8 36 38 112 82
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We now move on to a theorem for primes n satisfying n ≡ 1 (mod 4). This
theorem embodies the part of Theorem 3.3 that still applies in the changed circum-
stances.

Theorem 3.4 Let n be a prime with n ≡ 1 (mod 4). Suppose that n− 1 = 2πω
where π is odd, ω is even, and π and ω are coprime. Suppose further that Zn

contains elements x and z = −(x − 1)−1 with ordn(x) = π and ordn(z) = 2ω, as in
Theorem 3.3. Then

↪→ x0z0 x0z1 . . . x0zω−1 | x1z0 x1z1 . . . x1zω−1 | · · · |
xπ−1z0 xπ−1z1 . . . xπ−1zω−1 | ←↩ (mod n)

is a robust half-cycle and robust chaplet for Zn.

Proof: As for the second part of the proof of Theorem 3.3. �

Example 3.4: For n = 89, taking (x, z) = (78, 52) in Theorem 3.4 yields the
following chaplet for Z89:

↪→ 1 52 34 77 | 78 51 71 43 | 32 62 20 61 |
4 30 47 41 | 45 26 17 83 | 39 70 80 66 | 16 31 10 75 |

2 15 68 65 | 67 13 53 86 | 64 35 40 33 | 8 60 5 82 | ←↩ .

Note 3.4: in the range 5 < n < 300, specimen sets of values satisfying the conditions
of Theorem 3.4 are as follows:

n 13 37 53 61 89 97 101 113 157 173 229 241 277
π 3 9 13 15 11 3 25 7 13 43 3 3 3
ω 2 2 2 2 4 16 2 8 6 2 38 40 46
x 9 7 24 12 78 35 92 49 108 81 94 225 160
z 8 6 23 11 52 77 91 40 22 80 32 156 54

The presence of n = 13 and 97 in this table, in conjunction with the absence of
n = 193, shows that the theorem does not cover all primes n satisfying n = 3 · 2i + 1
and n > 7.

As Theorems 3.3 and 3.4 give restricted coverage of primes n with, respectively,
n ≡ 3 and n ≡ 1 (mod 4), we now proceed to a theorem which, although not a
generalisation of the two previous theorems, has conditions that are less exacting.

Theorem 3.5 Let n be a prime with n > 11. Suppose that n− 1 = 2πω where π is
odd, and π and ω are coprime. Let x be an element of Zn with ordn(x) = π, and let
z be a primitive root of n. Then

↪→ x0z0 x0z1 . . . x0zω−1 | x1z0 x1z1 . . . x1zω−1 | · · · |
xπ−1z0 xπ−1z1 . . . xπ−1zω−1 | ←↩ (mod n)
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is a robust half-cycle and robust chaplet for Zn if
(a) z − 1 ∈ z〈x〉 and x− zω−1 ∈ 〈x〉, or
(b) z − 1 ∈ −z〈x〉 and x− zω−1 ∈ −〈x〉.
Proof: Immediate. �

Example 3.5: For n = 41, taking (x, z) = (18, 30) in Theorem 3.5 satisfies the
conditions (a) and yields the following robust chaplet for Z41:

↪→ 1 30 39 22 | 18 7 5 27 | 37 3 8 35 | 10 13 21 15 | 16 29 9 24 | ←↩ .
Like many type (a) chaplets obtainable from Theorem 3.5, this one satisfies x+z ≡ xz
(mod n), so its second element equals the first difference in the second segment.

Note 3.5(a): In general, for a fixed admissible pair (n, π), Theorem 3.5 may yield
solutions of just one type, or both, or neither, and may yield two or more solutions
of the same type. Thus, for n = 41 with π = 5, solutions of type (a) are obtainable
from (x, z) = (18, 30) and (16, 12), but no solution of type (b) exists. Even for fixed
n, π and x, or fixed n, π and z, there may be more than one solution of the same
type. For example, for (n, π) = (89, 11), there are type (a) solutions with (x, z) =
(4, 24), (4, 66), (4, 38) and (64, 38). For the range 5 < n < 300, specimen sets of
values satisfying the conditions of Theorem 3.5 are given in Table 1.

Note 3.5(b): If, in Theorem 3.5, we change the condition ordn(z) = 2πω to
ordn(z) = 2ω, then further robust half-cycles are obtainable, particularly type (a)
half-cycles for parameter sets (n, π, ω, x, z) that satisfy the conditions of Theorems
3.3 and 3.4. This enables us to provide a solution for n = 97 (see Note 3.4), which is
an n-value absent from Table 1. Other possibilities arise if k is a proper factor of π
and we change the same condition to ordn(z) = 2kω. The details of all this seem to
be of insufficient interest to be given in full, so we now merely give the parameters
of a few half-cycles now obtainable (with asterisks ∗ again indicating solutions with
x+ z ≡ xz (mod n)):

n 37 61 73 101 109
π 9 15 9 25 27
ω 2 2 4 2 2︷ ︸︸ ︷ ︷ ︸︸ ︷

ordn(z) 12 12 20 24 20 12 36︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
x 33 7 25 16 25 12 55 78 56 25 89 89 5
z 23 14 29 32 24 8 30 62 39 41 68 55 92

type (a)∗ (b) (a)∗ (b) (a) (b) (b) (a) (b) (a) (b) (a) (b)

Finally in this section, we come to theorems specifically for n = p2 and n = p3

where p is an odd prime. The theorems could readily be generalised to n = pr

(r ≥ 2), but this would not be beneficial for the range 5 < n < 300.
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TABLE 1
Specimen sets of values for robust chaplets from Theorem 3.5 (n prime)

Type (a). An asterisk ∗ indicates a solution with x+ z ≡ xz (mod n)︷ ︸︸ ︷
n 13∗ 29 31∗ 37∗ 41∗ 43 53∗ 61∗ 67∗ 71 71∗ 73∗ 79∗ 89 101∗ 103∗

π 3 7 5 9 5 7 13 15 11 5 7 9 13 11 25 17
ω 2 2 3 2 4 3 2 2 3 7 5 4 3 4 2 3
x 9 23 4 7 16 41 24 12 14 54 32 16 67 4 92 13
z 6 3 22 32 12 30 31 51 32 53 56 40 7 24 11 44

︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
n 109 113∗ 127 127 131 137 139 139∗ 149∗ 151∗ 151∗ 157 157∗ 173∗

π 27 7 7 9 13 17 3 23 37 3 25 13 39 43
ω 2 8 9 7 5 4 23 3 2 25 3 6 2 2
x 25 28 2 37 112 16 96 131 95 118 127 93 9 29
z 18 68 86 92 111 6 61 109 66 112 7 136 60 69

︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
n 181 181∗ 191 191 197 199 199 211 211 211 211 211 223 229
π 9 45 5 19 49 9 11 5 7 15 21 35 37 19
ω 10 2 19 5 2 11 9 21 15 7 5 3 3 6
x 43 9 109 6 16 162 63 188 144 19 179 25 128 44
z 77 69 187 58 78 164 119 3 175 3 175 167 11 74

︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
n 233∗ 239∗ 239∗ 241 241∗ 269 271 271 277 277 281∗ 281∗ 283∗ 293
π 29 7 17 5 15 67 5 27 23 69 7 35 47 73
ω 4 17 7 24 8 2 27 5 6 2 20 4 3 2
x 152 44 75 98 94 61 10 5 16 55 165 238 250 55
z 180 190 43 228 185 8 52 236 99 263 13 84 259 19

Type (b). ︷ ︸︸ ︷
n 29 37 53 61 61 67 71 73 79 89 101 103 109 127 131 139 149 151
π 7 9 13 5 15 11 7 9 13 11 25 17 27 9 13 23 37 25
ω 2 2 2 6 2 3 5 4 3 4 2 3 2 7 5 3 2 3
x 16 12 28 20 42 59 48 16 8 32 80 30 97 37 112 64 129 20
z 11 19 19 31 55 18 28 31 3 30 35 20 69 116 95 12 75 77

︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
n 157 157 173 181 197 211 211 223 233 239 269 271 277 277 281 283 293
π 13 39 43 45 49 15 35 37 29 17 67 27 23 69 35 47 73
ω 6 2 2 2 2 7 3 3 4 14 2 5 6 2 4 3 2
x 67 81 83 75 70 137 87 16 2 128 14 259 175 230 35 250 69
z 6 24 59 23 31 106 118 90 35 84 28 75 97 110 199 145 8
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Theorem 3.6 Let n = p2 where p is a prime satisfying p > 5. Suppose that

↪→ a1 a2 . . . a(p−1)/2 ←↩ (mod p)

is a strong chaplet for Zp. Let u and w be units of orders p and p − 1, respec-
tively, in Zn. Let e1, e2, . . . , e(p−1)/2 be those elements of 〈w〉 which are congruent to,
respectively, a1, a2, . . . , a(p−1)/2, modulo p. Then

↪→ u0e1 u0e2 . . . u0e(p−1)/2 | u1e1 u1e2 . . . u1e(p−1)/2 |
· · · | up−1e1 up−1e2 . . . up−1e(p−1)/2 ←↩ (mod n)

is a strong chaplet for Zn. If the chaplet for Zp is robust, then so is the chaplet
for Zn.

Proof: This follows from the fact that all the segments are identical, modulo p, as
each of the elements ui (i = 0, 1, . . . , p− 1) is congruent to 1, modulo p. �

Example 3.6: Taking (n, p) = (49, 7) in Theorem 3.6, we can start from the robust
chaplet

↪→ 1 2 4 ←↩
for Z7. We can take w = 19, the successive powers of which are 1, 19, 18, 48,
30, 31, so we need (e1, e2, e3) = (1, 30, 18). We can take u to be any value from
{8, 15, 22, 29, 36, 43}. To illustrate a situation that arises again below (see Ex.
4.3(b)), we choose u = 36, so that the first element in each successsive segment
of the robust terrace for Z49 is twice the immediately preceding element, modulo n:

↪→ 1 30 18 | 36 2 11 | 22 23 4 | 8 44 46 | 43 16 39 | 29 37 32 | 15 9 25 | ←↩ .

Theorem 3.7 Let n = p3 where p is a prime satisfying p > 3. Suppose that

↪→ a1 a2 . . . ap(p−1)/2 ←↩ (mod p2)

is a strong chaplet for Zp2. Let u and w be units of orders p and p(p−1), respectively,
in Zn, such that u ≡ 1 (mod p2). Let e1, e2, . . . , ep(p−1)/2 be those elements of 〈w〉
which are congruent to, respectively, a1, a2, . . . , ap(p−1)/2, modulo p. Then

↪→ u0e1 u0e2 . . . u0ep(p−1)/2 | u1e1 u1e2 . . . u1ep(p−1)/2 |
· · · | up−1e1 up−1e2 . . . up−1ep(p−1)/2 ←↩ (mod n)

is a strong chaplet for Zn. If the chaplet for Zp2 is robust, then so is the chaplet
for Zn.

Proof: On the same lines as for Theorem 3.6. �



HALF-CYCLES AND CHAPLETS 265

4 n = piqj where ξ(n) = 2

Turning now to composite odd values of n, we start with those having ξ(n) = 2,
i.e. those for which a primitive λ-root generates half of the members of Un. In the
range 5 < n < 300 there are 52 such n-values, of which 41 are of the form n = pq
where p and q are distinct odd primes, whereas 9 are of the form n = p2q and 2 are
of the form n = p3q.

Theorem 4.1 Let n = piqj (i ≥ 1, j ≥ 1) where p and q are distinct odd primes
such that gcd((p − 1)pi−1, (q − 1)qj−1) = 2. Let x be a strong primitive λ-root
of n. Then the cycle [a1, a2, . . . , aφ(n)/2] is a champion chaplet for Zn if ak = xk−1

(k = 1, 2, . . . , φ(n)/2).

Proof: Obvious. The use of a strong primitive λ-root ensures that no two members
of the cycle are the negatives of one another (mod n). �

Example 4.1: The value 26 is a strong primitive λ-root of 33, so

↪→ 1 26 16 20 25 23 4 5 31 14 ←↩

is a champion chaplet for Z33.

Note 4.1: All odd composite numbers n in the range 2 < n < 20000 are known to
have strong primitive λ-roots [7].

Our next theorem re-uses the basic technique of Theorem 3.3.

Theorem 4.2 Let n = piqj (i ≥ 1, j ≥ 1) where p and q are distinct odd primes
such that gcd((p − 1)pi−1, (q − 1)qj−1) = 2. Suppose that Zn contains non-negating
units v and y = (v + 1)−1 such that ordn(v) = ω and ordn(y) = π (2 < π, 2 < ω),
where π and ω are coprime, being even and odd respectively, and vy is a strong
primitive λ-root of n. Then

↪→ v0y0 v0y1 . . . v0yπ−1 | v1y0 v1y1 . . . v1yπ−1 | · · · |
vω−1y0 vω−1y1 . . . vω−1yπ−1 | ←↩ (mod n)

is a robust chaplet for Zn. Now write x = v + 1 = y−1 and z = −v−1 = −(v − 1)−1,
so that ordn(x) = π and ordn(z) = 2ω. Then

↪→ x0z0 x0z1 . . . x0zω−1 | x1z0 x1z1 . . . x1zω−1 | · · · |
xπ−1z0 xπ−1z1 . . . xπ−1zω−1 | ←↩ (mod n)

is a robust chaplet for Zn.
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Proof: As for Theorem 3.3. Here vy is a primitive λ-root of n, with ordn(vy) =
φ(n)/2 = πω. �

Example 4.2: For n = 87 = 3×29, the values (v, y) = (16, 41) satisfy the conditions
of Theorem 4.2 with (π, ω) = (4, 7). We thus obtain the following robust chaplets
for Z87:

↪→ 1 41 28 17 | 16 47 13 11 | 82 56 34 2 | 7 26 22 32 |
25 68 4 77 | 52 44 64 14 | 49 8 67 50 | ←↩ .

