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Abstract

Corradi and Hajnal [Acta Math. Acad. Sci. Hungar. 14 (1963), 423-439]
showed that if G is a graph of order at least 3k with minimum degree
at least 2k then G contains k disjoint cycles. In this paper, we extend
this result to disjoint cycles of length at least 4. We prove that if G is
a graph of order at least 4k with £ > 2 and the minimum degree of G
is at least 2k then with three easily recognized exceptions, G contains
k disjoint cycles of length at least 4. We propose two conjectures for a
graph to contain k disjoint cycles of length at least s for each s > 5.

1 Introduction

Several graphs are said to be disjoint if no two of them have any common vertex.
Corradi and Hajnal [2] investigated the maximum number of disjoint cycles in a
graph. They proved that if G is a graph of order at least 3k with minimum degree
at least 2k, then G contains k disjoint cycles. Erdés and Faudree [5] conjectured
that if G is a graph of order 4k with minimum degree at least 2k, then G contains
k disjoint cycles of length 4. In [8], we confirmed this conjecture. In this paper, we
show that if a graph G of order n > 4k with k£ > 2 has minimum degree at least 2k
then with three easily recognized exceptions, G contains k disjoint cycles of length
at least 4. Motivated by this work, we propose two conjectures. We list these two
conjectures before stating our main theorem as follows:

Conjecture 1. Let d and k be two positive integers with k > 2. If G is a graph of
order at least (2d + 1)k and the minimum degree of G is at least (d + 1)k then G
contains k disjoint cycles of length at least 2d 4 1.

Conjecture 2. Let d and k be two positive integers with k > 3 and d > 3. Let
G be a graph of order n > 2dk with minimum degree at least dk. Then G contains
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k disjoint cycles of length at least 2d, unless k is odd and n = 2dk + r for some
1<r<2d-2.

El-Zahar [3] conjectured that if G is a graph of order n = ny +ng + - - - + ny, with
n; > 3 (1 <4 < k) and the minimum degree of G is at least [n;/2] + [ng/2] +--- +
[nk/2], then G contains k disjoint cycles of lengths ni,ng, ..., ng, respectively. In
Conjecture 1, if G has order (2d+ 1)k then the conjecture reduces to the special case
of El-Zahar’s conjecture where n; = 2d+1 for all 1 < ¢ < k. Similarly, if G has order
2dk in Conjecture 2, then the conjecture reduces to the special case of El-Zahar’s
conjecture where n; = 2d for all 1 < ¢ < k. To see the necessity of n # 2dk + r for
1 <r <2d— 2 in Conjecture 2, we observe the disjoint union Kag+gir, U Kogrtdrr,
with 0 <7y <1y <d—1and ry # 0. Clearly, the minimum degree of this graph
is at least 2dt +d +r; — 1 = dk + r; — 1 and each of Kygiqir, and Kogrygir, does
not contain ¢ + 1 disjoint cycles of length at least 2d. Therefore if & = 2t 4+ 1 then
Kogtvarr, UKogryarr, does not contain k disjoint cycles of length at least 2d. If ry # 0
then this graph has minimum degree at least dk. If 7, = 0, we choose a fixed vertex
from Kogtiair, and join this vertex to every vertex of Kogiq. The resulting graph
has minimum degree 2dt + d = dk and still does not contain k disjoint cycles of
length at least 2d.

To state our result, we define exceptional graphs as follows. First, We say that
a cycle is a feasible cycle if its order is at least 4. If G is a graph and X and Y are
two disjoint subgraphs of G or two subsets of V(G), we use e(X,Y’) to denote the
number of edges of G between X and Y.

For each odd integer k > 3, we let 'y be a set of graphs such that a graph
G belongs to I'y if and only if G contains two disjoint complete subgraphs G; and
G4 such that V(G) = V(G1 U Gq), |V(G1)| = 2k + 1 and 2k < |V(G2)| < 2k +
1. Moreover, if |V(Gs)| = 2k + 1 then e(G1,G2) < 1 and if |V(Gs)| = 2k then
e(G1,G2) = 2k and G has a vertex x adjacent to every vertex of G5. Clearly, each
of G4 and G> contain at most (k — 1)/2 disjoint feasible cycles and therefore G does
not contain k disjoint feasible cycles.

For each integer £ > 2 and each odd integer n > 4k+1, let ¥, be a set of graphs
such that a graph G belongs to X, if and only if G has order n and there exists
a partition V(G) = V; U V4 such that |Vi| =2k — 1, |Vo| =n -2k + 1, e(V},V3) =
(2k — 1)(n — 2k + 1) and the subgraph induced by V; consists of (n — 2k + 1)/2
independent edges. Clearly, each feasible cycle of G' contains at least two vertices of
V1 and therefore G does not contain k disjoint feasible cycles.

Let Fy be a 4-regular graph of order 9 with V(Fy) = {a1, as, as, as }U{x1, x2, x3, 24,
x5} such that {z1a1, z109, Toas3, Toay, Taas, x4as, 501, x504} C E(Fy) and ajasa3aqaq,
T1Tox3xy and x3r4rsx3 are three cycles of Fjy.

Main Theorem Let k and n be two integers with k > 2 and n > 4k. If G is a
graph of order n > 4k and the minimum degree of G is at least 2k, then G contains
k disjoint cycles of length at least 4 if and only if G 2 Fy and G ¢ 'y U Xy ,,.
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1.1 Terminology and Notation

Let G be a graph. Let H be a subgraph of G or a subset of V(&) or a sequence of
distinct vertices of G. Let u € V(G). We define N(u, H) to be the set of neighbors of
u contained in H, and let e(u, H) = |N(u, H)|. Clearly, N(u,G) = N(u) and e(u, G)
is the degree of v in G. If X is a subgraph of G or a subset of V(G) or a sequence of
distinct vertices of G, we define N(X, H) = U,N(u, H) and e(X,H) = >, e(u, H)
where u runs over all the vertices in X. Let each of Xy, X5, ..., X, be a subgraph of
G or a subset of V(G). We use [X1, Xo, ..., X,] to denote the subgraph of G induced
by the set of all the vertices that belong to at least one of X1, Xs,..., X,. For each
integer ¢ > 3, we use C; to denote a cycle of length i and C; to denote a cycle of
length at leat <. Use P; to denote a path of order j for all integers j > 1. For a cycle
C of G, a chord of C is an edge of G — E(C') which joins two vertices of C', and we
use 7(C) to denote the number of chords of C' in G. The length of C' is denoted by
[(C). For each integer k > 3, a k-cycle is a cycle of length k.

If S is a set of subgraphs of G, we write G O S. For an integer £ > 1 and a graph
G', we use kG’ to denote a set of k disjoint graphs isomorphic to G'. If G; and G, are
two graphs, we use G; WG to denote a set of two disjoint graphs, one isomorphic to Gy
and the other isomorphic to G5. For two graphs H; and H,, the union of Hy and Hs is
still denoted by HyUHs as usual, that is, HiUH, = (V(H,)UV (Hs), E(H,)UE(Hy)).
Let each of Y and Z be a subgraph of G, or a subset of V(G), or a sequence of distinct
vertices of G. If Y and Z do not have any common vertices, we define E(Y, Z) to
be the set of all the edges of G between Y and Z. Clearly, e(Y,2) = |E(Y, Z)|. If
C = x129 ... 2,21 is a cycle, then the operations on the subscripts of the x;’s will be
taken by modulo r in {1,2,...,r}.

If we write a graph G as a sequence xixs...x; of its vertices, it means that
V(G) = {x1,22,...,2;} and E(G) = {z;241]1 <i <1 —1}. Note that the sequence
may have repeated vertices. We use F' to denote a graph of order 5 such that
F = x311190730475. We use B, to denote a graph of order n > 5 and size n + 1
with a hamiltonian path, say wjus ... u,, such that {ujus, u, ou,} C E, ie., B, =
U3ULUS - . . Uy_2Up_1UnU,_o. If B is a graph isomorphic to B, for some n > 5, we use
B* to denote the set of the four vertices of degree 2 in B which are contained in the
two triangles of B. We use C} to denote a graph of order 4 with exactly five edges.

If o = (Ly,...,Ls) is a sequence of cycles of G, we define V(o) = Ui,V (L;)
and 7(o) = >_i_, 7(L;). Let {H,Q1,...,Q:} be a set of ¢ + 1 disjoint subgraphs
of G such that Q; = Cy for i = 1,...,t. We say that {H,Q1,...,Q;} is optimal
if [H,Q1,...,Q;] does not contain ¢ + 1 disjoint subgraphs H’', @, ..., Q; such that
H' = H,Q;=Cy(1<i<t)and Yp_, 7(Q) > X, 7(Q)-

Let @ be a 4-cycle and H a subgraph of order 4 in G. We write H > @ if H has
a 4-cycle @’ such that 7(Q’) > 7(Q). Moreover, if 7(Q") > 7(Q), we write H > Q.
If d € V(Q), we use d* to denote the vertex of Q) with dd* & E(Q).

Let @ be a 4-cycle of G and v € V(Q). Let z € V(G) — V(Q). We write
x — (Q,u) if [Q —u+ x] 2 Cy. In this case, we say that u is replaceable by z in Q.
Moreover, if [Q — u + 2] > Q then we write © = (Q, u) and if [Q — u + z] > @ then
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we write z > (Q,u). In addition, if it does not hold that z % (Q,u) then we write
% (Q,u). Clearly, z = (Q,u) when z % (Q,u). If x — (Q,u) for all u € V(Q)
then we write + — . Similarly, we define x = @. Note that if e(x, Q) = 3 then
x — @ if and only if dd* € E where d € V(Q) with zd & E.

Let P be a path of order at least 2 or a sequence of distinct vertices of length at
least 2 in G — V(Q + ). Let X be a subset of V(G) — V(Q + x) with | X]| > 2. We
write x — (Q,u; P) if 2 — (Q,u) and u is adjacent to the two end vertices of P. In
this case, if P is a path of order 3, then [z, @, P] 2 2Cy. We write z — (Q,u; X) if
x — (Q,u;yz) for some {y, z} C X withy # 2. We writex — (Q; P) if x — (Q, u; P)
for some u € V(Q). Similarly, we define z — (Q; X).

2 Lemmas

Let G = (V, E) be a graph. We will use the following lemmas. Lemmas 2.7, 2.10 and
2.11 are already proved in [7] which play important role in this paper. As defined in
the introduction, a feasible cycle is a cycle of order at least 4.

Lemma 2.1 The following two statements hold:

(a) If L is a cycle of order p > 5 and v € V(G) — V(L) such that e(v, L) > 2,
then either [L + v] contains a feasible cycle C with [(C) < p, or e(v,L) =2 and v is
adjacent to two consecutive vertices of L.

(b) If P is a path of order p > 4 and u € V(G) — V(P) such that e(u, P) > 3,
then for some endvertex z of P, [P+u— z] contains a feasible cycle C with [(C) < p.
Moreover, if p > 5 and [P + u] does not contain a feasible cycle of length less than
p, then there exists a labelling P = 2125 . .. 2, such that N(u, P) = {21, 22, 2, }.

Proof. The statement (a) is an easy observation. We prove (b) as follows. Say
P =2z2z...2. Asp >4 and e(u, P) > 3, we readily see that [P + u — z] contains
a feasible cycle C' with [(C) < p for some endvertex z of P. So for the proof of (b),
we may assume that e(u, P) = 3 with {z1,2,} € N(u). Then we readily see that
if p > 5 and [P + u] does not contain a feasible cycle of length less than p, then
e(u, z22p-1) = 1. So (b) holds. 1

Lemma 2.2 Suppose that C is a 4-cycle of G and x € V(G) — V(C) such that
e(x,C) > 3. Then either x — C or there exists v € V(C) such that zv ¢ E and
r 5 (Cw).

Proof. Say C' = vivguzvgvy with e(z,C —vy) = 3. If 2vy € E or vyvy € E then
x — C. Otherwise zv, ¢ F and vyvy ¢ F and so x = (C,vy). ]

Lemma 2.3 Suppose that x and y are two distinct vertices in G and C' is a 4-cycle
of G—{z,y} with e(zy,C) > 5. Then there ezists a vertex u € V(C) such that either
z— (C,u) anduy € E ory = (C,u) and ux € E.
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Proof. If e(z,C) = 4 or e(y,C) = 4, the lemma obviously holds. So assume that
e(z,C) < 3 and e(y,C) < 3. Say C' = wjuguguquy. For the proof, we assume
that @ 4 (C,u;) for each u; € V(C) with u;y € E. Then x 4 C. Suppose that
e(z,C) = 3. Say without loss of generality e(x,ujusus) = 3. Then usuy ¢ E
as ¢ 4 C. Moreover, we see that e(y,uguy) = 0 since x — (C,u;) for i = 2,4.
Thus e(y, ujuz) = 2 and so y = (C,us2) with ugzr € E. Hence the lemma holds.
If e(x,C) < 3 then e(x,C) = 2 and e(y,C) = 3. Say without loss of generality
e(y,urugus) = 3. Then x A (C,up) and so e(z,uyuz) < 1. If zuy € E then the
lemma holds as y = (C,uy). So assume zuy ¢ E. Thus e(z,uyus) = 1 and zuy € E.
Say without loss of generality zu; € E. Then usuy ¢ E for otherwise z — (C, u3)
with ugy € E. Thus y = (C,uy) with usx € E. 1

Lemma 2.4 Let S be a subgraph of order 4 with V(S) = {xg, x1, 2,23} and E(S) =
{zow1, ToT2, Tow3} and C a 4-cycle in G with V(C) NV (S) = 0. Suppose that
e(r1maxs, C) > 7. Then either [S,C] D 2C, or there exists {i,j} C {1,2,3} with
i#j andv € V(C) such that z; = (C,v) and vz; € E.

