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Abstract

Let G = (V, E) be a connected simple graph. A labeling f : V — Z,
induces an edge labeling f* : E — Z, defined by fT(zy) = f(x) + f(y)
for each xy € E. For i € Zy, let vp(i) = [ f71(i)| and e;(2) = |(f 1)1 (0)].
A labeling f is called friendly if |vs(1) — vf(0)] < 1. For a friendly
labeling f of a graph G, we define the friendly index of G under f by
if(G) = es(1) — ef(0). The set {if(G) | f is a friendly labeling of G} is
called the full friendly index set of G, denoted by FFI(G). In this paper,
we determine the full friendly index sets of cylinder graphs C,, x P, for
even m > 4, even n > 4 and m < 2n. We also list the results of other
cases for m,n > 4.

1 Introduction

In this paper, all graphs are simple and connected. All undefined symbols and
concepts may be looked up from [2]. Let G = (V, E) be a connected simple graph.
A labeling f : V — Z, induces an edge labeling [ : E — Zj defined by f*(zy) =
f(z) + f(y) for each zy € E. Throughout this paper, we will use the term ‘labeling’
to mean a vertex labeling whose values are taken in Z,. For i € Zsy, define vs(i) =
[f71()] and e; (i) = |(f7)71(i)|. A labeling f is called friendly if |vs(1) — v (0)] < 1.
For a friendly labeling f of a graph G, we define the friendly index of G under f by
i7(G) = es(1) — ef(0). We also refer to this value as the friendly index of f. Note
that i7(G) can also be defined to any labeling f. Since ef(1) + e;(0) = ¢ the size of
the graph G,

if(G) = 2e4(1) — g = g — 2¢4(0). (1)
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The set {if(G) | f is a friendly labeling of G} is called the full friendly index set
of G, denoted by FFI(G). It was first introduced by Shiu and Kwong [10] in 2007.
Before the term FFI(G) was introduced, some of researchers studied friendly indices
of graphs. Interested readers may find from [4-8]. The full friendly index sets of the
graphs P, x P, and C,, x C,, were found [9,11,12]. Recently Gao determined the
full friendly index set of P, X P,, but he used the terms ‘edge difference set’ instead
of ‘full friendly index set’ and ‘direct product’ instead of ‘Cartesian product’ in [3].
In this paper, the full friendly index sets of C,, x P, are shown for m,n even and
4 <m < 2n.

The friendly index is related to the eigenvalues of a graph. Suppose A is a
Laplacian matrix of a graph G = (V, E) of order n. Since A is symmetric and semi-
positive definite, all eigenvalues of A are real. We may list the eigenvalues of GG in a
descending order: Ay > Ay > --- > X\,_1 > A\, = 0. The maximum eigenvalue \; is
called the spectral radius of G. Let S C V and S =V \ S. Let E(S,S) be the set
of edges of G with one end in S and the other in S. The cardinality of E(S,S) is
denoted by e(S,S). It is clear that e(S,S) = e;(1) for some labeling f. Then:

Theorem 1.1 ([1, Lemma 4.1]) Let G = (V. E) be a graph of order n, and let
S CV with |S| =s. Then

s(n — s)A\1 — _ s(n—s5))\ _

Thus we have

Corollary 1.1 Let G = (V, E) be a graph of order n and size q, and let f be any
friendly labeling of G. Then

A < WG
2[51151

Proof: Let S = f~'(1). Then S = f~'(0). Since f is friendly, s(n — s) = |2][2],

where s = |S|. By Theorem 1.1 and (1) we have the corollary. O

The bipartition width bw(G) is defined as
bw(G) = min{e(S,3) | § C V. 5] = 2]}

It is clear that bw(G) is the minimum value of e;(1), where f is a friendly labeling.
That is, bw(G) = (¢ 4+ min{is(G) | f is friendly}), where ¢ is the size of G. It is
also related to the Laplacian matrix of G (see [1]). The maximum value of i;(G) is
related with max-cut problem and isoperimetric problem (see [1]).

For m > 3 and n > 2, given a cycle (), and a path P, with vertex sets
{uy,ug, ..., un} and {vy,vq,...,v,}, respectively, the Cartesian product C,, x P,
is a graph with vertex set consisting of mn vertices labeled (7, 7), where 1 < i <m
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and 1 < j < n. Two vertices (7, ) and (h, k) are adjacent in C,, x P, if either i = h
and v; is adjacent to vy in P,, or j = k and u; is adjacent to w; in C),. Note that
Cp X P, is a graph of order mn and size 2mn — m. It is also called a cylinder graph
(or for short a cylinder). In this paper, the vertices (7, 7) are often denoted as u;;

(or ;).
Shiu and Wong [11] determined the maximum and minimum values of the friendly
index of cylinders in 2009.

Theorem 1.2 ([11]) The mazimum value of the friendly index of C,, x P, is

2mn —m if m is even,
2mn —m —2n  if m is odd.

The next theorem is a combined version of the results in [11].

Theorem 1.3 The minimum value of the friendly index of C,, X P, is:

1. For m > 2n,
dn+m — 2mn if m is even,
dn+m —2mn+2 if m is odd.

2. Form <2n—1,
3m — 2mn if n is even,
3m —2mn+4 ifn is odd.

2 Nonexistent friendly indices of cylinders

In this section we will prove that some values, which lie between the extreme friendly
indices of cylinders, do not appear in the friendly index set of cylinders in various
conditions. Before discussing this matter, we have to introduce some concepts and
some useful results.

For a fixed labeling f, a vertex v is called a k-vertex if f(v) = k and an edge e is
called a k-edge if f*(e) = k. A path P (a cycle C, respectively) is called mized (under
f), if there are two vertices u,v € V(P) (V(C), respectively) such that f(u) = 1 and
f(v) = 0. Clearly, a mixed cycle or a mixed path contains at least one l-edge. A
cycle C is called a 1-pure cycle (under f), if f(u) = 1 for any vertex u € V(C). A
cycle C'is called a 0-pure cycle (under f), if f(u) = 0 for any vertex u € V(C'). The
definitions of 0-pure path and 1-pure path are similar.

Lemma 2.1 ([10, Corollary 5]) Let f be a labeling of a cycle C. If C' contains a
1-edge under f, then the number of 1-edges in C' is a positive even number.



144 W.C. SHIU AND F.S. WONG

Corollary 2.1 Let f be a labeling of an even cycle C. If C' contains a 0-edge under
f, then the number of 0-edges in C' is a positive even number.

Consider the cylinder C,, x P,. For 1 < i < m, the path u;1u; 2w, is
called a vertical path and for 1 < i < n, the cycle uy jug -+ Up jur; is called a
horizontal cycle. The cycle uj1ug 1 - - - Umu1,1 is called the inner cycle, and the cycle

UL pUp U nl,y i called the outer cycle. Each of them is called a boundary cycle
of C,,, X P,.

From (1) we have
if(Cp x P,) = 2e4(1) — 2mn +m = 2mn — m — 2e;(0) (2)

for any labeling f.

Theorem 2.1 For even m with m > 4 and n > 2, there is no friendly labeling f
such that e;(1) = 2mn —m — p, where p =1,2,3.