↪→ 1 38 52 62 7 5 16 | 17 37 14 10 32 85 11 |
28 20 64 83 22 53 13 | 41 79 44 19 26 31 47 | ←↩ .

Corollary to Theorem 4.2 Let n, p, q, π, ω, v and y be as in Theorem 4.2.
Suppose that Zn contains a unit u such that u ∈ 〈v〉 and u + 1 ≡ v−τy−1u (mod n)
where 1 < τ < ω and the values τ and ω are coprime. Write t = vτ . Then

↪→ t0y0 t0y1 . . . t0yπ−1 | t1y0 t1y1 . . . t1yπ−1 |
· · · | tω−1y0 tω−1y1 . . . tω−1yπ−1 | ←↩ (mod n)

is a robust chaplet for Zn.

Proof: As for the corollary to Theorem 3.3. �

Note 4.2(a): In the range 5 < n < 300, Theorem 4.2 provides robust chaplets for Zn

as follows, with daggers † indicating solutions where, using the corollary, the segments
of the theorem’s first chaplet may be taken in at least one other systematically
obtained order; indeed, for every solution with a dagger † we can take u = 1 in the
corollary, and in many of these instances we have vy−1 = v(v + 1) = 2:

n 45† 55† 75† 77† 87† 93 95† 123 129 135† 143† 147† 155 175†

π 4 4 4 6 4 6 4 8 6 4 12 6 12 12
ω 3 5 5 5 7 5 9 5 7 9 5 7 5 5
v 16 31 31 64 16 4 36 37 121 106 53 127 66 106
y 8 43 68 32 41 56 18 68 92 53 98 116 118 18
x 17 32 32 65 17 5 37 38 122 107 54 128 67 107
z 14 39 29 6 38 23 29 113 113 14 116 125 54 104

︷ ︸︸ ︷ ︷ ︸︸ ︷
n 183 203† 207† 215 225† 225† 237† 245† 253† 261† 261† 261† 287 295†

π 12 12 22 12 12 20 6 12 22 4 12 28 24 4
ω 5 7 3 7 5 3 13 7 5 21 7 3 5 29
v 142 190 70 121 181 151 22 176 185 16 190 88 78 116
y 32 186 35 178 68 188 134 18 219 215 41 44 109 58
x 143 191 71 122 182 152 23 177 186 17 191 89 79 117
z 125 125 68 199 179 149 140 174 160 212 125 86 195 89
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Note 4.2(b): We now have a situation similar to that described in Note 3.3(b). For
n-values as in Theorem 4.2, the relationship y = (v + 1)−1 is not the only one that
can be used, in conjunction with ordn(y) = π and ordn(v) = ω, to produce a robust
chaplet of the first type given in Theorem 4.2. With this relationship abandoned,
robust chaplets for Zn for some pairs (n, π) absent from the table in Note 4.2(a) can
be obtained by taking (n, π, ω, v, y) = (159, 4, 13, 121, 83) and (267, 8, 11, 217, 101) in
the first cycle given in Theorem 4.2.

Theorem 4.3 Let n be a composite integer satisfying n = 9p where p is prime and
ξ(n) = 2, so that p ≡ 5 (mod 6). Let y be a strong primitive λ-root of 3p such that
y−1 ∈ 〈y〉, and write ω = ord3p(y) = p−1. Let z be the unit from {y, y+p, y+2p}
such that ordn(z) = ω. Write x for either 1 + 3p or 1 + 6p. Then

↪→ z0 z1 . . . zω−1 | xz0 xz1 . . . xzω−1 | x2z0 x2z1 . . . xω−1 | ←↩ (mod n)

is a robust chaplet for Zn.

Proof: Similar to the proof of Theorem 3.6. �

Example 4.3(a): Take p = 11 in Theorem 4.3, so that 3p = 33. The strong
primitive λ-roots of 33 include 5, and 5−1 = 4 ≡ 58 (mod 33), so we can take y = 5.
The order of 5 (mod 33) is 10, which is also the order of 5 + 66 (mod 99), so we take
z = 71 along with, say, x = 34 to obtain the following robust chaplet for Z99:

↪→ 1 71 91 26 64 89 82 80 37 53 |
34 38 25 92 97 56 16 47 70 20 |
67 5 58 69 31 23 49 14 4 86 | ←↩ .

Note 4.3: Theorem 4.3 can readily be extended to provide chaplets for Zn where
n = 3ip with 2 ≤ i. With y and ω as in the theorem, each chaplet will now have
3i−1 segments, each containing ω elements. The first segment will consist of the
successive powers of z where z is the sole element from Zn with z ≡ y (mod 3p) and
ordn(z) = ω. The subsequent segments, in any order, will consist of the first segment
multiplied through successively by the successive powers of 1 + 3p or, equivalently,
by the values 1 + 3kp where k = 1, 2, . . . , 3i−1 − 1.

Example 4.3(b): Take p = 5 and n = 33p = 135. Taking y = 2, we find that we
need z = 107, as ord135(107) = ord15(2) = 4. The robust chaplets obtainable thereby
for Z135 include the following, where, as in Ex. 3.6(a), the ordering chosen for the
segments is such that the first element of each segment is twice the immediately
preceding element, modulo n:

↪→ 1 107 109 53 | 106 2 79 83 | 31 77 4 23 |
46 62 19 8 | 16 92 124 38 | 76 32 49 113 |
91 17 64 98 | 61 47 34 128 | 121 122 94 68 | ←↩ .

Further robust chaplets for some values of n with ξ(n) = 2 are obtainable from
Theorem 8.1 below.
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5 Values of n with ξ(n) = 4

We come now to composite odd values of n that have ξ(n) = 4. In the range
2 < n < 300 there are 11 of these, all covered by Theorem 5.2 below, and they arise
for n-values of the forms piqj and pqr. We start with a very simple construction.

Theorem 5.1 Let n be a composite integer satisfying n = piqj (i ≥ 1, j ≥ 1) with
ξ(n) = 4. Suppose that Zn contains units x and z such that x is a strong primitive
λ-root of n, and z2 ≡ −1 (mod n) where z = x− 1. Then

↪→ 1 z | x zx | x2 zx2 | · · · | xλ(n) zxλ(n) | ←↩

is a robust chaplet for Zn.