Proof. Assume that the latter conclusion does not hold. We shall prove that [S, C] 2
2Cy. As e(xix9mws, C') > 7, we may assume without loss of generality e(zq,C) > 3.
Say C' = vjv9v3v4vy with e(z1,v1v9v3) = 3. If e(x1,C) = 4 or e(vy, xaw3) > 1, we see
that z; = (C,v) and vz; € E for some v € V(C) and j € {2,3}, a contradiction.
Hence e(vy, z12223) = 0 and so e(z2x3, vivgus) > 4. If vovy & E then 21 = (C,v9)
and so e(vg, zoxs) = 0. Thus e(xg,viv3) = 2 and consequently, zo = (C,ve) and
vewy € E, a contradiction. Hence vquys € E. Therefore 1 — (C;xazorxs), ie.,

Lemma 2.5 Let p and q be two integers with p > q >4 andp > 5. Let C and L be
two disjoint cycles of G with [(C) = q, and (L) = p. If e(L,C) > 2p+ 1 then one
of the following two statements holds:

(a) p=">5 and g = 4;

(b) [C, L] contains two disjoint feasible cycles C' and L' such that if ¢ = 4 then
I(C) =4 and (L") < p, and if ¢ > 4 then either I(C') + (L") = q + p with
(O <qorl(C)+ (L) <qg+p.

Proof. Say C = ajas...a.a; and L = zy25 ... zpz; with e(zq, C) > e(z;, C) for all
z; € V(L). As e(L,C) > 2p+1, e(xy,C) > 3. For a contradiction, we may assume
that neither of (a) and (b) holds.

First, suppose that ¢ = 4. Then p > 6. As e(z1,C) > 3, 1 — (C,q;) for
some a; € V(C). As (b) does not hold, [L — z; + a;] does not have a feasible
cycle of order < p — 1. By Lemma 2.1(b), e(a;, L — z1) < 2. If 2y — C, then we
would have e(a;, L — x1) < 2 for all a; € V(C). Consequently, e(C, L) < 12. But
e(C,L) > 2p+1 > 13, a contradiction. Hence z; 4 C and so e(z1,C) = 3. Say
e(x1,aaza3) = 3. Then z; — (C, a;) and so e(a;, L—x1) < 2 foreachi € {2,4}. Thus
e(ajas, L—x1) > 13—3—4 = 6. Suppose e(ay, L) > 5. Then [L—2z; —x;+a,] contains
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a feasible cycle of order < p — 1 for each j € {2, p}. Thus [as, as, a4, z1,2;] 2 Cy for
each j € {2,p} since (b) does not hold. This implies that e(zox,, asasas) = 0 and
so e(z;,C) < 1 for j € {2,p}. This argument implies that for each z; € V(L), if
e(x;, C) = 3 then e(z;41,C) < 1 and e(z;-1,C) < 1. It follows that e(C, L) < 2p,
a contradiction. Hence e(aj, L) < 4. Similarly, e(ag, L) < 4. It follows that p = 6,
e(ar, L—x1) = e(as, L —x1) = 3 and e(ag, L — 1) = e(aq, L — 1) = 2. Suppose that
e(a1as, Tax6) > 0. Say without loss of generality a1z € E. Then [x1, 3, a1, as] 2 Cy.
Then [a3, a4, T3, T4, T5, Tg] does not contain a feasible cycle of length < 6. This implies
that e(azas, T3x4w526) < 2 and so e(azas, L — z1) < 4, a contradiction. Hence
e(aras, x3x4ws5) = 6. As e(agaq, L — 1) = 4, we readily see that [C, L] D 2Cy, a
contradiction.

Therefore ¢ > 5. If either e(z;,C') > 5 or N(x1) does not contain two consecutive
vertices of C, then we readily see that [C' — a; — a;41, 21] contains a feasible cycle
of order at most < ¢ — 1 for all i € {1,...,¢q}. Then [L — 21, a;,a;11] does not
contain a feasible cycle of order at most p since (b) does not hold. This implies that
e(a;aip1, L —x) < 2foralli e {1,...,q}. Consequently, 2¢(C, L — x1) < 2q and so
e(C,L) < 2q < 2p+ 1, a contradiction. Therefore e(z1,C) < 4 and N(z;) contains
two consecutive vertices. Hence e(z;, C') < 4 for all z; € V(L). Similarly, we see, by
exchanging the roles of C' and L in this argument, that e(a;, L) < 4 for all a; € V/(C).
Say without loss of generality {a1,as} C N(z1).

We claim that e(xz;,C) = 3. If this is false, then e(z;,C) = 4. If all the four
vertices of N(xz1,C') are consecutive on C, say without loss of generality N(z1,C) =
{a1,as, a3, as}, then each of [z1, a1, as,asl, [az,as,as, z1] and [C — ay — a3, x1] con-
tains a feasible cycle of order < ¢ — 1. Thus each of [L — z1,a4,...,0a,], [L —
T1, a5, . .., 0q,a1] and [L — x1, ag, as] does not contain a feasible cycle since (b) does
not hold. It follows that e(as...aq, L — z1) < 2, e(as...aqa1,L — 1) < 2 and
e(agas, L — x1) < 2. This yields that e(C,L — x1) < 6 and so e(C,L) < 10 <
2p + 1, a contradiction. If exactly three vertices of N(z1,C) are consecutive on
C, say N(z1,C) = {a1,a9,as3,a;} with 5 <t < ¢ — 1, then each of [z1, a1, a9, ag),
[1,a3,...,4] and [z1, Gy, . . ., a4, a1] contains a feasible cycle of order < g — 1. Thus
each of [L —xy,ay,...,ay, [L — 1,41, . .., g, a1, 0] and [L — 21, a9, ..., a;_q] does
not contain a feasible cycle. As above, this yields that e(C,L) < 10 < 2p+ 1, a
contradiction. Hence N(zy,C) = {ay, as,ag,a;} with 4 < k <t < ¢g— 1. Then each
of [z1,as,...,ax) and [x1,ay,. .., a4, a1] contains a feasible cycle of order < ¢ —1. As
above, we would have that e(agiq...a4a1, L —21) < 2 and e(ag...ap, L —21) <2
and so e¢(C, L) <2+2+4 =8, a contradiction.

Therefore e(z1,C') = 3. Note that this argument shows that if ¢ = p then we
would also have e(a;, L) < 3 for all a; € V(C). Say xjar € E with 3 < k < g.
Say without loss of generality k # ¢. If k # 3, then each of [a1,z1, ay, ..., a,] and
[1, a2, ..., a] contains a feasible cycle of order < g— 1. As above, we shall have that
e(as...ax—1, L —x1) <2 and e(ags - .. aqa1, L — 1) < 2. It follows that e(ay, L) >
2p+1—2—2—22> 5 a contradiction since e(a;, L) < 4 for all a; € V(C'). Therefore
k = 3. Then [z1, a1, as,a3] D Cy. Thus [L — 21, ay, ..., a,] does not contain a feasible
cycle and so e(ay . .. aq, L—x1) < 2. It follows that e(ajazas, L) > 2p+1—2 = 2p—1.
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As e(ajasasz, L) < 12, we obtain p < 6. Suppose that p = ¢q. Then similarly, we
have e(a;, L) < 3 for all a; € V(C) and so 2p — 1 < 9. Consequently, p = 5,
e(a;, L) = 3 for i € {1,2,3} and e(asas, L) = 2. Similarly, N(a;, L) must contain
three consecutive vertices on L for ¢ € {1,2,3}. Say without loss of generality
e(ayg, L) > 1. Then there exists a labelling L = y192y3y4ysy1 such that {a4y1, asy2} C
E. Thus [ay4,a3,y1,%2] 2 Cy and so [ay, az,ys, Ys,ys] does not contain a feasible
cycle. This implies that e(ajaz, ysysys) < 2. It follows that e(ajaz, y1y2) = 4. Thus
e(y1,C) = e(y2,C) = 3. Hence azy; ¢ E. It follows that e(as, y2y3ys) = 3. Thus
[y1,a1,a5,a4] 2 Cy and [a3, Y2, ys,y4] 2 Cy, a contradiction. Hence p > ¢. Thus
p =6 and ¢ = 5. Then e(ajazas, L) > 11. As [C — ag,x1] 2 Cs, [L — 21, as] does
not contain a feasible cycle of order < 5. By Lemma 2.1(b), e(az, L —x1) < 2 and so
e(ag, L) < 3. It follows that e(ay, L) = e(as, L) = 4, e(az, L) = 3 and e(agas, L) = 2.
Label L = y1y2y3y4ysysy1 such that {y1,y3} C N(ay). Thus [a1, y1,92,y3] 2 C4 and
S0 [a2, as, Ya, Ys, Y] does not contain a feasible cycle. Therefore e(asas, yaysys) < 2
and so e(asas, y1y2y3) > 5. If e(asas, yaysys) > 1, we may assume without loss of
generality that e(aqas, yays) > 1. Then [a1,ys, Ya, Us, a4, as] contains a feasible cycle
and [ag, ag, y1, Y] 2 C4, a contradiction. Hence e(asas, y1y2y3) = 2. As e(y;, C) < 3
for i = 1,2,3, It follows that e(ai, y1y2y3) = 2 and e(asgas, y1y2y3) = 5. Therefore
e(azas, Ysysys) = 2 and e(ar, ysysys) = 2. Then e(ay, ysys) > 1. Say without loss
of generality a1ys € E. Then [a1,y1,Ys, Y5, Y1) 2 Cs and [a2, a3, Y2, y3] 2 Ciy, a
contradiction. ]

Lemma 2.6 Let C' and B be two disjoint subgraphs of G such that C = Cy and B =
By, with t > 5. Suppose that [C, B] does not contain a 4-cycle C" such that 7(C") >
7(C) and [C, B]=V(C") D B, for somer > 5. Ife(B*,C) > 8 and [C, B] 2 C4¥C5,,
then there exist two labellings C' = ajasazasa, and B = X3T1T2T3 . .. Ty 0Ty 10Ty 2
such that e({xy, 2, 2,1, 2, },C) = 8 and one of the following nine statements holds:

19 ¢t =5 and N(z;,C) = {ay,a3} for alli € {1,2,4,5};

30

(1°)
(2°) t =5 and N(x;,C) = {a1,as} for alli € {1,2,4,5};
(3") e(z122,C) = 8 and e(x;_1xy, C) = 0;

(4°)

40 ={a1,a,a3}, N(x3,C) = N(24_1,C) = {a1 },

X1,

T, {a1,a4,0a3}, aras € E, azay € E;

N(z1,C) =
Nz, C) =
(5%) N(z1,C) = {ay,as,as}, N(xy,C) = {ay, a3z}, e(x;_1,C) = 0,
N(z,C) =
N

T, {a1,a4,0a3}, aras € E, azas € E;

(6°)

X1, C) = {al7a47 a3} N(I27 C) - {al7a27 a3} 6((Et,1.l't7 a2a4) - 07

(a1, 121) = 1, e(as, wi—12¢) = 1, agaq € E;

{a2,a3}, N(wtfh C) = {ah a2};

@

)
N(z1,C) = {a1,as}, N(z2,0) =
N("Etv ) - {(13,(14} ( ) Oz
N

70) = {a17a4} N(ZL’27C) = {a’27a3}7 e(xt—hc) = 07 e(xl‘u C) = 47
=0;

(7)

(8°) N(z
C

<

(
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(9%) e(zy,C) =4, e(za,_1,C) =0, e(x;,C) = 4.

Moreover, if there exists a vertex v € V(G) — V(C) U B* U {x3,2,_2} such that
e(v,C) > 2 and G — V(C) U B* has a path P from v to a vertex of B — B*, then
either one of (1°) and (2°) holds, or [B,C, P] 2 Cy W Csy.

Proof. Say C = ajasazasa; and B = T301%2%3 ... % o 1T4T4_o. Set T) =
T1Zox3xy, Ty = T4_omy_1242_o and H = [C, B]. For the proof, suppose H 2 C4WC4.
This implies that z; /4 (C; B* — {x;}) for all z; € B*. We divide the proof into the
following three cases.

Case 1. e(a;, B*) = 4 for some a; € V(C).

Say e(ay, B*) = 4. Then [a1,T1] 2 Cy and [ay, 5] D Cy. Thus [a, as, aq, T;, Tit1]
2 Csy for ¢ = 1,¢ — 1. This implies that e(asasay, z;xiy1) < 2 fori = 1,t — 1. As
e(C, B*) > 8, it follows that e(asazay, T;x;11) = 2 for i = 1,¢ — 1. If e(a;, z122) = 2
for some ¢ € {2,3,4} then [q;,T] 2 C4 and so t = 5 for otherwise H D 2C}.
Consequently, e(a;, z;_17;) = 2 for otherwise H O Cy W Csy, and therefore (1°) or
(2%) holds. Hence we may assume that e(a;, T122) < 1 and similarly, e(a;, x;_12,) < 1
for ¢ = 2,3,4. Since [ag, a3, G4, T, Tiz1] B Csq for i = 1,¢ — 1, this yields that
e(x;, azazas) = 2 and e(x;, asazas) = 2 for some ¢ € {1,2} and j € {t — 1,t}. Say
without loss of generality ¢ = 1 and j =t. As z; /~ (C; B* — {;}) for all z; € B*,
it follows that e(x1,azaq) = 1, e(xy, azaq) = 1 and e(as, z12;) = 2. Say without loss
of generality zya4 € E. If 21a4 € E then [z1, a3, 2, a4) 2 Cy and so H D CyW sy, a
contradiction. Hence z1ay € E. As H 2 2Cy, xy /~ (C,a;) and so azay ¢ E. Clearly,
[#1, %2, a1,a2] 2 CF and [ag, as, T4, 241, %2 2 Bs. By the condition of the lemma,
7(C) > 1. Thus aja3 € E and so (4°) holds.