Proof: This is equivalent to showing that e;(0) # 1,2, 3 for any friendly labeling f.
Note that, since m is even, C),, x P, is bipartite without a cut edge.

Suppose €;(0) = 1. Let C be a cycle, which must be even, in C,, x P, containing
the 0-edge. By Corollary 2.1, this is impossible.

Suppose ef(0) = 2. If there is a 0-edge e which is not on a boundary cycle,
then there exist two distinct 4-cycles (cycles of length 4) A and B containing e. For
such cycles, by Corollary 2.1, there exist other 0-edges e; € E(A) and ey € E(B).
Since e; # eg, there are at least three 0-edges. This contradicts ef(0) = 2. If two
0-edges are on a boundary cycle, then each of the 4-cycles (not the boundary cycles)
containing such 0-edges contains only one 0-edge. It is impossible. If two 0-edges lie
on different boundary cycles, then each boundary cycle must contain another 0-edge
by Corollary 2.1. This contradicts ef(0) = 2.

Suppose e;(0) = 3. By Corollary 2.1, the total number of 0-edges lying on two
boundary cycles is even. So there is a 0-edge, say e, which does not lie on a boundary
cycle. Then there exist two distinct 4-cycles A and B containing e. For such cycles,
by Corollary 2.1, there exist other 0-edges e; € E(A) and e; € E(B). Suppose the
subgraph 7" induced by these three 0-edges is not isomorphic to Kj 3. Since m > 4,
we can find an even cycle containing these 0-edges. It contradicts Corollary 2.1. If e,
and ey do not lie on a boundary cycle, then we can find a 4-cycle containing only one
0-edge. It also contradicts Corollary 2.1. So T is isomorphic to K; 3 and e; and e
lie on a boundary cycle. Without loss of generality, we may assume that the vertices
of T are 1-vertices and two of these vertices lie on the inner cycle. Since there are no
other 0-edges, the total numbers of 0-vertices and 1-vertices in each horizontal cycle
are the same except in the inner cycle. Consider the total number of O-vertices and
1-vertices in the inner cycle. There are two more 1-vertices than 0-vertices. So f is
no longer friendly. Hence the proof is completed. O



FULL FRIENDLY INDEX SETS 145

Lemma 2.2 For even m, if C,, X P, contains a vertical mized path under a friendly
labeling f, then the number of vertical mized paths is at least two.

Proof: Assume there is only one vertical mixed path. If there are x vertical 1-pure
paths and b 1-vertices in the vertical mixed path, then vy(1) = zn + b. Note that
1 <b < n. Since f is friendly, we have v¢(1) = v(0) = &%, and then 2(2n+b) = mn

We get x = "”;2” =4 - % ¢ 7. Tt is impossible. O

Lemma 2.3 For even n, if C,, X P, contains a horizontal mized cycle under a
friendly labeling f, then the number of horizontal mized cycles is at least two.

Proof: The proof is similar to Lemma 2.2. O

Lemma 2.4 For even n with m < 2n and m > 3, n > 4, if C,, X P, contains a
horizontal pure cycle and a horizontal mized cycle under a friendly labeling f, then
er(1) > m+4 if mis odd; ef(1) > m+3 if m is even and m = 2n; and e;(1) > m+4
if m is even and m < 2n — 2.

Proof: Let r and s be the numbers of horizontal 1-pure cycles and horizontal 0-pure
cycles, respectively. By definition, we have 0 < r,s < 7.

When either 7 = 0 or s = 0 but not both. Then, without loss of generality, we
may assume r # 0 and s = 0; otherwise, consider the labeling 1 — f (mod 2) instead
of f. In this case, the number of horizontal mixed cycles is n — r, and hence there
exist at least [2( W vertical mixed paths since “5* O-vertices lies in n —r horizontal

mixed cycles. Therefore by Lemma 2.1 we have ef(l) 22(n—7)+ [552551

(n—r)

Assume that 1 <r < 3=, Otherwise f is not friendly. Then

er(1) 2 2(n —r) + [gts] = 2(n — "52) + [P0 = n+ 2+ [5 + 5] (3)

(n—r) 2(n—r)

For even m, (3) becomes

er()>n+2+ 3+ [5is>2n+24+ 5 +1=n+3+73.

2(n— r)
Thus, if m = 2n, then n+3+ 5 = m+3; and if m < 2n—2, then n+3+3 > m+4.

For odd m, the condition m < 2n becomes m < 2n — 1 and Eq. (3) becomes

ef(1)>n+2+ [2+52-]>n+2+ 2] =n+2+ 25

nr)

If m < 2n — 3, then from the above inequality we have e;(1) > n+2+ ’”T“ >m+4.

If m = 2n — 1, then from (3) we have

! 2(n—r ganT2—14 = 2 ;1
er(1) > 2(n — 1) + [5225] > n+ 2+ [3om53] = n+ 2+ [(22) (2)]
>l il 4l =m 44
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When r # 0 and s # 0. There exist m vertical mixed paths. By the hypothesis
and Lemma 2.3, the number of horizontal mixed cycles is at least 2. By Corollary 2.1,
we have ef(1) > m +2(2) = m + 4.

Summarizing all cases, we have ef(1) > m +4 if m is odd; ef(1) > m + 3 if m is
even and m = 2n; and ef(1) > m + 4 if m is even and m < 2n — 2. O

Theorem 2.2 For even m,n with m < 2n, m > 4 and n > 4, for any friendly
labeling f of Cp, X P,, then

(1) ef(1) =m orep(l) > m+ 2 when m = 2n;
2) er(l)=morer(l)=m-+2 orer(l) >m+4 when m = 2n — 2;
f f f

(8) ef(1) =m orep(l) > m+4 when m < 2n — 4.

Proof: Let a and b be the numbers of horizontal mixed cycles and vertical mixed
paths, respectively. Since both m and n are even, by Lemmas 2.2 and 2.3, a # 1 and
b# 1.

If @ = 0, then there are m identical vertical mixed paths. Thus e;(1) is a multiple
of m, i.e. e;(1) = mk for some integer k& > 1. Since m > 4, either e;(1) = m or
ef(1) >2m>m+4.

If 2 < a < n, then C,, x P, contains a horizontal pure cycle and a horizontal
mixed cycle. By Lemma 2.4, we have ef(1) > m + 3 if m = 2n and ef(1) > m +4 if
m < 2n — 2.

Suppose a = n. Then
er(1) > 2n+b. (4)

For 2n > m+4, ef(1) > m+ 4.

For 2n = m+2, from (4), ef(1) > m+2+40b. If b > 2, then ef(1) > m+4. If b =0,
then ef(1) = 2nk = (m + 2)k for some integer k& > 1, which implies e;(1) # m + 3
and m + 1.

For 2n = m, from (4), we have ef(1) > m+b>m+2if b > 2. If b =0, then
es(1) = mk which implies that e;(1) # m + 1. O

Lemma 2.5 For even m, n with m > 2n > 8. If C,, X P, contains a vertical pure
path and a vertical mized path under a friendly labeling f, then e;(1) > 2n + 2.