Proof: We have zx = z(z + 1) = z2 + z ≡ z − 1 (mod n). Thus the first two
differences for the first proposed chaplet, namely z − 1 and x − z, are congruent
respectively to zx and 1 (mod n). The result readily follows. �

Lemma 5.1 If the conditions of Theorem 5.1 are satisfied by (x, z) = (x1, z1), then
they are also satisfied by (x, z) = (x2, z2) where x2 ≡ 2− x1 and z2 ≡ −z1 (mod n).

Proof: As x2 ≡ −z1x1 (mod n) and the order λ(n) of x1 must be a multiple of 4,
it follows that x2 must be a strong primitive λ-root of n. Also z2

2 = z−2
2 ≡ z2

1 ≡ −1
(mod n). �

Example 5.1: For n = 65, we can take x = 19 in Theorem 5.1 to obtain the
following robust chaplet for Z65:

↪→ 1 18 | 19 17 | 36 63 | 34 27 | 61 58 | 54 62 |
51 8 | 59 22 | 16 28 | 44 12 | 56 33 | 24 42 | ←↩ .

Note 5.1: In the range 5 < n < 300, the conditions of Theorem 5.1 are satisfied by
(n, x) = (65, 19), (85, 39), (145, 13), (185, 69), (221, 22), (265, 84). They cannot be
satisfied for n = 205. For some theory relating to n = 65, 145, 185 and 265, see [7,
§8.2].

Our next theorem covers not only the value n = 205, just mentioned, but also
n-values each of which satisfies both ξ(n) = 4 and n = pqr, where p, q and r are
distinct odd primes. These further n-values include 105, 165, 231 and 285.

Theorem 5.2 Let n be a composite integer for which ξ(n) = 4. Suppose that n has
a non-negating primitive λ-root x such that 2 �∈ ±〈x〉 and x− 2 ∈ 2〈x〉. Then

↪→ 1 2 | x 2x | x2 2x2 | · · · | xλ(n) 2xλ(n) | ←↩

is a robust chaplet for Zn.
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Proof: Immediate. �

Example 5.2: For n = 65, we can take x = 59 in Theorem 5.2 to obtain the
following robust chaplet for Z65:

↪→ 1 2 | 59 53 | 36 7 | 44 23 | 61 57 | 24 48 |
51 37 | 19 38 | 16 32 | 34 3 | 56 47 | 54 43 | ←↩ .

Note 5.2(a): In the range 5 < n < 300, the conditions of Theorem 5.2 are satis-
fied by (n, x) = (65, 59), (85, 63), (105, 88), (145, 103), (165, 73), (185, 19), (205, 28),
(221, 108), (231, 52), (265, 14), (285, 13).

Note 5.2(b): Theorem 5.2 provides a crude methodology for obtaining robust chap-
lets for Zn where n is a product of three distinct odd primes such that ξ(n) = 4 and
therefore λ(n) = φ(n)/4. A more subtle method is sometimes available for such n-
values, and it enables us — as in Notes 3.3(b) and 4.2(b)— to produce robust chaplets
of the form

↪→ v0y0 v0y1 . . . v0yπ−1 | v1y0 v1y1 . . . v1yπ−1 | · · · |
vω−1y0 vω−1y1 . . . vω−1yπ−1 | ←↩ (mod n) .

Now, however, we have πω = φ(n)/2 = 2λ(n). In the range 5 < n < 300 we have such
solutions for n = 105, 165 and 231. If we write n = pqr and (n, p, q, r) = (105, 3, 5, 7),
(165, 3, 5, 11) and (231, 3, 11, 7) respectively, our solutions have (p − 1, q − 1, r − 1)
= (2, ω, π), so that π and ω are now both even values satisfying 2 < π < λ(n) and
2 < ω < λ(n) with π/2 and ω/2 coprime. Specimen parameter sets are (n, π, ω, v, y)
= (105, 6, 4, 43i, 74), (165, 10, 4, 133i, 104) and (231, 6, 10, 211j , 65) respectively, where
i = 1 or 3, and j = 1, 3, 7 or 9. The choice arises because all the segments in any
of the chaplets here are identical when reduced modulo r (cf Theorem 4.3). With
i = 1 for n = 105, we have the familiar relationship y ≡ (v + 1)−1 (mod n). With
i = 1, the robust chaplet for Z165 is

↪→ 1 104 91 59 31 89 16 14 136 119 |
133 137 58 92 163 122 148 47 103 152 |
34 71 124 26 64 56 49 146 4 86 |
67 38 157 158 97 23 82 113 37 53 | ←↩ .

A further robust chaplet for Z165 is obtainable from Theorem 8.1 below.

6 Values of n with ξ(n) = 6

We now turn to odd values of n with ξ(n) = 6. In the range 5 < n < 300 there are
10 of these, all covered by Theorem 6.4 below. Such values arise both when n = pq,
where p and q are distinct primes congruent to 1 (mod 6), and when n = 9p, where
the prime p is congruent to 1 (mod 6). The first of our theorems in this section is
for the latter case only.
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Theorem 6.1 Let n = 9p where p is a prime satisfying p ≡ 1 (mod 6), whence
ξ(n) = 6. Choose the value of x from {3p+ 1, 6p+ 1}, whence x3 ≡ 1 (mod n). Let
z be a strong primitive λ-root of n such that {x, x2} ∩ 〈z〉 = ∅ and z − 1 ∈ 〈z, x〉.
Then

↪→ z0 z1 . . . zλ(n)−1 | xz0 xz1 . . . xzλ(n)−1 | x2z0 x2z1 . . . x2zλ(n)−1 | ←↩

is a robust chaplet for Zn.

Proof: Immediate, once we note that {x, x2} = {3p+ 1, 6p+ 1} and thus that, for
any fixed i, the ith elements of any two segments are mutually congruent, modulo 3p.

�
Example 6.1: For n = 63 = 9 × 7, take z = 23 and x = 6p + 1 = 43. Then we
obtain the following robust chaplet for Z63:

↪→ 1 23 25 8 58 11 | 43 44 4 29 37 32 | 22 2 46 50 16 53 | ←↩ .

Employing the argument in Note 4.3, we can use this chaplet for Z63 to form a
robust chaplet for Zn with n = 3×63 = 189. The first segment in this longer chaplet
will contain the successive powers of z + 3p = 44, as ord189(44) = ord63(23) = 6.
The subsequent segments, in any order, will be the first segment multiplied through
successively by the successsive powers of 1 + 3p = 22. As in Exs 3.6(a) and 4.3(b),
we can arrange the segments so that the first element of each segment is twice the
immediately preceding element, modulo n.

Note 6.1: In the range 5 < n < 300, specimen sets of values satisfying the conditions
of Theorem 6.1 are (n, z) = (63, 2), (117, 2), (171, 5), (279, 41).

Our next two theorems are closely related to Theorems 3.3 and 4.2 above, even
though the conditions now have to be stated differently.