Case 2. e(a;, B*) = 3 for some a; € V(C).

Say e(ar,x1w22;) = 3. By Case 1, we may assume that e(a;, B*) < 3 for all
i€{2,3,4}. As[ay,T1] D Cy, [az, a3, aq, x4, 7] 2 Csq and so e(azasay, z—12;) < 2.
Thus e(z122, azazay) > 8 —3 — 2 = 3. If e(a;, v4_124) = 2 for some i € {2,3,4} then
[a;, T3] 2 Cy, e(z122,C —a;) > 3 and so [C' — a;, £172) D Cs4, a contradiction. Hence
e(a;, xi—1x) < 1forall i € {2,3,4}.

First, suppose that e(z:—1xt,a2a3a4) = 2. Because [ag, a3, a4, Ti—1,2t] 2 Csa,
e(x;, asazas) = 2 for some j € {t —1,t}. As z; A (C,a1; B* — {z;}), e(x;, asas4) <1
and asas ¢ E. Say without loss of generality e(z;, azas) = 2. As z; / (C,a1; B* —
{z;}) for i € {1,2}, e(x;,azaq) <1 fori € {1,2}. Thus e(as, z129) > 1. Say without
loss of generality z1a3 € E. Then asxe € E as x1 / (C, ay; B* —{x1}). Assume that
x1a4 € E. Then xoa3 € E as x5 4 (C, aq; B* — {22}), and consequently, zsas € E.
Then [21, %2, a1, as] 2 CF and [a3, ag, To] D Bs. Thus H O C W Bs and so 7(C) > 1.
Thus aja3 € F and so x3 — (C,aq; B* — {x2}), a contradiction. Hence zja4 & E.
Thus e(x172, azaz) > 3 and so e(ag, 2129) > 1. Then [x1, 72, a1, a5] 2 C; . As above,
7(C) > 1 and so ajaz € E. Thus e(ay, z122) < 1 as z; 4 (C,a9; B* — {z;}). Hence
x9a3 € E and e(ag,x1m9) = 1. Say without loss of generality asz; € E. Then
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[11, 29, a0, a3] D Cy. Thus [ay, a4, 21, 2] D Cy. This yields that j = ¢ and so (5°)
holds.

Next, suppose that e(z; 12, asazay) < 1. Then e(z122, agazas) > 8 —3 —1 =4.
As x; / (C;B* — {x;}) for i € {1,2}, e(x;,a0a4) < 1 for i € {1,2}. It fol-
lows that e(z;, azazay) = 2 for i € {1,2} with e(xy,azaq) = 1, e(xq,a2aq) = 1,
e(as, r122) = 2 and e(agazaq, 4 17;) = 1. Say without loss of generality z1a4 € E.
As z9 4 (C; B* — {x2}), e(as, x—12¢) = 0 and agay € E. Thus e(asas, z,12¢) = 1.
If z9as € E then similarly, e(as, z;_17;) = 0 and so (6°) holds. So assume that
xaay € E. Then [a4,T1] D Cy and so [a1, a2, a3, Ti—1,2:] 2 Cs4. This yields that
e(as, rr—1xt) = 0 and agxi—y & E. Thus agxy € E. Consequently, [21, 22, a3, as] 2 Ky
and [a1, ag, Ty, Ti—1, Te—2] 2 Bs. Thus H O BsW K, and so 7(C) = 2, a contradiction.

Case 3. e(a;, B*) =2 for all a; € V(C).

First, suppose that e(a;, z122) = 2 or e(a;, x,—12;) = 2 for some a; € V(C). Say
without loss of generality e(a, z122) = 2. Then [a1,T1] D Cy. Thus [ag, a3, a4, Tt—1, T4]
2 Csy4 and so e(agazaq, vi—1x¢) < 2. Therefore e(z1x9, azazaq) > 8 —2 —2 =4 and
so e(a,,x1wa) = 2 for some r € {2,3,4}. Then [r1,29,a1,a,] 2 Cy. As H 2 2Cy,
we obtain that e(a;,z,—12;) < 1 for each j € {2,3,4} with j # r. If r = 3 then
e(a;, x—1x;) = 0 for each i € {2,4} with e(a;, z122) > 1 because z, /A (C; B*—{z,})
for each p € {1,2}, and it follows that (3°) holds. Hence we may assume that
e(as, r172) < 1 and e(ag, x1m2) = 2. Then e(ajaz, xi—12:) = 0 and [ay, a2, 21, T2] =
Ky. Thus [ag, a4, T3] 2 Cy and so e(xy_12¢, azay) < 2. If e(xy_124, a3a4) < 1 then
e(r129,C) > 7, and since z; 4 (C; B* —{x;}) for i € {1,2}, it follows that (3°) holds.
Hence e(zy_124, azas) = 2. As [ag, ag, To] 2 Cy, this implies that e(z,, azas) = 2 for
some g € {t—1,t}. Thus [as, as, T»] D Bs. By the condition of the lemma, 7(C') = 2.
Thus z, — (C, ay; 122), a contradiction.

Therefore e(a;, x122) = 1 and e(a;, x—12;) = 1 for all a; € V(C). Assume that
e(xp, a;a;42) = 2 for some z, € B* and 7 € {1,2}. Say without loss of generality
that e(z, a1a3) = 2. As zy 4 (C,a5; B* — {}) for j € {2,4}, we must have that
e(xt, agas) = 2. Since x1 4 (C;x9xy), T2 7~ (C;x124) and e(z129,C) = 4, we see
that either (8°) or (9°) holds. Therefore we may assume that e(z,, a;a;42) # 2 for all
z, € B* and ¢ € {1,2}. Thus e(z,,C) =2 for all z, € B*. As z, / (C; B* — {z,})
for all z, € B*, it follows that (7°) holds. This proves that one of (1°) to (9°) holds.
To see the last statement of the lemma, we notice that [B,C, P] D C; W Cs4 as one
of (3%) to (9°) holds. ]

Lemma 2.7 (Lemma 2.8, [7]) Let Q and R be two disjoint cycles in G such that
Q=Cy R=ECs, e(Q,R) > 11, and {Q, R} is optimal. Suppose [Q U R] 2 2Cy.
Then there exist two labellings Q) = ajasazasa, and R = xixow3x4T511 Such that
e(z4xs,Q) =0, {a1,as,a3} C N(x;) for each i € {1,2,3}, and asay € E. Moreover,
if e(x2,Q) =4 then ajaz € E.

Lemma 2.8 (Lemma 2.6, [6]) Let C' be a 4-cycle and let P and R be two paths in
G with I(P) = l(R) = 1. Suppose that C, P and R are disjoint and e(PUR,C) > 9.
Then [C, P,R] D Cy ¥ Py.
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Lemma 2.9 Let C be a 4-cycle and P a path of order 5 in G such that C' and P
are disjoint, {C, P} is optimal, e(C,P) > 11 and [C,P] 2 2C,. Let u and v be the
two distinct endvertices of P. If e(uv,C) > 1, then [C, P] contains a 4-cycle C' such
that [C, P] — V(C") contains at least five edges.

Proof. Say C = ajasazasar, P = x1woxszaxs and H = [C, P]. Suppose that H does
not contain a 4-cycle C’ such that [C, P] — V(C") contains at least five edges. We
shall prove that e(zjxs, C')) = 0. We divide the proof into the following two cases.

Case 1. [@;, Ti11,a,a541] 2 Cy for some ¢ € {1,4} and j € {1,2,3,4}.

Say [x1, 22, a1, a2] 2 Cy. Then e([as, as, T3, x4, 25]) < 4. Thus e(azay, T3xaws) < 1
and so e(zzz4xs, C') < 7. If we also had that [z1, 22, ag, as] 2 Cj, then we would have
that e(z3x425, ara2) < 1 and so e(P, C) < 10, a contradiction. Hence [z1, z2, a3, as] 2
Cy and so e(xz122, agay) < 2. Thus e(x;x,C) < 6. Therefore

e(x3raxs, a1ag) > 11 — e(x3w425, agay) — e(z122,C) > 4.

Suppose that N(xzs) N N(z5) N {a1,a2} # 0. Say without loss of generality
{a123,a125} C E. Then ajrsryxsa; is a 4-cycle in H and so we must have that
e(z122, azazay) < 1, and so e(x1xs, C') < 3. Thus e(P,C) < 347 = 10, a contradic-
tion.

Therefore N(z3) N N(x5) N {ai,a2} = 0, and so e(asxs,ara2) < 2. Thus
e(zzzyxs, C) < 5. Ase(xixe,C) < 6, it follows that e(xzxyrs, azay) = 1, e(r3xs, ajas)
= 2, e(xy,a1a9) = 2, e(x112,a1a2) = 4 and e(x129,aza4) = 2. Then we see that
e(z1,azaq) = 0 for otherwise we readily see that H — x5 O 2Cy. Thus e(zq,C) = 4.
Then [x1, T2, a1, a4] 2 Cy and [21, T2, ag, as] 2 Cy. Consequently, e(asas, x3xszs) < 1
and e(aiaq, z324w5) < 1. Thus e(P,C) < 10, a contradiction.

Case 2. [@;, Tit1,a5,a541] 2 Cy for all i € {1,4} and j € {1,2,3,4}.

This implies that e(x122, C) < 4 and e(xyx5,C) < 4. Ase(P,C) > 11, e(z3,C) >
3. First, suppose that there exists ¢ € {1,5}, say ¢ = 1, such that N(z1,C) N
N(z3,C) # 0. Say {a1z1,a123} C E. Then e(z425, azazas) < 1, and so e(z4xs, C) <
3. As e(P,C) > 11, we obtain that e(z3,C) =4, e(z122,C) = 4 and e(xyz;5,C) = 3.
Thus we also have that {a;z3, @125} C E. By the symmetry, we see that e(z122,C) =
3, a contradiction.

Therefore N(z;,C) N N(z3,C) = 0 for each ¢ € {1,5}. Then e(z;,C) < 1 and
e(xs,C) < 1ase(rs,C) > 3. If e(zy,C) =1, then e(z3,C) = 3 and e(z2,C) < 2 as
[x1, 22, a;,a;41] 2 Cy for all i € {1,2,3,4}. Consequently, e(zyx5,C) > 11 —-6=25, a
contradiction. Hence e(z1,C") = 0, and similarly, e(z5, C') = 0. 1

A

Lemma 2.10 (Lemma 2.12, [7]) Let Q and Z be two disjoint subgraphs in G such
that Q = Cy and Z = F. Let u be the vertex of Z with degree 3. Suppose that
e(Q,Z —u) > 9, {Q, Z} is optimal, and [Q U Z] contains none of 2Cy, C4 W Cs and
CyW Bs. Then there exist two labellings QQ = ajaza3a4a; and Z = x3T1T2T3T4T5 Such
that N({z4,75},Q) C {a1,a3}, N(v1,Q) € {ar,as,a3}, N(z2,Q) € {a1,a9,a3},
asay ¢ E and e(z3,Q) = 0.
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Lemma 2.11 (Lemma 2.13, [7]) Let Q1, Q2 and Z be disjoint subgraphs in G such
that Q1 = Cy, Q2 = Cy, Z = F and {Q1,Qa, Z} is optimal. Let Q1 = araza3a4a1
and Z = x3ri1x9237425 e such that e(Q1,Z — x3) > 9, N(x1,Q1) C {a1,a4,a3},
N(zq,Q1) C {a1,a2,a3}, N{z4,z5},Q1) C {a1,as}, and e(Q2, Z + az + a4) > 15.
Suppose that [Q1 U Q2 U Z] contains none of 3Cy, 2C4 W C5 and 2C4 W Bs. Then
there exists a labelling Qo = bibabsbyby such that boby & E, e(b1,Z + as + a4) =
e(bs, Z+as+ay) =7, e(by, Z+az+aqg) =0, and N(bs, Z + as+ ay) = {a;} for some
i € {2,4} such that if i = 2 then axs € E and if i = 4 then ayxy € E.

3 Proof of the Main Theorem

Let G be a graph of order n > 4k with k£ > 2 and 6(G) > 2k. Suppose, for
a contradiction, that G does not contain k disjoint feasible cycles and G is not
isomorphic to Fy or any graph in ¥, UI'y. By the result of [8, Theorem B], n > 4k+1.
Let 7o be the largest integer such that G O rqCy. Let kg be the largest integer such
that G contains ko disjoint feasible cycles with rq of them being 4-cycles. Then
ko < k. A chain of G is a sequence (L1, ..., Ly,) of ky disjoint feasible cycles with rg
of them being 4-cycles such that

ko
Z [(L;) is minimal. (1)
i=1

For two chains (Ly,..., Ly,) and (L},..., L} ) in G, we write (Ly,..., Ly,) <
(LY, ..., Ly,) if there exists j € {1,...,ko} such that I(L;) = I(Lj) fori =1,...,j
and I(Ljy1) < {(L},,). We say that (Li,..., Ly,) is a minimal chain if for any chain
(LY, L)y (LYo Lyy) A (Lay .-+, L) Clearly, if (Ly,..., Ly,) is a minimal
chain then [(L;) =4 fori=1,...,19 and 5 < {(L,41) < --- < I(Ly,). We shall prove
the following three lemmas.