Proof: Let r and s be the numbers of vertical 1-pure paths and vertical 0-pure
paths, respectively. By definition, we have 0 <r,s < 3. When either r = 0 or s = 0
but not both, then, without loss of generality, we may assume r # 0 and s = 0,
otherwise, consider 1 — f (mod 2) instead of f. In this case, the number of vertical
mixed paths is m —r, and hence there exist at least [%W horizontal mixed cycles
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since % 0-vertices lie in m — 7 vertical paths. Therefore, (1) > 2[ 572" T’n’mr)] +m—-r
Note that

] m = > 23) + 2] — 2 > 20+ 2] > 20+ 2,

When r # 0 and s # 0. There exist n horizontal mixed cycles. By the hypothesis
and Lemma 2.2, the number of vertical mixed paths is at least 2, then ef(1) > 2n+2.
Combining all cases, we have ef(1) > 2n + 2. O

Theorem 2.3 For even m,n with m > 2n > 8, for any friendly labeling f of
Crn X Py, either ep(1) = 2n or ep(1) > 2n + 2.

Proof: Let a and b be the numbers of horizontal mixed cycles and vertical mixed
paths, respectively. By Lemma 2.2 and 2.3, we know that a # 1 and b # 1. If b = 0,
then there are a = n identical horizontal mixed cycles. Hence, by Lemma 2.1, e;(1)
is a multiple of 2n. So either e;(1) = 2n or e;(1) > 4n > 2n + 4.

If 2 < b < m, then we have m — b vertical pure paths and b vertical mixed paths.
By Lemma 2.5, we have ef(1) > 2n + 2.

If b = m and a = 0, then the number of 1-edge is a multiple of m as a result of
all horizontal cycles are pure cycles. So ef(1) = mk # 2n + 1 for even m.

If b = m and a > 2, then the number of e;(1) > m + 2a > 2n + 4. Hence,
combining all cases, we have either e;(1) = 2n or e;(1) > 2n + 2. O

Lemma 2.6 For odd n with m <2n—1 and m >4, n > 5, if C,, X P, contains a
horizontal pure cycle and a horizontal mixzed cycle under a friendly labeling f, then
ef(1)=m+2 orep(l) >m+4.

Proof: Let r and s be the numbers of horizontal 1-pure cycles and horizontal 0-pure
cycles, respectively. By definition, we have 0 < r, s < ”T_l

When either » = 0 or s = 0 but not both. Similar to the proof of Lemma 2.4,
we may assume 7 # 0 and s = 0 and get ef(1) > 2(n — 1) + [2(;”3)]. Note that if
1 <r <52 then

er(1) 2 2(n — 1) + [5225] = 2(n — 252) + [§ + 255
>n+3+2>m 4342 —m4 L

Ifr= "7717 then

er(1) = 2(n—r)+ [525 ] =n+ 1+ 2] 2 n+ 1+ [F]
m+1 1+5m_m+2m+9

2
m+% if m > 5.

(AVANAY
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If m=4(r="23), then

er()>(n+1)+[2]=n+1)+3+ 23] >10>m+4.

So both cases guarantee that e;(1) > m + 4.

When r # 0 and s # 0. There exist m vertical mixed paths. Since n is odd and

f is friendly, there is at least one mixed cycle. If there exist two mixed cycles, then
er(1) > m+2(2) = m+ 4. If there is exactly one mixed cycle, then as f is friendly,
the number of 0-pure cycles and 1-pure cycles are the same. And also there are
[5] 1-vertices and |% | O-vertices contained in the mixed cycle as we may assume
the number of 1-vertices is more than 0-vertices. So there are two kinds of identical
mixed paths. The first kind contains [% ] identical mixed paths and the second kind
contains | % | identical mixed paths. Suppose the i-th kind mixed path contains x;
1-edges, where x; > 1. Then ef(1) = [ ]x1 + | 5] 22 + 22, where 22 is the number of
1-edges contained in the mixed cycle. If zq + 25 = 1, then e;(1) = m+2z # m+3. If
71 +x2 > 3, then ep(1) > m+ |5 |+22 > m+4as z > 1. So the proof is completed.
d

Remark 2.1 For oddn withn > 3, if C3 X B, contains a horizontal pure cycle and a
horizontal mized cycle under a friendly labeling f, then e;(1) can equal to m+3 = 6.

Theorem 2.4 For even m, odd n withm <2n —2, m > 4 andn > 5, let f be a
friendly labeling of Cp, X P,. Then ey(1) =m+2 orep(l) > m + 4.

Proof: Let the numbers of horizontal mixed cycles and vertical mixed paths of graph
be a and b, respectively. By Lemma 2.2, we know that b # 1. Also since f is friendly
and n is odd, a # 0.

If 1 <a < n, then by Lemma 2.6, we have e;(1) =m + 2 or ey(1) > m + 4.

For a = n, all horizontal cycles are mixed. If b = 0, then e;(1) = 2nk # m+ 3 as
m is even. If b > 2, then ef(1) =2nk+b>2n+2 =m+4.

The proof is completed. O

Lemma 2.7 For even m, odd n with m > 2n > 10. If C,, X P, contains a horizontal
pure cycle and a horizontal mized cycle under a friendly labeling f, then e;(1) >
2n + 2.

Proof: Let r and s be the numbers of horizontal 1-pure cycles and horizontal 0-pure
cycles, respectively. By definition, we have 0 < r,s < 3. When either r = 0 or s = 0
but not both. Similar to the proof of Lemma 2.4, we have e;(1) > 2(n—r)+ [522=].

2(n—r)
For1 <r< "T’?ﬁ we have

mn n— 77,2
ef(l) 2 2(n — 7”) + [Z(n—r)-‘ 2 2(n — TS) + fm
>n+3+n+1=2n+4.
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n—1

2

() >n+1+[22]>n+1+[2n—2+27]=3n>2n+5.

For r =

, we have

When r # 0 and s # 0. By a similar argument as in the proof of Lemma 2.4 we
have e;(1) > m+2 > 2n + 2. Thus e;(1) > 2n + 2. O

Theorem 2.5 For even m, odd n with m > 2n > 10, for any friendly labeling f of
Cr, X P, either ep(1) = 2n or ep(1) > 2n+ 2.

Proof: Let a and b be the numbers of horizontal mixed cycles and vertical mixed
paths, respectively. Note that since n is odd, a # 0. By Lemma 2.2, b # 1. If
1 < a < n, then by Lemma 2.7, we have ef(1) > 2n + 2. For a = n, all cycles are
mixed. If b = 0, then e;(1) = k(2n) # 2n + 1. If b > 2, then e;(1) > 2n + 2. All
cases suggest that ef(1) = 2n or ef(1) > 2n + 2. O

Theorem 2.6 For odd m, even n withm <2n—1, m > 5 andn > 4, let f be a
friendly labeling of Cy, x P,. Then ef(1) =m oref(1) > m+4 when m < 2n — 3;
and ef(1) =m or es(1) > m+ 2 when m =2n — 1.

Proof: Let a and b be the numbers of horizontal mixed cycles and vertical mixed
paths, respectively.