Theorem 6.2 Let n be an odd integer such that ξ(n) = 6. Suppose that Zn contains
units v and y such that y is a strong primitive λ-root of n, whilst v is of order 3
(mod n), v /∈ 〈y〉 and v ≡ y−1 − 1 (mod n). Then

↪→ y0 y1 . . . yλ(n)−1 | vy0 vy1 . . . vyλ(n)−1 | v2y0 v2y1 . . . v2yλ(n)−1 | ←↩

is a robust chaplet for Zn. Now write x = v + 1 = y−1 and z = −v−1 = −(x − 1)−1,
so that ordn(z) = 6 and ordn(x) = λ(n). Then

↪→ x0z0 x0z1 x0z2 | x1z0 x1z1 x1z2 | · · · | xλ(n)−1z0 xλ(n)−1z1 xλ(n)−1z2 | ←↩

is a robust chaplet for Zn.

Proof: As for Theorem 3.3. �
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Example 6.2: For n = 63 we can take (v, y) = (43, 53) in Theorem 6.2 to obtain
the following robust chaplets for Z63:

↪→ 1 53 37 8 46 44 | 43 11 16 29 25 2 | 22 32 58 50 4 23 | ←↩
and

↪→ 1 41 43 | 44 40 2 | 46 59 25 | 8 13 29 | 37 5 16 | 53 31 11 | ←↩ .

Note 6.2(a): If the condition of Theorem 6.2 are satisfied by (v, y) = (v1, y1) then
they are also satisfied by (v, y) = (v2, y2) where v2 ≡ v2

1 and y2 ≡ y1v1 (mod n).

Note 6.2(b): In the range 5 < n < 300, specimen sets of values satisfying the
conditions of Theorem 6.2 are (n, v, y) = (63, 43, 53), (91, 53, 59), (117, 79, 98) and
(259, 149, 19). The theorem fails for n = 133, 171, 189, 217, 247 and 279. For
n = 133, 171 and 189 the failure arises solely because the values 59, 59 and 38,
respectively, are negating, not strong, primitive λ-roots of n.

Theorem 6.3 Let n be an odd integer such that ξ(n) = 6. Suppose that φ(n) = 2πω
where π and ω (not necessarily coprime) satisfy 3 < π < λ(n) and 3 < ω < λ(n).
Suppose further that Zn contains non-negating units v and y = (v + 1)−1 such that
ordn(v) = ω and ordn(y) = π, with 〈v〉 ∩ 〈y〉 = {1} and −1 /∈ 〈v, y〉. Then

↪→ v0y0 v0y1 . . . v0yπ−1 | v1y0 v1y1 . . . v1yπ−1 | · · · |
vω−1y0 vω−1y1 . . . vω−1yπ−1 | ←↩ (mod n)

is a robust chaplet for Zn.

Now, if ω is odd, write x = v + 1 = y−1 and z = −v−1 = −(x− 1)−1, so that
ordn(x) = π and ordn(z) = 2ω. Then

↪→ x0z0 x0z1 . . . x0zω−1 | x1z0 x1z1 . . . x1zω−1 | · · · |
xπ−1z0 xπ−1z1 . . . xπ−1zω−1 | ←↩ (mod n)

is a robust chaplet for Zn.

Proof: As for Theorem 3.3, save that the second part does not apply if ω is even.
�

Note 6.3: In the range 5 < n < 300, specimen parameter sets for robust chaplets
that are obtainable from Theorem 6.3 are as follows, where ‡ indicates a solution
that has v ≡ 2y (mod n):

(n, π, ω, v, y, x, z) =
(133, 6, 9, 36, 18, 37, 48)‡, (171, 6, 9, 139, 11, 140, 155), (189, 6, 9, 43, 116, 44, 167)‡,
(217, 6, 15, 4, 87, 5, 54), (247, 12, 9, 196, 163, 197, 155) and (279, 6, 15, 97, 242, 98, 23);

(n, π, ω, v, y) = (217, 15, 6, 99, 102) and (259, 9, 12, 80, 16).

Our final theorem in this section of the paper extends the approach adopted
in Theorem 5.2 above, and covers every n with ξ(n) = 6 that lies in the range
5 < n < 300.
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Theorem 6.4 Let n be an odd integer such that ξ(n) = 6. Suppose that n has a
non-negating (but not necessarily inward) primitive λ-root x such that 2 /∈ 〈x〉 and
x− 4 ∈ 4〈x〉. Then

↪→ 1 2 4 | x 2x 4x | x2 2x2 4x2 | · · · | xλ(n)−1 2xλ(n)−1 4xλ(n)−1 | ←↩
is a robust chaplet for Zn.

Proof: Immediate, as 〈x, 2〉 must contain exactly half of the units of Zn, no two of
these units being the negatives of one another, modulo n. �

Example 6.4: For n = 63, we may take x to be the outward primitive λ-root 29 to
obtain the following chaplet for Z63;

1 2 4 | 29 58 53 | 22 44 25 | 8 16 32 | 43 23 46 | 50 37 11 | ←↩ .

Note 6.4: In Theorem 6.4, the element 2 is not necessarily a primitive λ-root and
is not necessarily non-negating. For n-values covered by Theorem 6.4 in the range
5 < n < 300, specimen values of x are as follows: (n, x) = (63, 29), (91, 15), (117, 47),
(133, 15), (171, 62), (189, 29), (217, 22), (247, 21), (259, 15) and (279, 71). For all of
these n-values, 2 is a strong primitive λ-root, except that 2 is a negating primitive
λ-root for n = 171, and is a non-negating element of order λ(n)/2 for n = 217.
Further chaplets for Z91, Z133, Z217 and Z279 are obtained in §8 below.

7 Values of n with ξ(n) ≥ 8

In our range 5 < n < 300 there are four odd n-values with ξ(n) ≥ 8, namely
195 = 3×5×13, 255 = 3×5×17, 273 = 3×7×13 and 275 = 52×11, and we obtain
robust chaplets for all of them. For these values, we have ξ(n) = 8, 8, 12 and 10
respectively. Accordingly we start by restricting ourselves to integers n with n = 3pq
and ξ(n) = 4k, k > 1, where 3, p and q are distinct odd primes. Theorem 8.4 of
Cameron and Preece [7] shows that, for such values of n we can always find two units
of Zn that together generate half of the units of Zn, no two of the elements in this
half being the negatives of one another. This enables us to re-use the methodology of
Theorems 3.3, 4.2 and 6.2 above, with a sign change in the definition of x, to obtain
the following theorem for our present needs. The sign change is needed as the roles
of π and ω, as in Theorem 3.3, are now taken by λ(n) and 2k, both of which are
even, whereas previously ω has been odd.