Lemma 3.1 If o' = (Jy,...,Jx,) is a minimal chain and x and y are two distinct
vertices of G — V(o) with e(zy,G — V(0')) < 3, then for some i € {1,...,ko},
e(zy, Ji) > 5, I(J;) =4 and [J;, x,y] contains a 4-cycle J! and a path =y’ of order 2
such that V(J)N{z",y'} =0 and [{z,y} N{2",y'}| = 1.

Proof. Clearly, e(zy, Ul J;) > 4k — 3 > 4ky + 1. Thus e(wy, J;) > 5 for some
i€{l,...,ko}. By (1) and Lemma 2.1(a), I(.J;) = 4. Then this lemma follows from
Lemma 2.3. ]

Lemma 3.2 Suppose that G does not contain a minimal chain o with G—V (o) D Ps.
Let o' = (Ji,...,Jx,) be a minimal chain in G such that G — V(o) D P, W Py =
{1y1y2, 212223} and e(y1y22123, Ufilji) > 8ko + 1. Then there exists a minimal chain
o such that 7(c") > 7(0') and either G — V(¢") D P, W Py or G —V(d”) 2 Py.

Proof. Say S = {y1,¥2,21,23}. Then e(S,J;) > 9 for some i € {1,...,ko}. By
(1) and Lemma 2.1(a), we see that I(J;) = 4. Say without loss of generality J; =
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J1 = b1b2b3b4b1. Let G' = [V(Jl) @] {yl,y2,Z1722,Z3}]. Then G’ 2 C4 (] P5. By the
minimality of ko, G’ 2 Cy & Csy.

To deduce a contradiction, we first assume that [y1, Y2, b;, bir1] 2 Cy for some i €
{1,2,3,4}. Say without loss of generality [y1,y2, b1, ba] 2 Cy. Then e(bsby, z125) =0
as G' 2 CyW P5. Thus e(z123, J1) < 4 and e(y1y2, J1) > 5. Say without loss of gener-
ality that e(yy, J1) > 3 and {by,b3} C N(y1). Then by & N(z;) N N(z3) for otherwise
G’ D 2C,. Thus e(z123, 1) < 3 and so e(y1ys, J1) > 6. This implies that there exist
two distinct edges b;b; 1 and by of Jy such that {y1b;, y2bji1, y1bi, y2bip1} C E.
Thus [y1,Y2,b;,b541] 2 Cy and [y1,ye, by, bi11] 2 Cs. Therefore e(z123,0j40bj13) =
e(z123, biabirs) = 0. Hence e(z23,J1) < 2. Consequently, e(y,yz2, J1) > 7. Then
[y1,y2,bi, bix1] D Cy for all i € {1,2,3,4} and it follows that G' O Cy W Ps, a contra-
diction.

Next, assume that [y1, y2, b;, bip1] 2 Cy for all i € {1,2,3,4}. Then e(y1y2, J1) <
4, and so e(z123, J1) > 5. Say without loss of generality by € N(z1) N N(z3). Then
e(y1y2,b2bs) =0 as G' 2 CyW Ps. If b; € N(z1) N N(z3) for some ¢ € {2,4}, then we
would also have that e(y;y2,b105) = 0 and so e(S, J;) < 8, a contradiction. Hence
N(z1) N N(z3) N {bg, by} = 0. It follows that {bs,bs} € N(z;) for each i € {1,3}
for otherwise e(b1,11y2) = 0 as G 2 Cy W Ps, and consequently e(z123, J1) > 7 and
therefore N(z1) N N(23) N {b2, b4} # B, a contradiction. Therefore we may assume
without loss of generality that N(zy,J;) = {b1,bs,b3} and N(z3,J;1) C {b1, b2, b3}.
Then e(y1yz, bibs) > 3 and e(b1bs, S) > 7. Say without loss of generality e(by, y123) =
2. If baby € E then G' O Cy W Ps = {z1b4babs21, 2023011192}, a contradiction. Hence
b2b4 ¢ E.If bQZg € FE then G 2 04 (] P2 (] P3 = {Zlb1b4b321,y1y272223b2} with
T(21b1b4b3z1) = 7(J1)+1 and so the lemma holds. So assume boz3 € E. Ase(S, J;) >
9, it follows that e(u,bibs) = 2 for all u € {y1,y2,23}. Let J; = y1b1y2bsyr and
P’ = byz12923. Then 0" ={Jj, Ja,..., Jy, } is a minimal chain and G — V' (¢”) D P'.
Clearly, 7(J7) = 7(J1) + 1 and so the lemma holds. 1

Lemma 3.3 If o is a minimal chain in G then n — |V (o)| > 5.

Proof. On the contrary, say n — |V (o)| < 4. We choose o among all the minimal
chains such that 7(¢) is maximal. Say o = (L1,..., Lg,). Asn >4k+1, (L) > 5.
By the minimality of o, [Lg,] does not contain a p-cycle with 4 < p < I(Lg,) and
so 7(Lg,) = 0. Say H = U® L; and D = G — V(H). Let Ly, = x17... 2.2
By the minimality of o and Lemma 2.1(a), e(y, Ly,) < 2 for all y € V(D). Thus
e(Lyy, H=V (Lg,)) > 2tk—2t—2|V(D)| > 2¢(k—2)+2. This implies that e(Ly,, L;) >
2t + 1 for some 1 <14 < kg — 1. By (1) and Lemma 2.5, I(L;) = 4 and ¢t = 5. Thus
(L, H — V(Ly)) > 10(k — 2) + 2.

Suppose that |V(D)| > 1. Then e(u, D) < 2 for some u € V(D) since D 2 Csy.
Thus e(u, DU Ly,) < 4 and so e(Ly, +u, H — V(Ly,)) > 10(k —2) + 242k — 4 =
12(k — 2) + 2. This implies that e(Ly, + u, L;) > 13 for some 1 < j < ko — 1. If
e(u, L;) > 3 then [(L;) = 4 by Lemma 2.1(a). By the maximality of 7(¢) and Lemma
2.2, u — L;. Hence e(v, Ly,) < 2 for all v € V(L;) by (1) and Lemma 2.1(a). Thus
e(Ly, +u, L;) < 12 < 13, a contradiction. Hence e(u, L;) < 2 and so e(Ly,, L;) > 11.
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Again, by (1) and Lemma 2.5, I(L;) = 4. Say without loss of generality L; = L.
By Lemma 2.7, there exist two labellings Ly = ajazasa4a; and Ly, = 212223242571
such that {a1,a2,a3} C N(z;) for 1 < i < 3, e(wyxs,L1) = 0 and asay € E.
Moreover, if e(zs, L1) = 4 then ajas € E. If e(u, Ly) > 2 then u — (L, ;) for some
a; € N(x1,Ly) N N(xs3, L1) and consequently, [u, Ly, 21, 22, 3] 2 2C4, contradicting
the minimality of o. Hence e(u, L) = 1, e(xjxow3, L1) = 12 and ajag € E. As
e(Ly, +u, H—V(Lg,)) > 12(k — 2) + 2, it follows that e(Ly, + u, Ls) > 13 for
some Ly in H — V(L U Ly,). By the above argument, we may assume that s = 2
with (L) = 4, e(xjxi112100, La) = 12 for some [ € {1,2,3}, e(u, Ls) = 1 and
T(Lsg) = 2. Say Ly = bibabgbsbr. Say without loss of generality {a;1,b1} € N(u). Then
[1, a1, u, b1] 2 Cy and it clearly follows that [u, L1, Lo, 1, T2, 3] 2 3Cy, contradicting
the minimality of o.

Therefore V(D) = 0. As n > 4k + 1, we see that [(Ly,—1) = 5. As in the first
paragraph, we have that e(Ly,—1, H — V(Lg,—1)) > 10(k — 2) + 2. By the minimality
of o and Lemma 2.5, e(Ly,—1, Ly,) < 10. Thus e(Lg,—1 U Ly, H — V(Lygy—1 U Liy)) >
20(k —3)+4. Then e(Lg,—1 U Ly,, L) > 21 for some Ly in H —V (Ly,_1 U Ly,). Say
without loss of generality e(Ly,, Ly) > 11. As above, we shall have [(L,) = 4. Say
Ly, = L. Then there exist two labellings L1 = ajasaszasaq and Ly, = 212223242521
such that {a1, ag, a3} C N(z;) for 1 <i < 3, e(xyx5, L1) = 0 and asas € E. Moreover,
if e(z9, Ly) = 4 then ajas € E. As e(Lyy—1,L1) > 21 —12 =09, e(u, Ly) > 2 for some
u € V(Lgy-1). Thus u — (L4, a;) for some a; € N(xy,Ly) N N(zs,Ly) and so
[u, L1, 1,22, 23] 2 2C4, contradicting the minimality of o. 1

We shall apply the above lemmas to prove the following three claims concerning
minimal chains.

Claim 1. There exists a minimal chain o such that G — V(o) has a path of order
at least 5.

Proof of Claim 1. On the contrary, suppose that the claim fails. Let t be the
largest integer such that G — V(o) contains a path of order ¢ for a minimal chain o.
Then t < 4. Say 0 = (L1, ..., Ly,).

By Lemma 3.1 and Lemma 3.3, we see that ¢t > 2 and moreover, if t = 2, we get a
minimal chain ¢’ such that G—V(¢') D 2P, = {ay, uwv}. Then e(zu, G-V (o)) = 2.
By Lemma 3.1, there exists a 4-cycle J; in ¢’ such that [J;, z, u] contains a 4-cycle J!
and a path 2’u of order 2 such that V(J)) N {a/,«'} = 0 and [{z/,v'} N {z,u}| = 1.
Thus [J;, zy,uwv] 2 Cy W P3, a contradiction. Hence ¢ > 3. This argument allows us
to see that if ¢ = 4 then for any minimal chain o/, G — V' (¢”) 2 2P;. To observe this,
say G—V(0') D 2P, = {Ry, Ry} for a given minimal chain ¢’. As G—V(0’) does not
have a feasible cycle, there exists an endvertex z; of R; such that e(z;, G—V(0')) =1
for i = 1,2. Thus e(z122,G — V(¢')) < 3. By Lemma 3.1, we see that there exists a
4-cycle J; in ¢’ such that [J;, Ry, Rs] 2 Cy W Ps, a contradiction. Similarly, if ¢ = 3
then G — V(¢') 2 2Cj5 for any minimal chain ¢’ with G — V' (¢’) 2 2P3. To observe
this, say G — V(o) 2 2P; = {x1@0m3,y19%2y3}. As t = 3 and by Lemma 3.1, we
see that e(z;y;, G — V(o)) > 4 for all {7,5} C {1,3}. It follows that zyz3 € E and
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y1ys € B, ie., G —V(d') D 2Cs.

We now let o be chosen with 7(o) maximal such that G — V(o) has a path of
order t. Say H = [V (0)] and D = G — V(H). Let P be a path of order ¢ in D. We
show the following Property A.

Property A.
There exists a minimal chain ¢’ such that 7(0’) > 7(0) and G — V(0’) 2 2Cs5.

Proof of Property A. We divide the proof into the following two cases: t = 4 or t = 3.

Case 1. t =4.

Say P = xjmoxzxy. We claim that e(P,D — V(P)) = 0. If this is false, say
without loss of generality z;u € E for some u € V(D) — V(P) and i € {2,3}. Say
without loss of generality zou € E. Then e(x1, D) =1 and e(u, D) = 1 since D does
not have a path of order at least 5. Thus e(zju, D) = 2 < 3. By Lemma 3.1, for
some 4-cycle L; in H, [L;,x1,u] 2 C4W Py and consequently, [L;, P,u] O Cy W Ps, a
contradiction. Hence e(P, D — V(P)) = 0.

As D does not have a feasible cycle, e(x;, D) = 1 for some ¢ € {1,4} and e(u, D) <
2 for some u € V(D) — V(P). Say without loss of generality e(z4, D) = 1. Then
e(zqu, D) < 3. By Lemma 3.1, there exists a 4-cycle L; in H, say L; = Ly, such
that e(zqu, L1) > 5. By the maximality of P, u /4 (Li,v) for all v € V(L) with
vry € E. By Lemma 2.3, x4 = (L;,v) for some v € V(L) with vu € E. Thus
[D — x4+ v] D P3W P,. Therefore if o/ = (Jy, ..., Ji,) is a minimal chain with 7(o”)
maximal such that G — V(¢’) D P3 W Py, then 7(¢’) > 7(0). Set H' = [V (¢')] and
D'=G-V(H).