If @ = 0, then there are m identical vertical mixed paths. Thus e;(1) is a multiple
of m, i.e. ef(1) = mk for some integer & > 1. Since m > 4, ef(1) # m + p for
p=1,2,3.

If1 < a < n, then (), x P, contains a pure cycle and a mixed cycle. By
Lemma 2.4, we have ef(1) > m + 4.

Suppose a = n. Since m is odd, there is at least one mixed path. So b > 1, and
er(1) > 2n+b. (

5)
For 2n = m+1, ef(1) > 2n+1 = m + 2. For 2n > m + 3, from (5), ef(1) >
m + 3+ b >m+ 4. The proof is completed. O

Theorem 2.7 For odd m, n withm <2n—1, m > 5 andn > 5, let f be a friendly
labeling of C, X P,,. Then ef(1) > m + 2 when m = 2n — 1 and ef(1) = m + 2 or
ef(1) > m+4 when m < 2n — 3.

Proof: Let a and b be the numbers of horizontal mixed cycles and vertical mixed
paths, respectively. Since both m and n are odd, a 2 0 and b # 0. If 1 < a < n,
then by Lemma 2.6, we have ef(1) =m + 2 or ef(1) > m + 4.

For a = n, all cycles are mixed. Thus
ef(1) >2n+b>2n+1>m+2.

Note that if m < 2n—3, then the above inequality becomes e;(1) > 2n+b > 2n+1 >
m + 4. The proof is completed. O
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Remark 2.2 For odd m with m > 2n+ 1, we cannot exclude other friendly indices.

3 Some Tools

We shall show some tools for finding friendly indices of the cylinders C,, x P, for
m >4 and n > 4. We will not discuss small values of m and n.

Lemma 3.1 For any m and n, let G = C,,, x P,. Suppose u,v € V(G) are non-
adjacent. Let f be a labeling with f(u) = 0 and f(v) = 1. Suppose that u is incident
with x 1-edges and v is incident with y 1-edges. After swapping the labels of u and
v, we let the new labeling be g. Then ef(1) — e,(1) = 2z + 2y — deg(u) — deg(v).

Proof: By assumption, w is incident with deg(u) —x 0-edges. Similarly, v is incident
with deg(v) — y 0-edges. There are x + y 1-edges incident with either u or v. After
swapping the labels of u and v, there are deg(u) — x l-edges incident with u and
deg(v) — y 1-edge incident with v. Then there are deg(u) + deg(v) — z — y 1-edges
incident with w or v. Thus e;(1) — ey4(1) = (z + y) — (deg(u) + deg(v) —x —y) =
2z + 2y — deg(u) — deg(v). O

Lemma 3.2 For anym and n, let G = C,, X P,,. Suppose u,v € V(G) are adjacent.
Let f be a labeling with f(u) = 0 and f(v) = 1. Suppose that u is incident with x
1-edges and v is incident with y 1-edges. After swapping the labels of u and v, we let
the new labeling be g. Then e;(1) — e4(1) = 2z + 2y — deg(u) — deg(v) — 2.

Proof: By the assumption, v is incident with deg(u) — z 0-edges. Similarly, v is
incident with deg(v) — y O-edges. There are x + y — 1 1-edges incident with either
w or v. After swapping the labels of u and v, there are deg(u) — z + 1 1-edges
incident with » and deg(v) — y + 1 l-edge incident with v. Then there are totally
deg(u) 4+ deg(v) — x — y + 1 1-edges incident with u or v. Similarly to the proof of
Lemma 3.1, we have the lemma. O

Now for myn >4 and 1 <i <m—3,1<j <n—3, the subgraph G(i,j) of
Cpn X P, induced by

Ui j+35  WUit1,j+3, Wit2,5+35 Uit3,543,

Ui j+25  Witl,j+2, Wit2,5+25 Uit3,542,

Uij+1;  Uitlj+l, Wib2j+1,  Wit35+1,

WUi,js Uitl,j;  Wit2,5, Uit3,5-
is called the sub-grid of C,,, x P,, where the first index 7 of u’s are taking in Z,, =
{1,2,...,m}. We shall use the above matrix to represent the subgraph G(i, j).

G(i,1) is called a lower sub-grid of Cy, x P,,. G(i,n—3) is called an upper sub-grid
of Cy, X P,. The boxed part (see below) of the upper sub-grid and the lower sub-grid
are called the box of G(i,n — 3) and the box of G(i,1). That is, the subgraph of
G(i,n—3) induced by Uit1n, Witan, Uit1n-1s Yit2n—15 Witln-2, Uit2n—2. 1t is similar
for the box of G(7,1).
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Ui,n,s Uit1,n;5 Ui42,n,5 Ui43,n5 Uj4, Uir1,4, Uit24,  Uid34,

Uin—1, Ui+1,n—1, Ui+2,n—1, Ui+3,n—1, U;,3, Ui+1,3, Uit2,3, Ui+3,35

Ui n—2, Uit1,n—2, Uit2n—2, Ui+3,n—25 U;,2, Uit1,2, Uit2,2, Ui+3,2,
Ui n—3; Ui+1,n—3, Ui+2n—-3,  Wi+3n—3- Ui, 1y Ui+1,1, Uit2.1,5 Ui+3,1,

Suppose f is a labeling of a graph C,,, x P,. We shall use an m x n matrix whose
(i, 7)-th entry is f(u; ;) to represent the labeling f (note that the numbering of rows
is from left to right and that of columns is from bottom to top).

Moreover, suppose f is a labeling of C,,, x P,. We shall use the matrix
fluijrs) f(uiviges) f(uivojs) fuivsjes)
fluijre) fluirijee) f(uivojr2)  fuivsjee)
fluijrn)  fluirrge) f(uivojin)  fuizsge)
f(uiz) f(uiv ) f(tigay) f(uiys;)
to denote the labeled sub-grid G(i, 7).
Let f be a friendly labeling of C,, x P,. If the labeled sub-grid G(i, j) is of the

form
1 0 0 1
0 1 1 0
1 0 or | o 1 )
0 Ny 1 ol

then we call it a full sub-grid. The subscript of the matrix will be omitted when
there is no ambiguity.

i,J

=N ]
O = O
= O = O

R O~ O~

Lemma 3.3 Let f be a friendly labeling of C,, x P,. Suppose C,, X P, contains an
upper (or a lower) full sub-grid under f. Then there is a friendly labeling g such that
eg(1) =ep(1) — k, for each k, 4 <k <T.

Proof: For a lower sub-grid, it is just a vertical reflection of an upper sub-grid. So
we only need to consider an upper sub-grid. It suffices to find a friendly labeling g
such that k = ef(1) —e,4(1) for each k from 4 to 7. Next, by swapping a 0-vertex and
a 1-vertex inside the box of the sub-grid suitably, we get the result by Lemma 3.1

or 3.2. Namely, without loss of generality we may assume the upper full sub-grid is
1 10

0
labeled as [ (1) é (1) (1) . The required labelings are the following ones:
01 0 1

1100 111 0 1 0 1 0 11 1 0
01 0 1 00 0 1 01 1 1 01 0 1
101 0 101 0 1 00 0 1 00 0 O
01 0 1 01 0 1 01 0 1 01 0 1
k=4 k=5, k=6, E=1.