Theorem 7.1 Let n be an integer of the form n = 3pq where p and q are distinct
integers greater than 3, and where ξ(n) = 4k (k > 1). Suppose that Zn contains units
v and y such that y is a strong primitive λ-root of n, whilst v is a non-negating unit
of order 2k (mod n), {v, v2, . . . , v2k−1} ∩ 〈y〉 = ∅ and y ≡ (v + 1)−1 (mod n). Then

↪→ v0y0 v0y1 . . . v0yλ(n)−1 | v1y0 v1y1 . . . v1yλ(n)−1 |
· · · | v2k−1y0 v2k−1y1 . . . v2k−1yλ(n)−1 | ←↩
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is a robust chaplet for Zn. Now write x = −(v + 1) = −y−1 and z = −v−1 =
+(x+ 1)−1. Then

↪→ x0z0 x0z1 . . . x0z2k−1 | x1z0 x1z1 . . . x1z2k−1 |
· · · | xλ(n)−1z0 xλ(n)−1z1 . . . xλ(n)−1z2k−1 | ←↩

is a robust chaplet for Zn.

Proof: As y is a strong primitive λ-root of 3pq, we must have y ≡ 2 and thus
v ≡ 1 (mod 3). Thus z ≡ 2 and x ≡ 1 (mod 3). Also the congruence v ≡ y−1 − 1
(mod n) implies x ≡ z−1 − 1 (mod n). Therefore the proof for the second chaplet in
the statement of the theorem exactly imitates the proof for the first, which in turn
follows the same lines as for Theorems 3.3, 4.2 and 6.2. �

Example 7.1: For n = 195 = 3 × 5 × 13, the possible values of v in Theo-
rem 7.1 are 118, 118−1 (= 157), 148, 148−1 (= 112), 31 and 31−1 (= 151). These
give, respectively, (v, y, x, z) = (118, 59, 76, 38), (157, 137, 37, 77), (148, 89, 46, 83),
(112, 107, 82, 47), (31, 128, 163, 44) and (151, 68, 43, 164). For the first of these possi-
bilities the robust chaplets for Z195 are as follows:

↪→ 1 59 166 44 61 89 181 149 16 164 121 119 |
118 137 88 122 178 167 103 32 133 47 43 2 |
79 176 49 161 139 11 64 71 94 86 4 41 |

157 98 127 83 22 128 142 188 172 8 82 158 | ←↩

and

↪→ 1 38 79 77 | 76 158 154 2 | 121 113 4 152 |
31 8 109 47 | 16 23 94 62 | 46 188 124 32 |

181 53 64 92 | 106 128 184 167 | 61 173 139 17 |
151 83 34 122 | 166 68 49 107 | 136 98 19 137 | ←↩ .

Note 7.1: For n = 255 = 3 × 5 × 17, the possible values of v in Theorem 7.1 are
38, 38−1 (= 47), 98 and 98−1 (= 242). For n = 273 = 3× 7× 13, the possible values
of v are 40, 40−1 (= 157), 166 and 166−1 (= 199).

We now proceed to a useful analogue of Theorems 5.2 and 6.4.

Theorem 7.2 Let n be an odd integer such that ξ(n) = 8. Suppose that n has a non-
negating (but not necessarily inward) primitive λ-root x such that {1, 2, 4, 8} ∩ 〈x〉 =
{1} and x− 8 ∈ 8〈x〉. Then

↪→ 1 2 4 8 | x 2x 4x 8x | x2 2x2 4x2 8x2 |
· · · | xλ(n)−1 2xλ(n)−1 4xλ(n)−1 8xλ(n)−1 | ←↩
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is a robust chaplet for Zn.

Proof: Immediate, as 〈x, 2〉 must contain half of the units of Zn, no two of these
units being the negatives of one another, modulo n. �

Example 7.2: For n = 195, with ξ(n) = 8, the primitive λ-root x in Theorem 7.2
can be any of the values 46, 76, 106, 136 (all congruent to 16, mod 30) and 127. For
the last of these, we give the robust chaplet for Z195 in full, with the value x − 8
marked with an asterisk, so that readers can readily check that the differences are
as required:

↪→ 1 2 4 8 | 127 59 118 41 | 139 83 166 137 |
103 11 22 44 | 16 32 64 128 | 82 164 133 71 |
79 158 121 47 | 88 176 157 119∗| 61 122 49 98 |

142 89 178 161 | 94 188 181 167 | 43 86 172 149 | ←↩ .
Another robust chaplet for Z195 is obtained in §8 below.

Our remaining task in this section is to use methodology similar to that already
presented in this paper, in order to produce robust chaplets for Z275. This is most
readily achieved when Theorem 6.2 is generalised by replacing the requirement ξ(n) =
6 by ξ(n) = 4k + 2 (k ≥ 1), so that v is of order 2k + 1 instead of 3 (mod n). For
n = 275 we have k = 2, and can, for example, let v take any of the values 81i

(i = 1, 2, 3 or 4), i.e. the values 81, 236, 141 and 146 respectively. If we take
v = 814 = 146 we have y = 147−1 = 58, giving us the robust chaplet

↪→ 1 58 64 . . . 147 | 146 218 269 . . . 12 | 141 203 224 . . . 102 |
236 213 254 . . . 42 | 81 23 234 . . . 82 | ←↩

for Z275, with 20 elements in each segment. Then we have x = 147 along with
z = −146−1 = 194, giving us the robust chaplet

↪→ 1 194 236 134 146 | 147 193 42 173 12 |
159 46 124 131 114 | · · · | 58 252 213 72 218 | ←↩

for Z275, with 20 segments in total. We give a further type of robust chaplet for Z275

in §8 below.

8 Chaplets with three generators

Most of the chaplets obtained so far in this paper are obtained by using two “gener-
ators”, these sometimes being written as v and y, sometimes as x and z. However,
just as daisy chains with three generators are available for certain values of n (see
[16]), so can three generators be used to produce chaplets for certain n-values. We
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denote these generators u, v and y, with their orders, modulo n, denoted ψ, ω and π
respectively, where ψωπ = φ(n)/2. We introduce this approach by considering how
it works for n = 275 = 11×52, which has ξ(n) = 10. In this particular case, mirabile
dictu, we twice find ourselves involved with two generators that differ by 1, but this
is not an essential feature of the approach.

There are 200 units in Z275, and U275 = 〈226〉 × 〈227〉 where the units 226 and
227 have orders 10 and 20 respectively. Thus, as 2262 ≡ 201 (mod 275), the unit
201 has order 5, and there are 100 units in 〈201〉 × 〈227〉. No two of these are the
negatives of one another, and we use these 100 elements for our chaplet. The unit
227 is a primitive λ-root of 275, and 〈227〉 = 〈31〉 × 〈32〉 where the units 31 and 32
have orders 5 and 4 respectively. Thus, as 32−1 ≡ 43 (mod 275), the units for our
chaplet are the members of 〈201〉 × 〈31〉 × 〈43〉. Write (u, v, y) = (201, 31, 43), so
that (ψ, ω, π) = (5, 5, 4). As y is a strong unit here, so, by analogy with the first
result in Theorem 3.3, the cycle

↪→ v0y0 v0y1 . . . v0yπ−1 | v1y0 v1y1 . . . v1yπ−1 | · · · |
vω−1 y0 vω−1y1 . . . vω−1yπ−1 | ←↩

is such that the differences are the negatives of the entries in the cycle. The difference
between the beginning and the end of the cycle as printed is

1− v4y3 ≡ 1− v−1y−1 ≡ v−1(v − y−1) ≡ −y−1 ≡ −v4 (mod 275) .