Suppose that D' O PyW P, = {P', R} with P’ = 21232324 and R = y52. Then
7(0') = 7(0) by the maximality of 7(¢). As above, e(P',D' — V(P")) = 0. As
stated in the second paragraph above Property A, D' 2 2P, and so D' — V(P') 2
Py. As D’ does not contain a feasible cycle, e(z1, P') = 1 or e(z, P’) = 1. Say
without loss of generality e(z;, P') = 1. By the maximality of 7(¢’) and Lemma 3.2,
e(z123y19y2, H') < 8ko and so e(z12301y2, D') > 8(k — ko) > 8. Hence e(y1yq, D' —
V(P')) > 5. Say without loss of generality e(ys, D' — V(P')) > 3. Say y1,u; and uy
are three distinct neighbors of y, in D' — V(P'). Then e(ujus, D') =2 as D' B 2F,.
By Lemma 3.1, for some 4-cycle J; in H'| [J;,u1,us] 2 Cy W Py and consequently,
[Jis 1, Yo, ur,u0) 2 Cy W Py, Thus [J;, D] O Cy, W 2P, a contradiction. Hence
D' 2 P Py,

As D' D P3WPh,, let 212323 and 192 be two disjoint paths in D’. Then e(z 23, D' —
{z1, 22, z3}) = 0. As above, we shall have e(z123y1y2, D’) > 8. If e(y;, D'—{z1, 22, z3})
> 3 for some i € {1,2}, say without loss of generality i = 1, let {y2,us,va} C
N(y1, D" — {21, 22, 23}) with [{y2,ys,vs}| = 3. Since D' 2 Py W P, and D' 2 Ps,
e(y2ysys, D') = 3 and s0 e(yaysys, H') > 6k —3 = 6(k — 1) + 3. Thus e(yaysya, Ji) >
7 for some cycle in H'. By (1) and Lemma 2.1, we see that I(J;) = 4. As
[Y1,Y2, Y3, Y4, Ji] 2 2C4 and by Lemma 2.4, [J;, 1,92, y3,y4] 2 J/ & P’ such that
J = Cy, 7(J!) > 7(J;) and P' = Py. With J! replacing J; in ¢/, we obtain a minimal
chain ¢” such that 7(¢”) > 7(¢’) and G — V(¢”) 2 P, W Py, = {P’, z125}. Then we
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obtain a contradiction by the argument in the previous paragraph with ¢” in place
of o’. Hence e(y;, D' — {z1,22,23}) < 2 for i € {1,2}. As e(z123y192,D’) > 8, it
follows that e(z123,D") = 4 and so z123 € E. Thus e(z2, D — {z1,22,23}) = 0 as
D' 2 Pyand D' 2 P,W Py. Tt follows that e(y;, D' — {21, 20, 23}) = 2 for i = 1,2. Say
without loss of generality y3y, € F with yz € V/(D') — {21, 22, 23,y1}. Then 13 € E
as D' P PywW Py and D' 2 C5. Thus D' D 2C5.

Case 2. t = 3.

Say P = xjxox3. As above, we readily see that e(P, D — V(P)) = 0 for otherwise
G has a minimal chain ¢’ such that G — V(¢’) D Py. If D — V(P) contains an edge,
then by the argument in the paragraph right above Case 2 with ¢ in place of o', we
obtain that D D 2C3. Hence assume that D — V(P) does not have an edge. Let
u € V(D) — V(P). Then e(z3u, D) < 3. By Lemma 3.1, there exists a 4-cycle L; in
H,say L; = Ly, such that e(xsu, L) > 5. Ast =3, u / (Ly,v) for allv € N(z3, Ly).
By Lemma 2.3, there exists v € N(u, L) such that x3 = (Ly,v). Let [L1 —v+xz3] D
L) =2 Cy. Then o' = (L), Lo, ..., Ly,) is a minimal chain with 7(¢’) > 7(o) such that
G —V(d') D 2P, = {x1z9,uv}. As above we may assume that G — V(o') 2 P W P,
for otherwise G — V' (0’) D 2C5. Thus e(zzauv, V(o)) > 8k — 4 > 8ko + 4. Hence
e(xzyzouv, C') > 9 for some cycle C' in ¢’. By Lemma 2.1(a), {(C') = 4. By Lemma
2.8, [C, z129, uv] D Cy W Py, a contradiction. Q.E.D.

We now let o’ = (Jy, ..., Ji,) be a minimal chain with 7(¢’) maximal such that
G —V(0') 2 2C5. Then 7(¢') > 7(0). Say H = [V(¢')] and D' = G — V(H'). Let
T, = xyxex3x; and Ty = y192y3y1 be two disjoint triangles of D’. We shall show
G € I'y. First, suppose that e(yo, 71 UT3) > 1 for some yo € V(D') = V(11 UTy). As
D" 2 Csyand D' 2 Ps, we see that e(yo, 71 UT5) = 1. Say without loss of generality
yoy1 € E. Then t = 4. Thus e(yoyays, D' — V(T + yo)) = 0. As D' 2 2P, and
D" 2 P, e(Ty,D' —V(T1)) = 0. Say S = V(T1) U {vo,¥2,y3}. Then e(S,D’) =11
and so e(S, H') > 12k — 11 > 12ko + 1. Thus e(S, J;) > 13 for some J; in H'. Then
e(u, J;) > 3 for some u € S. By the minimality of ¢’ and Lemma 2.1(a), I(J;) = 4.
Hence e(z,S) > 4 for some z € V(J;). Thus [S — {u},y1, 2] 2 Cy or Ps. Therefore
u (Ji,z). Ifue V(Ty) then D' —u D Py. As 7(0’) > 7(0) and by the maximality
of 7(0), u % (J;,v) for all v € V(J;). By Lemma 2.2, u — J;, a contradiction.
Hence u = y, for some a € {0,2,3}. Say {a,b,c} ={0,2,3}. Say J; = dydadsdsd,
with e(yq, didads) = 3. As yo /> Ji, dody € E and y,dy € E. As y, % (Ji,dy),
[D" — yq,ds] 2 Py by the maximality of 7(c). Thus e(ds,S) = 0. As y, = (J;,ds),
[D' —y,+ds] 2 Ps by the maximality of t. Moreover, [D' — y, + ds] does not contain
a feasible cycle. It follows that e(ds, S — {y,}) < 1. Hence e(dids, S — {y.}) >
13—3—1=9. Say without loss of generality e(d;, S —{y,}) =5. Then T1 +d; 2 C4
and [J; — dy, Ty + yo] 2 Ps, a contradiction.

Therefore e(Ty UTy, D' — V(T3 UTy)) = 0. As D' 2 P, e(T1,T5) = 0. Then
e(ThUTy, H') > 12k —12 = 12kg. Let ¢ € {1,..., ko} be such that (T3 UTs, J;) > 12.
We claim that {(J;) = 4, 7(J;) = 2, e(T,,J;) = 12 and (T}, J;) = 0 for some
{p,q} = {1,2}. Suppose that [(.J;) > 5. By the minimality of ¢’ and Lemma 2.1(a),
we see that e(u,J;) = 2 and the two vertices of N(u, J;) are consecutive on J; for
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each u € V(I; UT,). Then we readily see that [T7,.J;] contains a feasible cycle C
with [(C) < I(J;), a contradiction. Therefore [(.J;) = 4. Then there exists d € V(.J;)
such that e(d, 71 U Tz) > 3. Say without loss of generality J; = didodsdsd; with
e(dl, Tl) > 2. Then [T1+d1] D) 04. Thus [TQ, d27 d37 d;d 2 P5 and so 6(1—727 d2d3d4) =0.
Thus e(T1,J;) > 9. Then e(d;,T1) > 2 for some j € {2,3,4}. Thus e(dy,T2) = 0.
It follows that e(Ty,J;) = 12 and e(T3,J;) = 0. As [T} U J;] 2 K4 W Cs, we have
7(J;) = 2 by the maximality of 7(¢’). Therefore the claim holds. As e(T3UT3, H') >
12k — 12, it follows, from this argument, that kg = k — 1, I(J;) = 4, 7(J;) = 2 and
e(TYUTy, J;) = 12foralli € {1,... k—1}. Let S, = {J;|e(T,, J;) = 12,1 < i < k—1}
for p = 1,2. Then e(T,, J;) = 0 for all J; € S, where {p,q} = {1,2}. As 6(G) > 2k,
it follows that |Si| = |S2|. As ¢t < 4, we see that e(J;,J;) = 0 for all J; € S;
and J; € S;. Furthermore, we see that if D' # Ty U Ty then e(w,D’) < 2 for
some w € V(D') — V(T1 UT3) because D' 2 Cs4. Then e(w,H') > 2(k — 1) and
consequently, [H', Ty, Ts,w] D (k — 1)Cyq W Ps, a contradiction. Hence D' = T} U T5.
As §(G) > 2k, it follows that [Ujes,, T1] = [Uses,, To] = K3 where 20 = k — 1.
Thus G € T'y. ]

Claim 2. There exists a minimal chain o such that G — V(o) has a subgraph D’ of
order at least 5 with at least |V(D’)| edges.

Proof of Claim 2. Suppose that the claim fails. Let 0 = (L1,...,Ly,) be a
minimal chain such that 7(o) is maximal with G — V(o) D Ps. Let H = [V/(0)] and
D =G-V(H). Let P = x1x5 ... 3, be alongest path of D. Thent > 5. Let Dy be the
component of D with Dy D P. Then Dy is a tree. Say p = |V(Dy)|, P' = x129w3245
and R = V(Do) — V(). Then 3_ yp, e(x, H) = 2pk —2(p — 1) = 2p(k — 1) + 2.
Thus e(Dy, L;) > 2p+1 for some L; in H. By the minimality of o and Lemma 2.1(a),
we see that [(L;) = 4. Say without loss of generality L; = L;. By the maximality
of 7(c) and Lemma 2.2, we see that u — L, for each v € R with e(u, L;) > 3.
We may enumerate R = {u,...,u,_5} such that e(us, Dg) = 1 and e(u;, Dy —
{ur,...,uj_1})=1for j=2,...,p—>5. lf e(R, L1) > 2(p—>5)+1, let [ be the smallest
integer such that e(u;, L1) > 3. Then e(Dy — {u1,...,u_1},L;) > 2(p—1+1)+1
and so e(v, Do — {uy,...,w_1}) > 3 for some v € V(Ly). Thus [Dy — {u1,...,u},v]
has at least p— [+ 1 edges and so the claim holds since u; — (L1, v), a contradiction.
Therefore e(R, L) < 2(p —5). Thus e¢(P’, Ly) > 11. By Lemma 2.9, we may assume
that e(z125,L1) = 0 and e(xgx3xy, L1) > 11. Clearly, o — (L1, y;z324) for some
y € V(Ly). Thus if ¢ > 6 then the claim holds. Hence assume that ¢ = 5. Then
e(zizs, H —V(Ly)) > 4k — 2 = 4(k — 1) + 2. Thus e(z125, L;) > 5 for some L; in
H —V(L;). By Lemma 2.1(a), we have [(L;) = 4. By Lemma 2.3, we may assume
that L; has a vertex w such that 1 — (L;,w) and z5w € E. Clearly, [y, x3, 24, T5, W]
has at least five edges and so the claim holds, a contradiction. ]

By Claim 2, G has a minimal chain o such that G — V(o) has a subgraph G’ of
order 5 with e(G’) > 5. As G—V (o) 2 Cs4, G’ has a triangle. If G—V () 2 F, then
G’ has two distinct vertices « and y such that e(x, G—V (o)) =1, e(y,G=V (o)) =1
and zy ¢ E. Thus e(zy, G—V (o)) < 3. By Lemma 3.1, We see that G has a minimal
chain ¢’ such that G — V(o') D F.
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Claim 3. There exists a minimal chain o such that G — V(o) has a subgraph D’
with at least |V/(D')| + 1 edges.

Proof of Claim 3. On the contrary, suppose that the claim fails. Let o be a minimal
chain with G — V(o) 2 F such that 7(¢) is maximal. Let P = zj25...2; be a
longest path in G — V(o) with z;23 € E. Subject to these properties, we may
assume that o and P are chosen with [(P) maximal. Let Dy be the component of D
with Dy 2 P. Say |Do| = p and R = V(Dg) — {x1, 2, T3, T4, x5}. Since the claim is
assumed false, the triangle xyxox32; is the unique cycle of Dy. We may enumerate
R = {u1,ug, ..., u,_5} such that e(us, D) = 1 and e(u;, Dg — {wq, ..., u;—1}) =1
fori =2,...,p—5. Let S = {x1,29,24,25}. Then |[SUR| = p—1 and e(S U
R,Dy) = 2p — e(x3,Dg) < 2p—3. Thus e(SUR,H) > 2(p — 1)k —2p+ 3 =
2(p — 1)(k — 1) 4+ 1. This implies that e(SU R, L;) > 2(p — 1) + 1 for some L; in o.
By the minimality of ¢ and Lemma 2.1(a), {(L;) = 4. Say without loss of generality
L; = Ly. Assume e(u,L;) > 3 for some u € R. Let | be the smallest integer in
{1,...,p — 5} such that e(w;, L;) > 3. Then e(v,SUR — {uy,...,4_1}) > 3 for
some v € V(Ly). Thus [SUR — {uy,...,w},v] is a subgraph of order p — [ with
at least p — [ + 1 edges. By the maximality of 7(0) and Lemma 2.2, u; — (L1, v)
and so the claim holds, a contradiction. Hence e(u, L;) < 2 for all v € R and so
e(R,L1) < 2(p —5). Thus e(S,L1) > 9. By Lemma 2.10, let L; = ajasazasa; be
such that N(xsxs, L1) C {a1,a3}, N(x1,L1) C {a1,a4,a3}, N(xe, L1) C {a1,az,a3},
e(xs, L1) = 0 and asay ¢ E. Thus e(S, Ly) < 10. Since e(SUR, L;) > 2(p — 1) + 1,
it follows that for each v € R, e(u, Ly) > 1 and if e(S, L) = 9 then e(u, L,) = 2.
First, we show that ¢ = 5. If ¢ > 5 then e(z;, L1) > 1. As e(S,Ly) > 9,

e(a;, x122) = 2 and e(a;, z4x5) = 2 for some {7, j} = {1,3}. Thus e(x;, azajas) =0
for otherwise [P, L;] D Cy W C>4. Hence N(xy, L) = {a;}. Thus e(S, Ly) = 10. This
yields [P, L1] D C4 W Csy, a contradiction. Hence t = 5.