)

Two boxes are non-adjacent if the vertices between the two boxes are not adjacent,
in the sense that there is a column and a row between the two boxes.

Corollary 3.1 Let f be a friendly labeling of C,, X P,. Suppose C,, X P, contains
two non-adjacent boxes and each box is contained in an upper (or a lower) full sub-
grid under f. Then there is a friendly labeling g such that e (1) = ef(1) — k, for
each k, 4 <k < 14.
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Proof: For 4 < k <7, we are done by Lemma 3.3. For 8 < k < 14, we can choose
k1 and ko with 4 < kq, ks < 7 such that k = k;+ks. Since there are two non-adjacent
boxes, by Lemma 3.3, there exists a labeling g such that e, (1) = ef(1) — k; — ko. O

There are some special labelings for the sub-grid G(m — 3,n — 3). We use the
following matrices to represent them. Also they are named by the matrices, respec-

tively.
1 0 1 0 0O 0 1 O 0O 0 1 0 0O 0 1 0
|0 1 0 0 |10 1 0 0 |0 0 0 O |0 1 0 0
A= 1 0 1 1 »B= 1 0 1 1 0= 1 1 1 1 D= 1 0 1 0|’
* 1 0 =* * 1 0 = * 1 0 = * 1 0 =
0O 0 1 0 0O 0 1 0 0O 0 1 0 1 0 1 0
|10 1 0 0 10 0 0 O 10 0 0 O 10 1 0 O
b= 0O 0 1 0 F= 0O 0 1 0 G= 0O 0 1 0 H = 1 0 1 0|
* 1 0 = * 1 0 =x * 0 0 = * 1 0 =x

The ‘*’ means either 0 or 1.

Lemma 3.4 Let f be a friendly labeling of C,, X B,. Suppose C,, X P, contains a sub-
grid C under f. Then there is a friendly labeling under g such that eg(1) = e;(1)+1.

00 10 0110

Proof: Change C' = (1) ? ? (1) to (1) ? 8 (1) . Then by Lemma 3.1 we obtain
* 1 0 = * 1 6 *

the lemma. g

Lemma 3.5 Let f be a friendly labeling of C,, x P,. Suppose C,, X P, contains a
sub-grid A under f. Then there is a friendly labeling g such that e,(1) = es(1) — k,
foreach k, 2 <k <T.

10
0 1
Proof: A= || |
* 1

O = O -
* = OO

}. By Lemma 3.1 or 3.2, the required labelings are the

following ones:

1 010 1 0 00 1 010
01 10 0110 01 00
1 0 0 1 1 01 1 1 1 0 1
L * 1 0 % | L * 1 0 % | L * 1 0 % |
k=2, k=3, k=4,
1 1 1 07 1 0 1 07 1 0 0 07
01 00 00 0O 01 00
1 0 01 1 1 11 1111
L * 1 0 % | L * 1 0 % | L * 1 0 % |
k=5 k=6, k=7
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where k = es(1) — e4(1). O

Similarly we get the following lemmas.

Lemma 3.6 Let f be a friendly labeling of C,, x P,. Suppose Cy,, X P, contains a
sub-grid B under f. Then there is a friendly labeling g such that e,(1) = e, (1) — k,
foreach k,2 <k <7, k#D5.

Lemma 3.7 Let f be a friendly labeling of C,, x P,. Suppose C,, x P, contains a
sub-grid D under f. Then there is a friendly labeling g such that e4(1) = e;(1) — k,
foreach k, 2 <k <7.

Lemma 3.8 Let f be a friendly labeling of C,, x P,. Suppose Cy, X P, contains a
sub-grid E under f. Then there is a friendly labeling g such that e4(1) = es(1) — k,
for each k, 2 < k <5.

Lemma 3.9 Let f be a friendly labeling of C,, x P,. Suppose Cy,, X P, contains a
sub-grid F under f. Then there is a friendly labeling g such that e,(1) = e;(1) — k,
for each —1 < k < 3.

Lemma 3.10 Let f be a friendly labeling of C,,, X P,. Suppose C,, X B, contains a
sub-grid G under f. Then there is a friendly labeling g such that es(1) = es(1) — k,
for each k, —1 < k < 3.

Lemma 3.11 Let f be a friendly labeling of C,,, X P,. Suppose C,, x P, contains a
sub-grid H under f. Then there is a friendly labeling g such that ey(1) = ef(1) — k,
foreach k, 3 <k <T.

4 Finding Potential Values

In this section we will realize all potential friendly indices of C,,, x P, for even m and
n with m < 2n and m,n > 4.

Theorem 4.1 For even m and n with 4 < m < 2n —4 andn > 4, then

FFI(C,, x P,) ={—2mn+m+2i |i € [m+4,2mn —m — 4] U {m,2mn —m}}.

To prove Theorem 4.1 we have to find a friendly g such that the friendly index
of gis —2mn+m+ 2i for i € [m + 4, 2mn —m — 4] U {m, 2mn —m}, here i = ¢,(1).
The following algorithm for finding potential friendly indices is to swap some
labels from an existing labeling m which contains at least two non-adjacent full sub-
grids (or one special sub-grid). Let us call this labeling 7 as a pivot labeling. By
using Corollary 3.1 (or some special lemma), for each i € [e,(1) — 14,e,(1) — 4] (or
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i € [ex(1) — 11, ex(1) — I3] for some special values of I; and Iy) there is a friendly
labeling g such that e, (1) = 1.

For even m, the friendly labeling f,., attains the maximum friendly index, which
is defined by fimax(uap) = 1 if and only if a +b = 1 (mod 2) for 1 < a < m and
1 < b < n. For this labeling, ey, (1) = 2mn — m. This is the first pivot labeling
that we use. Thus, by Corollary 3.1 we have the following theorem.

Theorem 4.2 For even m with m > 4, and n > 8, there is a friendly labeling g of
Cin X P, such that e,(1) =i for each i € 2mn —m — 14,2mn —m — 4].

Theorem 4.3 For even n with m < 2n and m > 4, n > 6, there exists a friendly
labeling g of G = C,,, x P, such that e,(1) =i for each i € [m +4,m + 8|.

Proof: Consider the friendly labeling f,i, which is defined by fiin(tep) = 1 if and
only if 1 < a <m,1<b< 5. Then ef...(1) = m which attains the minimum
friendly index of G. In fu,, there are three categories of O-vertices. They are
vertices incident with three 0-edges;

vertices incident with three 0-edges and one 1-edge; and

vertices incident with four 0-edges.

There are three categories of 1-vertices. They are

vertices incident with three 1-edges;

vertices incident with three 1-edges and one 0-edge; and

vertices incident with four 1-edges.

For each category of 0-vertices and each category of 1-vertices, there is a pair of
non-adjacent vertices consisting of 0-vertex and a 1-vertex in the selected categories,
respectively. By Lemma 3.1, all possible combinations of the change of e . (1) are
+4, +5, 46, +7 and +8. Thus the proof is completed. O

Similar to the proof of Theorem 4.3 we have

Theorem 4.4 For 4 < m < 8, there exists a friendly labeling g of G = C,, X Py
such that ey(1) =i for each i € [m + 4, m + 6].