Now regard the 5 segments, in the order given, as a super-segment S(v, y), and con-
sider the super-cycle

↪→ u0S(v, y) | u1S(v, y) | · · · | uψ−1S(v, y) | ←↩
where the super-segment uiS(v, y) is obtained by multiplying every element in S(v, y)
by ui. All that is needed to confirm that the super-cycle is a robust chaplet for Z275 is
to check that the differences at the fences between the super-segments compensate for
the differences missing within the super-segments. In fact, the difference at the third
fence between the super-segments is u3−u2v4y3, which turns out to be congruent to
−v4, modulo 275, which as we have seen is the difference between the two ends of
the first super-segment. The rest of the checking follows at once. The robust chaplet
in its entirety is as follows, where double fences separate the super-segments:

↪→ 1 43 199 32 | 31 233 119 167 | 136 73 114 227 | 91 63 234 162 | 71 28 104 72 ‖
201 118 124 107 | 181 83 269 17 | 111 98 89 252 | 141 13 9 112 | 246 128 4 172 ‖
251 68 174 57 | 81 183 169 117 | 36 173 14 52 | 16 138 159 237 | 221 153 254 197 ‖
126 193 49 182 | 56 208 144 142 | 86 123 64 2 | 191 238 59 62 | 146 228 179 272 ‖
26 18 224 7 | 256 8 69 217 | 236 248 214 127 | 166 263 34 87 | 196 178 229 222 ‖ ←↩ .

In this particular case, a further robust chaplet is obtained by replacing u and v in
the construction by v4 and u2 respectively.

In the range 5 < n < 300, robust chaplets with three generators, as just described,
have been found as follows:
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n ξ(n) ψ ω π u v y

91 = 7× 13 6 3 4 3 79 83 9

133 = 7× 19 6 3 2 9 58 20 23

195 = 3× 5× 13 8 4 3 4 31 16 8∗

217 = 7× 31 6 5 6 3 190 94 25

6 5 3 94 190 25†

225 = 32 × 52 2 3 5 4 151 91 143∗

5 3 4 181 76 143∗

261 = 32 × 29 2 3 7 4 88 226 215∗

7 3 4 190 175 215∗

275 = 52 × 11 10 5 5 4 201 31 43†

279 = 32 × 31 6 3 5 6 187 190 242

5 3 6 94 187 242∗

Here an asterisk ∗ marks a chaplet with (u+1)vy ≡ 1 (mod n), so that the difference
at the end of the first super-segment is −1. Likewise a dagger † marks a chaplet with
(v + 1)y ≡ 1 (mod n), so that the difference at the end of the very first segment is
−1.

A more intricate construction is provided by the following theorem.

Theorem 8.1 Suppose that n is an odd integer such that

Un = 〈−1〉 × 〈u〉 × 〈v〉 × 〈y〉

where u, v and y are elements from Un with ordn(u) = 2, ordn(v) = ω and ordn(y) =
π (the integers ω and π not necessarily being either prime or coprime). Suppose also
that there is a unit c in Zn such that c ∈ u〈v, y〉, c− 1 ∈ 〈v, y〉, y − c ∈ u〈v, y〉 and
vy− c ∈ (y− c)〈v〉. To avoid degeneracy, suppose further that c2 �≡ y (mod n). Then

↪→ v0y0 cv0y0 v0y1 cv0y1 . . . v0yπ−1 cv0yπ−1 |
v1y0 cv1y0 v1y1 cv1y1 . . . v1yπ−1 cv1yπ−1 | · · · |

vω−1y0 cvω−1y0 vω−1y1 cvω−1y1 . . . vω−1yπ−1 cvω−1yπ−1 | ←↩

is a robust chaplet for Zn.

Proof: The checking of differences is straightforward. �

Example 8.1: For n = 77, we can take u = 43 in Theorem 8.1, along with v = 71
and y = 67, where ordn(v) = 5 and ordn(y) = 3. We thus obtain the following robust
chaplet for Z77:
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↪→ 1 72 67 50 23 39 |
71 30 60 8 16 74 |
36 51 25 29 58 18 |
15 2 4 57 37 46 |
64 65 53 43 9 32 | ←↩ .

Note 8.1: In the range 5 < n < 300, specimen parameter sets for robust chaplets
obtainable from Theorem 8.1 are as follows:

n 77 93 99 129 147 161 165 201

ξ(n) 2 2 2 2 2 2 4 2︷︸︸︷ ︷︸︸︷
ω 3 5 5 3 7 7 3 11 4 11

π 5 3 3 5 3 3 11 3 5 3

u 34 43 32 89 44 50 139 22 89 68

v 67 71 4 34 64 64 116 29 133 82

y 64 67 25 64 79 67 141 116 31 163

c 5 72 20 5 11 2 82 30 59 107

n 207 209 213 217 237 253 297

ξ(n) 2 2 2 6 2 2 2︷︸︸︷ ︷︸︸︷ ︷︸︸︷
ω 3 5 9 5 7 15 13 5 11 9

π 11 9 5 7 5 3 3 11 5 5

u 116 153 56 143 143 125 80 208 45 188

v 70 115 199 199 37 121 10 70 12 133

y 64 199 20 172 199 211 55 144 185 82

c 2 17 48 5 20 164 50 2 5 59

9 Chaplets, terraces and graph decompositions

We now briefly illustrate how chaplets for Zn can be used in the construction of
terraces for Zn, and we mention a fertile link with graph theory.

Let a be a linear arrangement (a1, a2, . . . , an) of all the elements (including the
zero element) of Zn, and let b be the sequence (b1, b2, . . . , bn−1) given by bi = ai+1−ai
(i = 1, 2, . . . , n− 1), modulo n. Then [5] a is a terrace for Zn (in short, a Zn terrace)
if the sequences b and −b together contain exactly 2 occurrences of each element
from Zn \ {0}. (A terrace for Zn provides a partition of the edges of 2Kn into
Hamiltonian paths, invariant under the group Zn acting regularly.) If n = 2m + 1
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where m is a positive integer, then a terrace for Zn is narcissistic [1] if bi = bn−i
for all i = 1, 2, . . . ,m. If we have a narcissistic terrace a for Zn where am+1 ≡ 0
(mod n), then ai = −an+1−i for all i = 1, 2, . . . ,m. Thus a narcissistic terrace for Zn

is completely specified by its first m+ 1 elements.

As with chaplets, we write displayed terraces without commas and brackets.