Next, we show that e(azas, R) = 0. On the contrary, say without loss of generality
asy € E for some y € R. Let N be a shortest path from y to a vertex z of P in
Dy. Assume asxe € E. Then e(Dy — x5 + as) > p+ 1. Thus x5 4 (L1, a9).
Hence e(x5,a1a3) = 1 and so e(ajaz, x1@9wy) = 6. If 2z # x4, then x4 — (L1, az)
and e([x1, T, 3, N, a2]) > |V ([z1, x2, x5, N, as])| + 1, a contradiction. Hence z = z4.
Thus &1 — (L1, a2) and [z2, 23, 24, N, az] O Cs4, a contradiction. Hence agzs & E.
Then e(ajas, S) = 8 and aqx; € E. Thus if 2z € {x3, x4, x5} then [a1, a4, 21, 22] 2 Cy
and [ag, as, v3, x4, 25, N] D Csy. If 2z € {@1, 29} then [N, zy,29,a1,a2] 2 Cs5 and
[P — z,a3] D Cy, a contradiction. This shows that e(azas, R) = 0.

Let D' = D—V(Dy) and R’ = N(asaq, D'). We claim that R’ consists of isolated
vertices of D. If this is not true, say yz € E with {y,z} C R and e(y, azaq) > 1.
Say without loss of generality asy € E. If asxy € F then zyx3x000y2 is a longer
path than P with z122 € E and x; = (L1, as) for some i € {4,5}, contradicting the
maximality of [(P). If agxs € E, then e(z122,a1a4) = 3, T(x12204a121) = 1 > 7(Ly1)
and xyr5a302y2 is a path with z4a3 € E, contradicting the maximality of [(P).
Therefore R’ consists of isolated vertices of D. Clearly, N(az, R') N\ N(a4, R') = § for
otherwise [y, Ly, z1zo23] D 2Cy for each y € N(ag, R') N N(aq, R'). If e(y,Ly) > 3
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for some y € R’ then y — L; by Lemma 2.2, and consequently, [y, L1, P] 2 2Cy, a
contradiction. Hence e(y, L) < 2 for all y € R'. Therefore e(asaq, R') < |R/| and
e(R',L,) <2|R'|. Say p' = |R'|, G = [Ly, D] and X = {as,a4} UV (Do) UR". Then
| X|=p+p +2and

e(X,G1) = eagay,G1) +e(R,G1)+e(SUR, L)+ e(SURU{z3}, D)
(6+p)+2p 4+ (10+2(p—5)) +2p=4p+3p' + 6.

N

Then

e(X,H—-V(L)) > 2(p+p +2)k— (4p+3p' +6)
= 2p+p +2)(k—2)+p +2.

This implies that e(X, L;) > 2(p+ p' + 2) + 1 for some L; in H — V(L,). By the
minimality of ¢ and Lemma 2.1(a), we see that [(L;) = 4. Say without loss of
generality L; = L. We claim that e(u, Ls) < 2 for each v € RU R. On the
contrary, say e(u, Ly) > 3 for some u € RUR'. If u € R, we may assume that
u = u; where [ is the least integer in {1,...,p — 5} such that e(u;, Ls) > 3. In this
case, we let X' = X — {uy,...,u;_1}. For the sake of convenience, if u € R', let
X' = X. Clearly, | X'| > 8 and (X', Ly) > 2|X’| + 1 in any case. By the maximality
of 7(0) and Lemma 2.2, w — L. Let y € V(La) be such that e(y, X') > e(w, X")
for all w € V(Ls). As e(X' —{u},Ly) > 2|X'|+1—4 > 13, e(y, X' —{u}) > 4. If
e(y, azaq) = 2, then u — (Lq, y; azaszas) and so [u, Le, L1, P] 2 3Cy, a contradiction.
If e(y, X'—R'U{ag, aq, u}) > 2 then [y, X' —R'U{ay, a4, u}] has at least |V ([y, X' —R'U
{az, ag, u}])|+1 edges, a contradiction. Thus e(y, R —{u}) > e(y, X' —{u})—2 > 2.
Consequently, [y, asazas, R —{u}] 2 Csy4, [a1, P] 2 Cy and so [Gy, Lo] 2 20, W Csy,
a contradiction. Thus e(u, Ls) < 2 for all w € RU R’ and so e(P + ay + a4, Ls) > 15.

By Lemma 2.11, there exists a labelling Ly = bybabsbsby such that e(by, P + ag +
ag) = e(bs, P+as+ay) =7, e(by, P+ as+ay) =0 and boby & E. Moreover, we may
assume without loss of generality that N(by, P+as+a4) = {as} and aszs & E. Thus
6(57 Ll) =9 and e(P + ag + CL4,L2) = 15. Let Jl = a17403T507, J2 = bll’ll‘gl’gbl,
M = b4b3a2b2b3a4 and G2 = [P7 Ll,Lg]. Clearly, T(Jl) > T(Ll) and T(JQ) > T(Lg).
Thus [M, D — V(P)] 2 F by the maximality of 7(c). Hence e(asby, D — V(P)) = 0.
Then e(asby, Go) < 9. Consequently, e(asby, H—V (L1 ULg)) > 4k—9 > 4(k—3)+3.
Thus e(agby, L;) > 5 for some L; in H — V(L U Ly). By Lemma 2.1(a), I(L;) = 4.
Say L; = Lz. By Lemma 2.3, there exists a permutation (v,w) of {ay,bs} such
that L3 has a vertex z such that zv € F and L3 — z +w D J3 = Cy. Clearly,
T(Js) > T(L3) — 1. Then [L17L27L37P:| ) 304 UF = {Jl, JQ, Js,M —w + UZ} such
that 30 7(J;) > 320 7(L;), a contradiction. Thus the claim holds. 1

By Claim 3, G has a minimal chain ¢ such that G — V(o) has a component
of order s with at least s + 1 edges for some s > 5. As G — V(o) 2 Csy4, each
cycle of G — V(o) is a triangle and so G — V(o) has two edge-disjoint triangles
connected by a path, i.e., G — V(o) 2D B, for some t > 5. We now choose o
with 7(0) maximal such that G — V(o) 2 B, for some ¢ > 5. Subject to this
requirement, we choose o such that G —V(¢) 2 B; with ¢t maximal. Let H = [V (0)]
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and D = G — V(H). Let B be a subgraph of D with B = B,. Let z;...x,
be a path of B with z123 € E and x;_ox; € E. Let Dy be the component of
D with B C Dy. Set Dj = D — V(D) and S = {z1,29,24_1,2:}. Let F} and
F5 be the two components of Dy — {z3,...,2;_2} such that {zi,22} C V(F}) and
{zy_1,2} C V(Fp). Say R = V(Fy U Fy) — {x1,29,24_ 1,2} and p = |R|. As
Dy 2 C>4 and by the maximality of ¢, we see that both Fy and F; are trees. Then
e(SUR,D) =e(SUR,SUR)+e(S,B—-S) =2p+4—-2)+4 =2p+4).
Thus e(SUR,H) > 2(p+4)k —2(p+4) = 2(p+ 4)(k — 1). This implies that
e(SUR,L;) > 2(p+4) for some L; in H. If I(L;) > 5 then by Lemma 2.1(a),
we see that e(u, L;) = 2 for all u € SUR and so L; + x1 + @ contains a feasible
cycle of order less than [(L;), a contradiction. Hence [(L;) = 4. We may list R =
{u1,ug,...,u,} such that e(u;,SUR) = 1 and e(u;, SUR — {uq,...,u;_1}) =1
for all i = 2,...,p. Assume that e(u, L;) > 3 for some u € R. Let | be the least
integer in {1,...,p} such that e(u;, L;) > 3. Then e(SU R — {uy,...,w}, L;) >
2(p+4)—2(l—1)—4>6. Thus e(y, SUR — {uy,...,w}) > 2 for some y € V(L;).
By Lemma 2.2, w; — L;. Then [B,R — {ui,...,w},y] 2 Cs4. This implies that
either e(y, F1 — {u1,...,w}) = 0 or e(y, Fo» — {u1,...,w}) = 0. Say without loss
of generality e(y, F» — {u1,...,w}) = 0. Thus e(y, F} — {uy,...,}) > 2. Clearly,
p > [. This argument implies that e(y, F; — {u1,...,w}) = 2. This argument shows
that e(L;, S U R — {uy,...,u}) < 8 Moreover, we see that [y, F1 — {uy,...,u}]
contains a triangle with e(y,x122) < 1. Thus [Dy — w,y] 2 By for some h > t.
By the maximality of ¢, we must have w, # (L;,y). Thus e(u;, L;) = 3. Then
e(SUR—{uy,...,w},L;) >2(p+4)—2(l —1)—3 > 9, a contradiction. This shows
that e(u, L;) < 2forallu € R. As [B, L;] 2 C4yCs, and by Lemma 2.6, e(S, L;) < 8.
Thus (S, L;) = 8 and e(u, L;) = 2 for all u € R since e(S U R, L;) > 12p + 8 and
e(R, L;) < 2p.

As e(SUR,H) > 2(p+ 4)(k — 1), we conclude that ky = k — 1 and for all
ie{l,....,k—1}, I(L;) =4, e(S,L;) = 8 and e(u, L;) = 2 for all u € R. Moreover,
R = {) for otherwise R has a vertex u with e(u, D) = 1 and so e(u,G) < 2k, a
contradiction. If e(v, L;) > 3 for some v € V(D) — V(B) and L; in H, then v — L;
by Lemma 2.2 and so [v, L;, B] 2 Cy & Cs4, a contradiction. Hence e(v, L;) < 2 for
allv € V(D) —V(B) and L; in H. Thus e(v, D) > 2 for all v € V(D) — V(B).

We claim that D = Dq. If this is not true, then §(Dj) > 2. As D 2 Cs,4, each
cycle of Dy is a triangle and so D}, has a path wvw of order 3 such that e(u, Dj) =
e(v, D}) = 2. Thus e(u, L;) = e(v, L;) = 2 for all L; in H as §(G) > 2k. By Lemma
2.6, there exist two labellings Ly = ajasazaqa; and B = 2321223 ... Ty 9%y 12T o
such that one of (1°) to (9°) holds with respect to L; and B. If a; € N(u, L) N
N(v, Ly) for some i € {1,2,3,4} then [u,v,w,a;] D Cy and [L; —a;, B] D Csy, a con-
tradiction. Hence N(u, L) N N(v, Ly) = 0. As [u,v, L1, B] 2 C4 W Csy, u 4 (Ly;S)
and v /A (L1;S). Tt follows that e(u,a;a;41) = 2 and e(v, a;42a;13) = 2 for some
i € {1,2,3,4}. Then we readily see that [u,v, L1, B] DO Cy W Cs4, a contradiction.
Hence D = D,.

The following four properties will complete the proof of the main theorem. Prop-
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erty 1 is an important step to show that G € an or G € Iy, or G = Fy. Properties
2—4 follow from Property 1.