Theorem 4.5 For even m, n with m > 4, n > 10 and m < 2n, there is a friendly
labeling g of C,, X P, such that eg(1) =i for eachi € [mn+Tm — 14, 2mn —m — 12]
when n =0 (mod 4) and i € [mn + 6m — 14,2mn —m — 12] when n =2 (mod 4).

Proof: We introduce a procedure as follows:
Write m = 2h and n = 2k. The initial labeling is o0 = fmax-
Procedure A: Let y = 1.

Step 1: If y > [%] — 2 then stop. Based on the labeling a1, for fixed x with
1 < o < h, swap the labels of wug;_1 o5—2-2y and ug;_1 349, for 1 < i < a,
where both g1 2k—2-2y and ug;_1 342, are incident to four 1-edges. Denote
this labeling by ay,.
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Step 2: Increase y by 1 and repeat Step 1.
For1<z<h 1<y< [%] — 2= N, by Lemmas 3.1 and 3.2,

2mn+3m —8x —4my ifk=2N+4, 1<z <hand1<y<N;
Cap, (1) = 2mn+3m—8x —4my ifk=2N+3,1<z<handl1<y<N-1;
mn + 9m — 6x ifk=2N+3,1<xz<handy=N.

By using these pivot labelings o, , and Corollary 3.1, we get the theorem. 0

Theorem 4.6 For even m, n with m > 4, n > 12 and m < 2n, there is a friendly
labeling g of Cp, X P, such that e,(1) = i, for each i € [16m — 14, mn + Tm — 12]
whenn =0 (mod 4) and i € [16m — 14, mn + 6m — 12] when n =2 (mod 4).

Proof: We introduce a procedure as follows:

Procedure B: Write m = 2h and n = 2k. This procedure is similar to Procedure
A. The initial labeling is 3, = [k g defined in Procedure A. Let y = 1.

Step 1: If y > ng — 2 then stop. Based on the labeling 8,1, for fixed = with
1 < @ < h, swap the labels of uy; op—3-2, and ug; 419, for 1 < i < z, where
both g; ox—3-2y and ug; 449, are incident to four 1-edges. Denote this labeling

by Be.y-

Step 2: Increase y by 1 and repeat Step 1.
Foril<z<hand1l<y< L%J — 2= N, by Lemmas 3.1, 3.2 and Corollary 3.1,

mn+11lm—8x—4my ifk=2N+4 1<zx<handl <y<N-1;
es,, (1) = ¢ 19m — 6z ifk=2N+4,1<zxz<handy=N,
mn+10m —8x —4my ifk=2N+3,1<z<handl1<y<N-1.

By using these pivot labelings 3,, we have the theorem. 0

Remark 4.1 For even m, n with m > 4, n > 12 and m < 2n, combining Theo-
rems 4.2, 4.5 and 4.6 there is a friendly labeling g of C,,, x P, such that e,(1) = 1,
for each i € [16m — 14, 2mn — m — 4]. For n = 10, combining Theorems 4.2 and 4.5,
we have the same result.

Example 4.1 Some of the labelings of C x P4 that appear in Procedures A and B:
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Procedure A Procedure B
rt o1 0 1 07 ri o 1 0 1 07 ro o 1 0 1 07
01 01 0 1 001 01 0 1 01 0 1 0 1
1 01 0 1 0 101 0 1 0 101 01 0
01 0 1 0 1 001 0 1 0 1 001 0 1 0 1
00 1 0 10 0 0 00 0 0 0 0 0 0 0 0
01 0 1 0 1 01 01 0 1 000000
1 0101 0 00 000 0 00 000 0
01 0 1 0 1 11 1 1 1 1 111 1 1 1
1 01 0 1 0 101 01 0 1111 1 1
1101 0 1 11 1 1 1 1 11 1 1 1 1
1 01 0 10 T 0 1 0 1 0 T 0 1 0 1 0
01 01 01 01 01 0 1 01 0 1 0 1
1 01 01 0 101 0 1 0 101 01 0
Lo 1 0 1 0 1] Lo 1 0 1 0 1] Lo 1 0 1 0 1]
Cayq (1) =154 Cag,s (1) = 120 ey 1 (1) = 96

Theorem 4.7 For even m, n with m > 4, n > 10 and m < 2n, there is a friendly
labeling g of Cy, x P, such that eg(1) =1 for each i € [m + 31,16m — 8|.

Proof: We write m = 2h and n = 2k. We will introduce some procedures in the
following.

The initial labeling is By, |1/2)—2 when n = 0 (mod 4) (B,|x/2)—3 when n = 2 (mod 4))
defined in Procedure B.

Procedure C: Swap the labels of ugpp—1 and ugp op—2, where both gy 9p—1 and
Usgp 2k—2 are incident to four l-edges. Let this labeling be .

Step 1: Starting from the labeling ~, for a fixed x with 1 < 2 < h, swap the labels
of ug;_135 and ug;—14 for all 1 <4 < x. Note that ug;_1 3 is incident to four
1-edges and ug;_1 4 is incident to three 1-edges. Let 7, be the new labeling.

Step 2: Based on the labeling v}, for a fixed x with 1 < 2 < h, swap the labels
of ugi—11 and ug;_q13 for all 1 < ¢ < x, where ug;_1, is incident to three
1-edges and ug;_1.3 is incident to one 1-edge for 1 < ¢ < z. Let 7, be the
new labeling.

By Lemma 3.2 we have e, (1) = 16m — 6 — 4z for 0 < 2 < h. Each of these
pivot labelings contains a sub-grid A. By Lemma 3.5, there exists a friendly labeling
g such that e4(1) = i, for i € [14m — 13,16m — 8]. Similarly, e, (1) = 14m —6 —x
for 1 < x < h. By Lemma 3.5 again, there exists a friendly labeling ¢g such that
eg(1) =1, for i € [20% — 13,14m — 9].

Procedure D: Start from the labeling 7. For a fixed z with 1 < z < h, swap the
labels of ug; 2 and wug; 3 for all 1 < i < x, where both ug; o and ug; 3 are incident to
four 1-edges. Let ¢, be the new labeling.

If m = 4, then stop here. We have e, (1) = 2% — 6 — 6z for 1 < z < h. By

Lemma 3.5, there is a friendly labeling g such that e,(1) = i for i € [22—13, 202 —14].
Procedure E: Based on the labeling (,, for a fixed  with 1 < x < h — 2, swap the
labels of ug;_1 21 and ug;_1 23 for each 1 < ¢ < x, where both ug;_10r and ug;_1 253
are incident to three 1-edges. Let 6, be the new labeling.



FULL FRIENDLY INDEX SETS 157

Procedure F: Based on the labeling 6;,_5, for a fixed z with 1 <z < h — 2, swap
the labels of ug; or—1 and ug; ox—o for each 1 < ¢ < x, where both wg; op—1 and ug; or—2
are incident to four 1-edges. Let &, be the new labeling.