Consider first the narcissistic Z49 terrace where the first 25 elements are as follows:

1 30 18 | 15 9 25 | 29 37 32 | 43 16 39 | 8 44 46 | 22 23 4 | 36 2 11 | 21 42 35 | 0 | .

The first 7 segments are obtained by constructing a chaplet for Z49 as in Ex. 3.6(a),
save that the value u = 15 is used instead of u = 36. The cycle is then broken
by not joining the final element 11 to the initial element 1. Immediately after the
element 11 the sequence is instead continued with the element 21, chosen so that the
missing chaplet difference 1− 11 = −10 is compensated for by the terrace difference
21−11 = +10. The segment | 21 42 35 | is obtained by multiplying the Z7 chaplet
↪→ 1 2 4 ←↩ throughout by 21 and breaking it at the end. The now missing
difference 21− 35 = −14 is compensated for by the terrace difference 0− 35 ≡ +14
(mod 49).

Now consider the narcissistic Z33 terrace where the first 17 elements are as follows:

15 12 3 9 27 | 14 31 5 4 23 25 20 16 26 1 | 22 | 0 .
The first segment is obtained by multiplying the Z11 chaplet ↪→ 1 3 9 5 4 ←↩ by
15. Failure to join the ends of the outcome causes loss of the difference 15−27 = −12,
but this is compensated for at the second fence of the terrace, where the difference is
22− 1 = 21 ≡ −12 (mod 33). The elements of the second segment of the terrace, in
reverse order, come straight from the Z33 chaplet in Ex. 4.1. The missing difference
14− 1 = +13 is compensated for at the first fence, where the difference is 14− 27 =
−13, the change in sign being immaterial.

The approach used in the two examples just given can be used much more widely
and very productively.

In the vocabulary of graph theory, the construction of the above Z33 terrace shows
that, if we take the chaplet [14, 31, 5, 4, 23, 25, 20, 16, 26, 1] simultaneously with the
(linear) sequences (1, 22, 0) and (15, 12, 3, 9, 27), we can decompose K33 into copies
of the disconnected graph N10,3 ∪ P5 on which Z33 acts regularly, where Ni,j is a
graph Ci with a graph Pj attached at their common vertex. Many similar, but
simpler, decompositions are available, e.g.:

• If we take the Z33 chaplet along with the sequence (3, 6, 12, 24, 15, 30, 19) we can
decompose K33 into copies of C10 ∪ P7.

• If we take the chaplet along with the sequence (1, 12, 24, 15, 30, 27, 21) we can de-
compose K33 into copies of N10,7.

• If we take the chaplet along with the sequence (5, 29, 17, 11, 22, 19, 4) we can de-
compose K33 into copies of a C10 with a P7 attached as a “detour” between two
adjacent vertices of the C10.
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• If we take the chaplet along with the sequence (14, 23, 20, 26, 4, 16, 1) we can de-
compose K33 into copies of a connected graph with a mere 10 vertices.

Once again, these examples represent wide classes of possibilities.

10 Existence of chaplets

This paper leaves unanswered many questions about the existence of chaplets in
general, and of robust chaplets in particular.

Within the range 5 < n < 300, §3 above provides a robust chaplet for every
prime n except n = 17, 193 and 257. The first and third of these exceptions invite
the question whether there is any prime n satsifying n − 1 = 2i for which a robust
chaplet exists. (Rees’s strong chaplet for n = 17 appears in §1.) Whether a robust
chaplet exists for any particular prime n satisfying n − 1 = 3 · 2i (e.g. n = 193 —
see Note 3.4) seems likely to be much harder to determine.

As chaplets do not exist for n = 5 and we have failed to produce a robust chaplet
for n = 17, §3 fails to provide robust chaplets for any of the values n = 52, 53 and 172,
all of which lie in the interval 5 < n < 300. Strong chaplets for n = 172 = 289 can
however be obtained by applying Theorem 3.6 to Rees’s strong chaplet for n = 17,
and strong chaplets for n = 53 = 125 can be obtained by applying Theorem 3.7 to
the strong chaplet for n = 25 = 52 that is given in §1.

Within the range 5 < n < 300, §§4–7 provide a robust chaplet for every odd com-
posite n. However, possibilities within this range are very restricted, as it contains
(a) no n-value with ξ(n) > 12, and (b) no n-value having more than three distinct
prime factors.

Does a chaplet exist for every odd n with n > 5, excluding the powers of 3 ?
Unless some further particular n-value can readily be shown not to have a chaplet,
the fact that a composite n can have indefinitely many prime factors may make this
question very hard to answer.
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[4] J.-M. Azäıs, Design of experiments for studying intergenotypic competition,
J. Royal Statist. Soc. B 49 (1987), 334–345.

[5] R. A. Bailey, Quasi-complete Latin squares: construction and randomisation,
J. Royal Statist. Soc. B 46 (1984), 323–334.

[6] M. Buratti and A. Del Fra, Existence of cyclic k-cyclic systems of the complete
graph, Discrete Math. 261 (2003), 113–125.

[7] P. J. Cameron and D. A. Preece, Notes on Primitive λ-roots,
http://www.maths.qmul.ac.uk/~pjc/csgnotes/lambda.pdf .

[8] R. D. Carmichael, Note on a new number theory function, Bull. Amer. Math.
Soc. 16 (1909–10), 232–237.

[9] R. D. Carmichael, Generalizations of Euler’s φ-function, with applications to
Abelian groups, Quart. J. Math. 44 (1913), 94–104.

[10] R. J. Friedlander, B. Gordon and M. D. Miller, On a group sequencing problem
of Ringel, Congressus Numer. 21 (1978), 307–321.

[11] G. A. Jones and J. M. Jones, Elementary Number Theory, Springer, London,
1998.

[12] C. C. Lindner, K. T. Phelps and C. A. Rodger, The spectrum for 2-perfect 6-cycle
systems, J. Combin. Theory Ser. A 57 (1991), 76–85.

[13] M. A. Ollis, On terraces for abelian groups, Discrete Math. 305 (2005), 250–263.

[14] D. A. Preece, Balanced Ouchterlony neighbour designs and quasi Rees neighbour
designs, J. Combin. Math. Combin. Comput. 15 (1994), 197–219.

[15] D. A. Preece, Daisy chains — a fruitful combinatorial concept, Australas. J.
Combin. 41 (2008), 297–316.

[16] D. A. Preece, Daisy chains with three generators, (submitted).

[17] D. H. Rees, Some designs of use in serology, Biometrics 23 (1967), 779–791.

[18] A. Rosa and C. Huang, Another class of balanced graph designs: balanced
circuit designs, Discrete Math. 12 (1975), 269–293.

[19] ‘Saki’ [Hector Hugh Munro], The Chaplet, originally published in: Bystander.
First collected in: The Chronicles of Clovis, Bodley Head (1911).

(Received 7 Feb 2008; revised 19 Oct 2008)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENA ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