Property 1. For each L; in H, one of (1°),(2%), (3°) and (7°) with t = 5 in
Lemma 2.6 holds with respect to L; and B, i.e., (2) or (3) or (4) holds below:

t =5 and for some {u,v} C V(L;), N(z;,L;) = {u,v} for all
Jed{1,2,4,5} (2)

t > 5 and for some {p,q} = {1,t — 1}, e(z,xp41,L;) =8 and
e(zqTq+1, Li) = 0; (3)

t = 5 and there exists a labelling L; = ujuguzugu, such that
N(xlu ) _{u17u4} N([L’27 ) —{U27U3} N([L’4,L) —{U17U2},
N(zs, L) = {us, us}, 7(L;) = 0. (4)

Proof of Property 1. On the contrary, suppose that the property fails for some
L;. For convenience, say L; = L, = ajazasasa;. Then one of (4°) to (9°) in Lemma
2.6 holds with respect to L; and B. That is, we may assume that one of (5) to (10)
holds in the following:

N($1,L1)—{a1,a27a3} N($27L ) N(It 1, )—{04}

N(zy, Ly) = {a1, a4, a3}, a1a3 € E,aza4 € F; (5)
(I17L1) {a17a27a3}7N($27L1) = {(117613}76(%717L1) =0,
(It,Ll) {al, a4,a3},a1a3 S E‘7 o0y g E, (6)
N(z1, Ly) = {a1, a4, a3}, N(x9, L1) = {a1, ag, as}, e(x—12, azaq) = 0,
e(ar, xi12) = 1, eaz, xy_q11y) = 1,a004 &€ E; (7)
N(zy, L1) = {a1, a4}, N(22, L1) = {ag, az}, N(z1-1, L) = {a1, as},
N(zy, L) = {az, as},7(L1) = 0,1 > 6; (8)
N(iUl,Ll) = {al,a4}7N($27L1) = {az,a3}a€($t—17L1) = 07€($t7L1) =4,
(L) = 0; 9)
e(x1, L1) = 4, e(xowi_1, L1) = 0, e(xy, L1) = 4. (10)

First, assume that either t > 7 or V(D) — V(B) # 0. As D 2 Csy4, e(v,D) < 2
for some v € V(D) — {x1, 2, 3,242,241, 2+}. Let P be a path of D from v to a
vertex u of B — S with V(P)NV(B) = {u}. Then e(v, L;) > 2 for some L; in H.
Then one of (1°) to (9°) in Lemma 2.6 holds with respect to L; and B. By the last
statement of Lemma 2.6, t = 5 and only one of (1°) and (2°) holds with respect to
L; and B. If e(v, L;) > 3, then by the maximality of 7(c) and Lemma 2.2, v — L;
and so [L;, B,v] D 2Cy, a contradiction. Hence e(v, L;) = 2. As e(v, G) > 2k, this
argument implies that one of (1°) and (2°) holds with respect to L; for each L; in H
and so Property 1 holds, a contradiction.
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We conclude that ¢ < 6 and V(D) = V(B). Since [L1, B] 2 C4 W Csy, it is easy
to see that if one of (8),(9) and (10) holds then e(z3, L;) = 0 and if one of (5), (6)
and (7) holds then e(x3,azaszay) = 0. Furthermore, we see that if z3a; € E, then
[a1, B — @1 — 29] 2 Cs4 and so [x1, 22, a2, a3,a4] 2 C4. This implies that neither
of (6) and (7) holds. Thus e(x3, L;) < 1 and if equality holds then (5) holds with
xza; € E. Similarly but simpler, we see that if t = 6 then e(zy, L1) < 1.

We claim that ¢ = 5. If this is false, say t = 6. If e(z3, Ly) = 1 then (5) holds with
xza1 € E. Thus [ay, 1, T2, x3] 2 Ky and [as, a4, T6, T5, 4] 2 Bs. By the maximality
of 7(0), we must have 7(L;) = 2, a contradiction. Therefore e(x3, L1) = 0. Thus
e(xsrs, H —V(Ly1)) > 4k — 7 = 4(k — 2) + 1. This implies that e(z3z4, L;) > 5 for
some L; in H — V(Ly). Then one of (3°) to (9°) in Lemma 2.6 holds with respect
to L; and B. Similarly, if one of (4°) to (9°) holds with respect to L; and B, then

(13, L;) < 1and e(w4, L;) <1, a contradiction. Hence (3%) holds with respect to L,
and B. As e(z3zy4, Lj) > 5, it follows that [L;, B] 2 2Cy, a contradiction.

Thus ¢ = 5. Moreover, we see that e(z3, L1) < 1 with equality only if (5) holds
and z3a; € E. We may assume that if (4°) holds with respect to L; and B for some
L; in H then L; has been chosen such that (4°) (i.e., (5)) holds with respect to L,
and B and e(xs3, L) > e(w3, L;) for each L; in H with (4°) holding with respect to
L; and B.

By Lemma 2.6, there exist two labellings Ly = b1bab3bsb and B = x3y1yox3ysys23
such that {@129, 425} = {y192, yays } and one of (11) to (19) holds:

N(waZ) = {b17b3}7i: 1727475; (11)
N(waZ) = {b17b2}7i: 1727475; (12)
e(y1ya, L2) = 8, e(yays, L) = 0; (13)
N(y1, La) = {b1, b2, b3}, N(y2, L2) = N(ys, L2) = {01},

N(ys, L) = {b1,ba, b3}, b1bs € E,boby & E; (14)
N(y1, La) = {b1, b2, b3}, N(y2, La) = {b1, b3}, e(ya, L2) = 0,
N(y57 LZ) {b17 b47 b3}7 b1b3 S Eu b2b4 ¢ E7 (15)
N(yr, La) = {b1,bs, b3}, N(y2, L2) = {b1, b2, b3}, e(yays, babs) = 0
e(br, yays) = 1,e(bs, yays) = 1,baby € E; (16)
N(y1, La) = {b1,ba}, N(y2, L2) = {ba, b3}, N(ya, La) = {b1, b2},
N(ys, La) = {bs, bs},7(Ls) = 0; (17)
N(y1, La) = {b1,ba}, N(y2, L) = {b2, b3}, e(ya, L2) = 0, e(ys, L) = 4,
7(Ls) = 0; (18)
e(y1, La) =4, e(yaya, L2) = 0, e(ys, L) = 4. (19)

ith equality only if

As above, if one of (14) to (19) holds, then e(z3, Ly) < 1 w
= G — V(G4). Note that

(14) holds and z3b; € E. Let Gy = [Ly,B] and H;
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[L1 — ag,z1,22] D Csq and [Ly — ag, x4, 75) 2 Csy for each ¢ € {2,4}. To prove
Property 2, we eliminate each of (5) to (10) as follows. First, (8) does not occur as
t=5.

Case 1. One of (5), (6) and (7) holds.

In this case, e(xsasaq, G1) < 11. Thus e(zszasaq, Hy) > 6k — 11 = 6(k — 2) + 1.
Without loss of generality, say e(xgasaq, Lo) > 7. Assume for the moment that
aq — Lo for some ¢ € {2,4}. If one of (11), (12) and (14) to (18) holds, then for each
of (5), (6) and (7), it easy to see that there exists i € {1,2,5} and b; € V(Ly) such that
e(x;, ara3) = 2 and e(b;, S—{z;}) > 2. Thus z; — (L1, a,), ag — (L2, b;; S—{z;}) and
so [B, Ly, Ls] D 3Cy, a contradiction. Hence none of (11), (12) and (14) to (18) holds.
If (13) holds then a, — (La; y1y2) and so [ag, Lo, Y1, Yo, 3] 2 2Cy. As [Li—aq, ya, ys] 2
Cs4, [G1, Lo] D 2Cy W Cy, a contradiction. Hence (19) holds. Thus e(z3, Ls) = 0
and e(asaq, Lo) > 7. Without loss of generality, say by € N(aa, La) NN (a4, Ly). Then
[b1, a2, a3, as] D Cy. As e(ay,S) > 3, e(ar, S — {y;}) > 2 for some j € {1,5}. Thus
[a1, B —y;] 2 Cy and y; — (Lo, b1). Hence [G1, Ls] D 3C4, a contradiction.

Therefore a, /4 Lo for each ¢ € {2,4}. Thus e(as, Ly) < 3 and e(ay, Lo) < 3.
Hence e(x3, Ly) > 1. Assume that one of (14) to (19) holds. As e(z3, L) > 1, we
shall have that (14) holds with 230, € E (i.e., (4°) holds with respect to L, and B
with e(x3, Ls) = 1). By the assumption on L, we have that (5) holds with z3a; € E.
As a, /» Lo for each ¢ € {2,4}, it follows that e(ag, L) = 3 and e(a4, Lo) = 3 with
6((12@4,1)1173) =4. If e(b4,a2a4) > 17 then [a2,a3,a4,b3,b4} 2 05, [bl,bg,yl,yg] 2 04
and [a1, 23, y4, ys] 2 C4, a contradiction. Hence e(by, asas) = 0 and so e(by, asas) = 2.
Thus [by, az, as, as] 2 Cy, [a1, 23, ya,ys] 2 Cy and [y1, b1, ba, b3] D C4, a contradiction.
Hence one of (11), (12) and (13) holds. We break into the following three sub cases.

Subcase 1.1. (5) holds.

In this subcase, first assume that (11) holds. If e(agay, boby) > 1, say without
loss of generality asbs € E. Then [ag,ba,b1,21] D Cu, [bs, 2, 23,24 2 Cy and
[5, a1, a4, as] 2 Cy, a contradiction. Hence e(agay, babs) = 0. Thus e(x3, L2) > 3 and
so e(z3, babs) > 1. Without loss of generality, say x3by € E. Then [x3, by, b1, 2] D Cy,
[a1, a4, T4, 5] 2 Cy and S0 [ag, as, x1,b3] 2 Cy. Thus agbs ¢ E. Similarly, asb; & E.
Hence e(ag, Ly) = 0 and so e(z3aza4, Lo) < 6, a contradiction.

Next, assume that (12) holds. If e(a,, L2) > 3 for some ¢ € {2,4}, then a, —
(Lg,by) for some [ € {1,2}. Thus Gy = [P, L1, Ls] 2 3C} since [by, x2, 23, 24] 2 C4
and x; — (Ly,q,), a contradiction. Hence e(as, Ls) < 2, e(as,Ly) < 2 and so
e(z3, La) > 3. Thus e(xs,bsby) > 1. Say without loss of generality z3b3 € E. Then
[Ig,bg,b27$2] 2 C4 and [:vl,al,a27a3] 2 C4. Thus [a47x57x4,b1,b4] 2 024. This
yields that e(ay, b1by) = 0. Similarly, e(ag, biby) = 0. If 23b4 € E then we would also
have that e(asaq, bebg) = 0 and so e(x3, L) > 7, a contradiction. Hence z3by, & E
and it follows that e(xs, b1babs) = 3 and e(asaq, babs) = 4. Thus [ag, be, a4, b3] 2 Cy,
[1, %2, a3,a1] 2 Cy and [by, z3, 24, x5] 2 Cy, a contradiction.

Therefore (13) holds. Without loss of generality, say e(x1xq, La) = 8.

If e(aq, Ly) > 3 for some ¢ € {2,4}, then a, — (Lo, bj; x123122) for some b € V(Lg)
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and so Gy D 3C4 since x5 — (L1, a,), a contradiction. Hence e(as, Ly) < 2 and
e(aq, Ly) < 2. Thus e(xs, Ly) > 3. Say e(x3,b1b2b3) = 3. Then [x3,b;, bi11, 2] 2 Cy
for all ¢ € {1,2,3,4} and [z5,a1,a4,as3] 2 Cy. Thus [ag, z1,b;,0541] 2 Cy for all
Jj €{1,2,3,4} and so e(ag, Ls) = 0. Thus e(z3asa4, Ly) < 6, a contradiction.

Subcase 1.2. (6) holds.

In this subcase, first assume that (11) holds. If e(asaq, boby) > 1, say {g,l} C
{2,4} with a,b; € E. Let {4, j} = {1,5} be such that a,z; € E. Then [a,, z;, by, b] 2
Cy, z; — (L1, a,) and [bs, z9, 23, 24] 2 C4, ie., Go 2 3C4, a contradiction. Hence
e(agay, boby) = 0. Thus e(xs, L) > 3 and so e(xs,bby) > 1. Without loss of
generality, say x3by € E. Then [z3,b9,01,20) 2 Cy and 21 — (L1,a4). Thus
[a4, x5, 24,b3] 2 Cy and so asbs € E. Similarly, asby ¢ E. Thus e(xzagaq, L2) < 7, a
contradiction.

Next, assume that (12) holds. If e(asaa, bsbs) > 1, say g € {2,4} with e(aq, bsbs) >
1. Without loss of generality, say asbs € E. Let {i,5} = {1,5} be such that
aqr; € E. Then [a4,b3,be,2;] O Cy, z; — (L1,a,) and [by, z2,23,24] 2 Cy, ie.,
Gy 2 3Cy, a contradiction. Hence e(agay,bsbs) = 0. Thus e(xs, Ly) > 3 and so
e(xs, bsby) > 1. Without loss of generality, say x3bs € E. Then [z3,0bs, be, x2] 2 Cy
and [z1, a1, a2,a3] 2 Cy. Thus [a4, x5, 24,b1] 2 Cy and so agby ¢ E. Similarly, if
x3by € F then agby € E. Tt follows that e(xzazay, Ly) < 7, a contradiction.

Therefore (13) holds. Assume for the moment that {yi,v2} = {ws, 25} If
e(as, Ly) > 1, say without loss of generality that a,b; € E. Then [a4, b1, x5, a3] D Cy,
[x1,22,a1,a2] 2 Cy and [x4, by, b3, bs] D C4y, a contradiction. Hence e(ay, Lz) = 0.
Thus e(as, Ly) > 3. Then as — (Lo; x423x5) and [z, a1, as,a3] 2 Cy, i.e., Gy D 3Cy,
a contradiction. Therefore {y1,y2} = {21, 22}. As x5 — (L1, ;) for i € {2,4}, we see
that a; # (Lo 212322) for ¢ € {2,4} since Gy 2 3Cy. This implies that e(a;, Ly) < 2
for ¢ € {2,4} and it follows that N (a4, L) NN (x3, La) # 0. Hence zo — (Lo; ayxsxs3).
As 21 — (L1, a4), G2 2 3C4, a contradiction.

Subcase 1.3. (7) holds.

In this subcase, we may assume ayz; € E. Assume first that (11) holds. If
e(agay, boby) > 1, say without loss of generality that asbe € E. Then [ag, by, by, 2] 2
Cly, [bs, x4, x3,x5] 2 Cy and [x1, a1, aq, a2] 2 Cy, a contradiction. Hence e(agay, babs)
= 0. Thus e(x3,Ly) > 3 and so e(x3,beby) > 1. Without loss of generality, say
x3by € E. Since e(agay, bibs) > 7 — e(x3, Ly) > 3, we may assume without loss
of generality that asb; € E. Then [x3,by,b3,24 2 Cy, [a2,b1,25,a1] 2 Cy and
[1, T2, a3, a4] 2 C4, a contradiction.