Procedure G: Starting from the labeling is &,_s, for a fixed z with 1 <z < 2h—4,
swap the labels of w; o2 and wu; o5—3 with those of u; 3 and u; 4, respectively, for each
1 <i <. Let m, be the new labeling.

Now we have eg, (1) = 2% — 6 — 5z for 1 <2 < h — 2, e, (1) = 8m + 4 — 6a for
1<z<h-—2and e, (1) =5m+20, e, (1) =5m+24 —4x for 2 < z < m — 5,
€rn_y(1) = m + 38. By Lemma 3.5 for i € [m + 31,202 — 13], there is a friendly
labeling g such that e,(1) = . Hence we get the theorem. O

Example 4.2 Following are some labelings of Cg x Py in Procedures C, D, E, F
and G:

Procedure C

1 01 01 0 101 0 1 0 ri. 01 0 1 07
01 01 00 01 01 0 0 01 01 0 0
1 0 1 0 1 1 101 0 1 1 101 0 1 1
01 0 1 0 1 01 0 1 0 1 01 0 1 0 1
0 0 00 0 0 0 0 0 0 0 0 0 0 0000
000 00 00 000 0 0 0 00 000 0
00 00 00 0000 0 0 00 000 O
11 1 1 1 1 11 1 1 1 1 111 1 1 1
11 11 1 1 11 1 1 1 1 111 1 1 1
11 1 1 1 1 11 1 1 1 1 1111 1 1
I 01 010 0 0 0 0 0 0 0 0 0000
01 01 0 1 11 1 1 1 1 01 0 1 0 1
1 01 0 1 0 101 0 1 0 101 0 1 0

Lo 1 0 1 0 1] Lo 1 0 1 0 1] L1 11 1 1 1]

5%/)(1) =90 5%(1) =78 ey (1) =75
Procedure D Procedure E
rio o1 0 1 07 ro o1 0 1 07
01 0 1 00 0101 00
1 01 0 1 1 101 0 1 1
01 0 1 0 1 1101 0 1
0 0 00 0 0 0 0 00 0 0
00 00 00 00000 0
00 00 00 00 000 0
11 1 1 1 1 111 1 1 1
11 1 1 1 1 11 1 1 1 1
11 1 1 1 1 111 1 1 1
0 0 00 0 0 0 0 0 0 0 0
00 00 0 1 00 00 0 0
1 11110 111 1 1 1
L1 11 1 1 1] L1 11 1 1 1]
ecy (1) = 63 eo, (1) =52
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Procedure F Procedure G

ro 0o 1 0 1 07 ro o 1 0 1 07 ro o0 1 0 1 07
000 1 00 000 1 00 00 0 1 00
1110 1 1 01 10 1 1 001 0 1 1
1101 0 1 01010 1 00 0 1 0 1
0 0 00 00 0 0 00 00 0 0 00 00
00 0000 00 000 O 00 0000
00 0000 00 0000 00 0000
11 1 1 1 1 111 1 1 1 11 1 1 1 1
1111 1 1 111 1 1 1 1111 1 1
1111 1 1 1111 1 1 1111 1 1
0 0 0 0 00 T 000 00 T 1 00 0 0
00 0000 1000 0 0 1100 00
1111 1 1 1111 1 1 1111 1 1

L1 1 1 1 1 1] L1 1 1 1 1 1. L1 11 1 1 1]

ee, (1) = 46 exy (1) = 50 eny (1) =44

Theorem 4.8 For even m, n with m > 4, n > 10 and m < 2n, there is a friendly
labeling g of Cy, x P, such that ey(1) =i for each i € [m + 9, m + 30].

Proof: We will introduce a procedure as follows.
Procedure H: If m = 4, then the initial labeling is (5; if m > 6, then the initial
labeling is m,,_4.

Step 1: Swap the labels of u, ,—2 and w, ,—3 with those of u,_33 and 34, re-
spectively, and let ¢; be the new labeling.

Step 2: Swap the labels of wy,_3, and u;,_3,_3, denote the labeling by ¢,.
Step 3: Swap the labels of uy,_3,_2 and u,_23, denote the labeling by ¢s.
Step 4: Swap the labels of uy,_3,_3 and u,_24, denote the labeling by ¢,.
Step 5: Swap the labels of u,_2,_1 and u,_13, denote the labeling by ¢s.
Step 6: Swap the labels of wy,_2,_3 and u,_14, denote the labeling by ¢s.

Step 7: Swap the labels of w,_1,-1 and u,,_1,4, denote the labeling by ¢7.

Based on the labeling ¢;. Swap the labels of w,,_3,,—2 and t, ,—2, denote the labeling
by ¢s. Based on the labeling ¢g. Swap the labels of w,,_1 ,—2 and y, ,—1; swap the
labels of wy,  and um,_1x with those of u,, 3 and w,, 4, respectively, denote the labeling
by ¢g.

By Lemma 3.1 or 3.2 we have ey, (1) = m+32, e4,(1) = m+29, ey, (1) = m+27,
eps(1) = m+23, ey, (1) =m+19, e4,(1) = m+13, ey, (1) = m=+15, ey (1) = m+30,
e4s(1) = m+ 9. Applying Lemmas 3.11, 3.7, 3.8, 3.9 and 3.10 to ¢y, ¢2, ¢4, ¢5 and
¢g, respectively, and combining with ¢7, ¢g and ¢y, there is a friendly labeling g such
that e,(1) = ¢ for ¢ € [m + 9, m + 30]. O

Theorem 4.9 For even m with 6 < m < 16, there is a friendly labeling g of C,,, X Py
such that ey(1) =i for each i € [m + 8,15m — 8§].
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Proof: We apply Procedure C to Procedure G. In this case 0,0 = ano = fmax-
Applying Lemma 3.2 or Lemma 3.1 we have e, (1) = 15m — 6 — 6z for 0 <z <
er,(1) =12m—6—afor 1 <z < 25 e (1) =282 —6—62for 1 <z <
eo,(1) =252 —6—bxfor 1 <o <Z—2e (1)=6m+4—6zforl<az<%Z-—2
en(l) =3m+22; e,,(1) =3m+24 -2z for 2 <z <m-—25; e, ,(1) =m+ 30.
After that we apply Procedure H. Applying Lemma 3.2 or Lemma 3.1 we have
ep (1) = m+26; ey, (1) = m +21; e4,(1) =m + 17 and ey (1) = m + 11. Applying
Lemma 4.6 to 7., Yz, Ca, 0, & and Lemmas 3.11, 3.7, 3.8 and 3.10 to ¢1, ¢2, ¢4 and
¢, respectively, we get a friendly labeling g such that e (1) = i for i € [m+8, 15m—8§].

O

polEIE

Theorem 4.10 For even m with 4 < m < 12, there is a friendly labeling g of
Cr, X P such that eg(1) =i for each i € [m+ 8,11m — 4].

Proof: Based on the labeling fin.x. We swap the labels of w,, 5 and u,, 4. Let this
labeling be 7. Then e, (1) = 11m — 6. Applying Lemma 3.3 and Lemma 3.5 to fiax
and v respectively, there is a friendly labeling g of C,, x P such that e, (1) = 4 for
each i € [11m — 13, 11m — 4]. We still write m = 2h.

Based on the labeling «y for a fixed  with 1 < x < h, swap the label of ug;_; 1 with
that of ug;_1 9 forall 1 <4 <z, where ug;_1 ; is adjacent to three 1-vertices, and ug;_1 2
is adjacent to four O-vertices. Let ¢, be the new labeling. Then e¢, (1) = 11m—6—>5z.
Lemma 3.5, there is a friendly labeling g of C,, x P such that e,(1) = ¢ for each
i€ [H¥®—13,11m —13].

When m > 6. Then we perform Procedures E and F described in the proof of
Theorem 4.7 to get 0, and &, for 1 < z < h — 2. Now based on &, ,, for a fixed
x with 1 < z < 2h — 4, swap the labels of ;4 and wu;s for each 1 < 7 < z. Let
7, be the new labeling. Then ey, (1) = 2% — 6 — 5z, and eg, (1) = 6m + 4 — 6z for
1<z<h—2e.,(1)=3m+20—2z for 2 <z <2h—4. By Lemma 3.5, there is a
friendly labeling g of C,,, x P such that e4(1) = ¢ for each i € [m + 21, ”Tm —13]. If
m = 4, then skip these procedures.

If m > 6, then the current labeling is mo,_4; if m = 4, then the current labeling
is (5. Perform the following steps:

Step 1: swap the labels of u,, 4 and u,, 3 with those of u,,_3 2 and u,,_s 2, respectively,
and let ¢; be the new labeling.

Step 2: swap the labels of u,,_3¢ and u,,_1 2 and let ¢, be the new labeling.
Step 3: swap the labels of u,,_34 and u,, 3 and let ¢3 be the new labeling.
Step 4: swap the labels of u,, 5 and wu,, 2 and let ¢4 be the new labeling.

Step 5: swap the labels of u,,_25 and u,, 3 and let ¢5 be the new labeling.

When m > 6. We have e4,(1) = m + 24, e4,(1) = m + 21, ey, (1) = m + 19,
€ps(1) = m + 15, e4,(1) = m + 11. By applying Lemmas 3.11, 3.7, 3.8 and 3.9 to
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01, @2, ¢4 and @5 respectively, there is a friendly labeling g of C,, x Ps such that
eg(1) =i for each i € [m+ 8,m + 21].

When m = 4. We have ey, (1) = 26, e4,(1) = 23, e4,(1) = 23 and ey, (1) = 17. By
applying Lemmas 3.11, 3.7 and 3.8 to ¢1, ¢2 and ¢, respectively, there is a friendly
labeling g of C,, x Ps such that e,(1) =i for each i € [12,23].

Hence we have the theorem. O

Theorem 4.11 For even m, 4 < m < 8, there is a friendly labeling g of Cp, X Py
such that ey(1) =i for each i € [m + 5, Tm — 4].

Proof: Based on fax, we swap the labels of w,, 3 and ., s. Let this labeling be .
Then ey, (1) = Tm and e,(1) = 7m — 6. Applying Lemma 3.5, there is a friendly
labeling g of C,, x Py such that ey(1) = 4 for each i € [Tm — 13,7m — 4]. We still
write m = 2h.

For m > 6, using v as the initial labeling we perform Procedures E and F de-
scribed in the proof of Theorem 4.7 to get 6, and &, for 1 < x < h — 2. Then
ep, (1) = Tm—6—06x, and e¢, (1) = 4m+6—6z for 1 <z < h—2. By Lemma 3.5, there
is a friendly labeling g of C,, x Py such that e4(1) = ¢ for each ¢ € [m+ 11, 7m — 14].
If m = 4, then skip these procedures.

If m > 6, then the current labeling is &,_o; if m = 4, then the current labeling
is v. Swap the labels of w,,_34 and u,_31. Let the new labeling be 1;. Then
e (1) =m+12. By Lemma 3.6, there exists a friendly labeling g such that ey(1) =4
for each i € [m + 5,m + 10] \ {m + 7}. Swap the labels of u,,_23 and w,,_g from
m to get the new labeling 7,. Then e,,(1) = m + 6. By Lemma 3.4, there exists a
friendly labeling g such that e,(1) = m + 7. Hence we obtain the theorem. O

Combining with Theorems 1.2, 1.3, 4.3, 4.8, 4.7 and Remark 4.1, we have The-
orem 4.1 for n > 10. Combining with Theorems 1.2, 1.3, 4.2, 4.3 and 4.9, we have
Theorem 4.1 for n = 8. Combining with Theorems 1.2, 1.3, 4.3 and 4.10, we have
Theorem 4.1 for n = 6. Combining with Theorems 1.2, 1.3, 4.4 and 4.11, we have
Theorem 4.1 for n = 4.

Lemma 4.1 For even n, there is a friendly labelings f and g of Ca, X P, such that
er(1) =2n+2 and e4(1) = 2n + 3.

Proof: Following are the required labelings f and g:

column column
1ton—1| n n+1|n+2t02n 1t0n—1| n n+1‘n+2t02n
1 1 0 1
0 1 1 1
0" 10 :
0 1 0 1
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Lemma 4.2 For even n, there is a friendly labeling f of Con_o X P, such that
es(1) =2n.

Proof: Let
0 f1<i<n-1,1<j<mn
fluiz) = . . )
1 ifn<i<2n—-2,1<j<n.
It is easy to see that e;(1) = 2n. O

By Lemmas 4.1 and 4.2 we have the following two theorems.

Theorem 4.12 For even n > 4 and m = 2n,

FFI(Cyy x P,) = {—4n* +2n +2i | i € [2n +2,4n* — 2n — 4] U {2n,4n* — 2n}}.

Theorem 4.13 For even n > 4 and m = 2n — 2,
FFI(C27172 X Pn) -

{—4n®4+6n—2+42i|i € 2n+2,4n* —6n —2]U{2n —2,2n, 4n> —6n+ 2} }.

We can determine full friendly index sets of C,, X P, for other cases by similar
algorithms. The reader is referred to [13] for details. The results are as follows.
The full friendly index set of Cp, x P, is

{=2mn+m+2i|iec2n+2,2mn—m—4U{2n,2mn —m}}

form >2n 42 and m,n are even;
{—2mn+m+2i|ie[m+4,2mn—m—4U{m+2,2mn—m}}

form <2n —2, m is even and n is odd;
{=2mn+m+2i|i€c2n+2,2mn—m—4U{2n,2mn —m}}

form > 2n and m is even and n is odd;
{=2mn+m+2i|ie[m+4,2mn—m—n]U{m}}

form <2n —3, m is odd and n is even;
{=2mn+m+2i|ie[m+22mn—m—n]U{m}}

form =2n—1 and n is even;
{—2mn+m+2i|ie2n,2mn—m —n]}

form >2n+1 and m is odd and n is even;
{=2mn+m+2i|ie[m+4,2mn—m—n]U{m+2}}

form <2n —3 and m,n are odd;
{=2mn+m+2i|iec2n+1,2mn—m—n]}

form >2n —1 and m,n are odd.
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