Next, assume that (12) holds. If e(agay, bsby) > 1, say without loss of generality
ashs € E. Then [ag, by, by, x3] D Cy, [b1, 24, x3,25] 2 Cy and [x1, a1, aq,a3) 2 Cy, a
contradiction. Hence e(agay, bsby) = 0. Thus e(xs, Ly) > 3 and so e(x3,b3by) > 1.
Without loss of generality, say x3bs € E. [z3,D3, by, 24] D Cy and [z, 9, a3, a;] D Cy
for j € {2,4}. Hence [a;,a1,x5,b1] 2 Cy for j € {2,4} and so e(by, azas) = 0. Thus
e(agasxs, Lo) < 7, a contradiction.

Thus (13) holds. If {y1,y2} = {x4, 25}, then x5 — Lo. Clearly, z;7 — (L1, az)
and x9 — (L1,a4). As Gy 2 2C4 W Cs, we see that x5 4 (Lo; aswoxsry) and x5 #



82 HONG WANG

(Lg2; agxywszy). This implies that e(asay, Lz) = 0, a contradiction. Hence {y, 42} =
{z1,22}. Clearly, [Ly — a;, x4, x5] D Csy for each i € {2,4}. Thus a; /4 (La; z12329)
and so e(a;, Ly) < 2foreachi € {2,4}. Ase(asaqws, Lo) > 7, N(x3, Lo)N\N(az, Lo) #
(. Say without loss of generality e(by, asws) = 2. Then z; — (La, by; agxax3) and so
Gy D 2Cy W Csy, a contradiction.

Case 2. One of (9) and (10) holds.

By Case 1, each of (5), (6) and (7) does not holds. Then we see, with Ly in
place of Ly, that none of (14), (15) and (16) holds. Therefore one of (11) to (13)
or (17) to (19) holds. Then e(asaszsxy, G1) = 14 and so e(asaqxszy, Hy) > 8k —
14 = 8(k — 2) + 2. Thus e(asasxszs, L;) > 9 for some L; in Hy. Without loss of
generality, say e(asaszszy, Lo) > 9. First, suppose that one of (17), (18) and (19)
holds. Then e(x3, Ly) = 0. Thus e(asaqzy, Ly) > 9. It follows that e(asay, Lo) > 5
and e(z4, Lo) € {2,4}. If (x4, Ly) = 4 then we would have that x4 — (Lo; agasas)
and [a1, x1, %3, 5] 2 Cy, i.e., Gy DO 3CYy, a contradiction. Hence e(x4, L2) # 4. Thus
e(x4, L2) = 2 and e(agay, Ly) > 7. Say without loss of generality e(a4, Ly) = 4. Then
ay — (Lo; B — {z5}) and x5 — (L4, a4), i.e., Gy D 3C}y, a contradiction.

Therefore one of (11), (12) and (13) holds. First, assume that (11) holds. Then
for each ¢ € {2,4}, we have N(x1, L1) N N(b;, L1) = 0 for otherwise x5 — (L1;x1b1b;)
and [bs, xo, 3, 24) 2 Cy, ie., Gy 2O 3Cy. Similarly, N(z2, L) N N(b;, Ly) = 0 for
each i € {2,4}. Thus e(bgby, asas) = 0. Hence e(agay, bibs) > 3 and e(xs, L) > 3.
As e(xg,boby) > 1, say without loss of generality x3by € E. As e(agay,bibs) >
3, say without loss of generality asby € E. Then [z3,b4,b3,24] O Cy and z5 —
(L1, aq; 2129b1), ie., Go 2 3C4, a contradiction. Next, assume that (12) holds.
Similar to the above, we readily see that e(bsby, asay) = 0. Thus e(agay, bibg) > 3
and e(x3, Ly) > 3. As e(x3,b3bs) > 1, say without loss of generality z3b3 € F. As
e(agay, biby) > 3, say without loss of generality asb; € E. Then [x3,b3,ba, 24] 2 Cy
and x5 — (L1, aq; x122b1), a contradiction. Therefore (13) holds.

As e(agaswsmy, Lo) > 9, either N(ag, Ly) N N(ay, L) # 0 or N(x3, Ls) N N(a;, Ls)
# 0 for some i € {2,4}. If {y1, yo} = {4, x5}, then either x4 — (Lo; asazay) or x4 —
(Lg; z3wsa;) for some i € {2,4}. Since [a1, 1, x3,x5] 2 Cy and [z1, 22, L1 — a;] 2 Cy
for each i € {2,4}, it yields that Go D 3Cj, a contradiction. Hence {y1,y2} =
{x1,22}. Then e(agay, Ly) > 5. Thus x5 — (Lg; asazay) and [ay, 1, x3,25) 2 Cy, a
contradiction. ]

By Property 1, we partition {Ly, Lo, ..., Ly_1} into four subsets A, B and C and
D as follows. For each i € {1,2,...,k—1}, if (2) holds with respect to L; and B then
L; € A; if (3) holds with respect to L; and B with e(z129, L;) = 8 then L; € B; if
(3) holds with respect to L; and B with e(z4xs, L;) = 8 then L; € C; and if (4) holds
with respect to L; and B then L; € D. For each L; € A, let V(L;) = {u;, vi,yi, 2}
be such that N(z1, L;) = {u;,v; }.

Property 2. For all L, € A and L; € BUC and L, € D, the following statements
hold:

(a) e(yizi, Lj) = 0 and e(u, L,) = 0 for all uw € V(L;);
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(0) e(yizi, Ly) < 2 and if e(w, L,) = 2 for some w € {y;, 2;} then wv; € E(L;)
and x, A (L;,w) for all b € {1,2,4,5}.

Proof of Property 2. Let L, = cicacseqcs be such that N(zq, L) = {c1,cu},
N(z2, L) = {ca,c3}, N(xy, L) = {c1,¢2} and N(zs5, L) = {c3, ¢4}

Say e(xxi41, L) = 8 with [ € {1,4}.

To see (a), first assume that e(y;z;, L;) > 1. Without loss of generality, say
e(yi, L;) > 1and yu; € E. Then z; — (Lj; xp41wy;) and [B—{xzy, x4}, v;] 2 Cy, iee.,
[B, L;, L;] D C4, a contradiction. Next, assume that e(u, L,) > 1 for some u € V(L;).
Without loss of generality, say L; € C and L; = ujugugusu; with ujc; € E. Then
[B,L;, L.] 2 3Cy = {cruizscacy, Daugzug®s, T1¢4C3T221 §, a contradiction. Hence
e(u, L,) = 0 and (a) follows.

To see (b), we may assume that either e(y;, L,) > 2 ore(z;, L,) > 2. Without
loss of generality, say the former holds. Without loss of generality, say yu; € E. If
e(ys, cics) = 2 or e(y;, cacy) = 2, say without loss of generality e(y;, cics) = 2, then
yi = (Ly, co; woxszg) and [x1, s, 5,05 2 Cy, 1ee., [B, L;, L] 2 3Cy, a contradiction.
Hence N(y;, L,) = {cs, cs11} for some s € {1,2,3,4}. Without loss of generality, say
e(yi,c1ce) = 2. If @y — (Li,y;) then m — (L, yi; c1mace) and [cs, o, 3, 25] 2 Cy,
ie., [B,L;, L] D 3Cy, a contradiction. Hence z1 4 (L;,y;). Thus wv; € E and
wiz; € E. Hence x, /A (Ly,y;) for all b € {1,2,4,5}. If we also have e(z;, L,) > 1,
then [y;, 2i, ¢p, cpr1] 2 Cy for some p € {1,2,3,4}. Without loss of generality, say
[yi, 2is c1,¢2] 2 Cy. Then [x1, 22, c3,ca] 2 Cy and [xy, x5, us,v;] 2 Cy, a a contradic-
tion. Hence (b) holds. 1

Property 3. If A # () then n is odd and G € %,,.

Proof of Property 3. As A # ), ¢t =5. Recall e(v, D) > 2forallv € V(D)-V(B).
Since D 2 Cs4 and by the maximality of ¢, we see that D — V(B) consists of
independent edges and N(z3) 2 V(D) — V(B). For each edge zy € E(D — V(B)),
applying Property 1 with B’ = z3xyxszszsas in place of B, we see that N(x, L;) =
N(y, L;) = {w;,v;} for all L; € A. Without loss of generality, say A = {L,...,L,}.
Say G' = [D, Ly,...,L,]. By Property 2, for each i € {1,...,p} and w € {y;, 2z},
e(w,G) > 2k —e(w,G —=V(G")) > 2k —2(k—p—1) = 2(p+1). We claim that
7(L;) = 2 and e(xs,y;2;) = 2 for all i € {1,...,p}. On the contrary, say it fails for
Ly. Then e(y;z1, L1 UD) < 7. Then e(w, Ly U D) < 3 for some w; € {y1, 21 }. Thus
e(w;,G' =V (L)) >2(p+1)—3=2(p—1)+ 1. Thus e(w;, L;) > 3 for some j €
{2,...,p}. Without loss of generality, say e(w, Ly) > 3. Clearly, [z1, 22, u1,v1] 2 Cy,
[ug, 23, T4, x5] 2 Cy and [vg, x3, x4, x5] 2 Cy. Thus wy 4 (Lo, ug) and wy 4 (La, v3)
for otherwise [L1, Lo, B] 2 3Cy. It follows that ugve € FE(Lg), Ly = usysvazous,
e(wr, Ly) = 3 and yozo € E with {ug,va} C N(wq). Let wy € {yo, 22} be such that
wiwy & E. Thus wy — (Ly,wy) and e(ws, Ly U D) < 3. We may define ¢ to be the
largest integer such that there exist ¢ distinct 4-cycles L; in {L1, Lo, ..., Ly}, say
without loss of generality Ly, ..., L,, such that the following statements (a) and (b)
hold:

(a) For each i € {2,...,q}, Li = wyviziu; and y;2; € F;
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(b) There exists w; € {y;, 2} such that N(w;, Lit1) = V(Lit1) — {wipa} for
i=1,...,q—1.

Ase(wy, L,UD) < 3, e(w,, L;) > 3forsome j € {1,...,p} with j # ¢q. If j > ¢+1,
we may assume without loss of generality that L; = L,;. With L, and L., replacing
Ly and L, in the above argument, we see that there exists wy41 € {yg41, 2441} such
that (a) holds with ¢ = g+1 and (b) holds with ¢ = ¢, contradicting the maximality of
q. Hence 1 < j < ¢g—1. With L, and L; replacing L, and L, in the above argument,
we see that w, = (L;,w;). Since w; > (Liy1,wiy1) for i = 5,5 +1,...,¢— 1, we
obtain a contradiction with the maximality of 7(o). Therefore the claim holds, i.e.,
7(L;) = 2 and e(x3,y;2;) = 2 for all i € {1,...,p}.

Then we readily see that e(y;z;,y;2;) = 0 for all 1 <4 < j < p for otherwise
G' 2 (p+1)Cy. As 6(G) > 2k, it follows that e(y;z;, ujv;) =4 forall 1 <i < j <p.
Thus {z122, 2425} U {y;2:]1 < i < p} U E(D — V(B)) is an edge independent set of
G’ and so G’ € ¥,,11,s where n’ = |V(G")|. By Property 2, we see that BUCUD =0
for otherwise e(y121, G) < 4k. Hence G' = G € ¥y ,. ]

Property 4. If BUC # (), then k is odd and G € T'y.

Proof of Property 4. By Property 3, A= (. Clearly, e(L', L") =0 for all L' € B
and L” € C for otherwise [B, L', L"] D 2C4 W Cs,4. Since 6(G) > 2 and by Property
2(a), it follows that D = @) and |B| = |C| = (k —1)/2. Thus k is odd. If ¢t > 7 or
V(D) —V(B) # 0, then e(v, D) < 2 for some v € V(D) — {x1, 2, T3, T1—9, Tt—1, L1 }
since D 2 Cs4. Then e(v,L;) > 2 for some L, in H. By Lemma 2.6, [D,L;] D
Cyq W C5y, a contradiction. Hence t < 6 and D = B. As §(G) > 2k, it follows that
[€1, T2, 23, V(B)] = [T1-2, Tt—1, 71, V(C)] = Kogya, 1.e., G € T'y. ]

By Property 3 and Property 4, if D # () then AU BUC = (. Consequently,
e(z3,G) =4 and so k = 2, i.e., G = Fy. This proves the main theorem.

References
[1] B. Bollobds, Ezxtremal Graph Theory, Academic Press, London (1978).

[2] K. Corrddi and A. Hajnal, On the maximal number of independent circuits in a graph,
Acta Math. Acad. Sci. Hungar. 14 (1963), 423-439.

[3] M.H. El-Zahar, On circuits in graphs, Discrete Math. 50 (1984), 227-230.

[4] P. Erd8s, Some recent combinatorial problems, Technical Report, University of Biele-
feld, Nov. 1990.

[5] Bert Randerath, Ingo Schiermeyer, and H. Wang, On quadrilaterals in a graph, Discrete
Math. 203 (1999), 229-237.

[6] H. Wang, Vertex-disjoint quadrilaterals in graphs, Discrete Math. 288 (2004), 149-166.

[7] H. Wang, Proof of the Erdés-Faudree Conjecture on quadrilaterals, Graphs Combin.
26 (2010), 833-877.

(Received 26 Mar 2011; revised 4 May 2012)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


