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Abstract

We show that a function F' : F, — C whose multiplicative Fourier
coefficients are given by certain character sums, which we call Jacobi-like
sums, is in fact the £1-valued characteristic function of a difference set
in F.. with Singer parameters. We show further that the difference sets
arising from such functions are precisely the so-called DD difference sets
constructed by the first author and Hans Dobbertin.

1 Introduction

The purpose of this paper is to give an alternative proof that the sets constructed
by Dillon and Dobbertin in [6] are indeed difference sets with Singer parameters. In
contrast with the methods employed in that paper, which made use of the Fourier
transform on the additive group of the field Fom, we utilize the more traditional
number theoretic approach based on analysis of the multiplicative Fourier coefficients
of the sets in question. In fact, our approach is independent of that in [6] and we
make explicit use of its results only in the final section of this paper, in which we
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prove that the difference sets we have constructed are indeed the same as those
constructed there. Similar Jacobi-like sums are used in [1] to construct, for arbitrary
primes p, p-ary sequences with ideal autocorrelation and derived cyclic difference sets
with Singer parameters.

First, we set some notation. Given a function f : Fj. — C, we will usually
extend f to Fam by f(0) := 0; in particular, we define x(0) := 0 for all multiplicative
characters x of F3... On the extension Fom of Fy we have the trace map Tr(z) defined
by

If x is a character of the multiplicative group F.. we denote by G(x) the Gauss sum

G0 = Y x(a)(=1)7.

z€Fym

Given two multiplicative characters x and v of Fam, we denote by J(x, ¢) the Jacobi
sum

TO6v) = Y x(@)w( - ).

z€Fom

Below we state some basic facts about Gauss and Jacobi sums, proofs of which can
be found in [4] and [10].

If xo denotes the principal character of F2;., then G(xo) = —1 by the orthogonality
relations for the additive characters of Fom. If ¥ is a nonprincipal character of F..,
then

GO)IP =2 (1)

If x and ¢ are nonprincipal characters of FJ.. whose product x is also nonprincipal,
then the Jacobi sum J(x,®) can be factored into Gauss sums as

g9 (¥)
TY) = =75 2
(xv) = L5 @)
and this factorization, together with (1), immediately yields the identity
T ()P =2, (3)

A subset D of a group G is called a (v, k, \)-difference setif |G| = v, |D| = k, and
every nonidentity element of G occurs ) times as the difference gh~! of elements g and
hof D. If G is a cyclic group, we call D a cyclic difference set. This paper is concerned
with cyclic difference sets with Singer parameters (v, k,\) = (2™ — 1,2m~1 2m=2),
These parameters are named after James Singer [16]. More information about such
difference sets can be found in [2, 3, 9, 11, 6]. References for applications of character
theory to the study of difference sets include [13, 17, 3, 14, 15, 7, 6]. A comprehensive
reference for all aspects of difference sets is [5].
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We identify a function F' : F,, — C with a corresponding element F' of the group
algebra CF3.. by

F = Z F(z)x.

xE]F;m
The adjoint of F acting on CF... by left multiplication is left multiplication by
F*= Y F(z)z' € CF},.
ze]F;m

X

Each character x of FJ.. extends linearly to all of CFZ,. by

X(F) ==Y F(x)x(x);

X
TE€F m

we have the identity
X(F) = x(F7).

Characteristic functions of difference sets with Singer parameters must satisfy certain
identities in the group algebra, stated in the following lemma. We forego its proof
as it is simply an appeal to definitions.

Lemma 1. Let f : Fom — {0,1} with f(0) = 0. Put F := (=1)f. The following
statements are equivalent:

1. the support D of f is a difference set in F3.. with Singer parameters (v, k, \) =
(2m _ 17 2m—17 2m—2)},

2. FF*=2m — Zmerxm xz in CFyn;
3. xo(F) = —1 and |x(F)|* = 2™ for all nonprincipal characters x of Fiu;

4. the matriz [F(zy))syerm is a Hadamard matriz.

The main goal of this paper is the following theorem, which we shall prove in the
next section.

Theorem 1. Let k and m be relatively prime positive integers. Define a function
F :F. — C by its Fourier coefficients:

GG
g

Then F is the +1-valued characteristic function of a difference set with Singer pa-
rameters.

X(F) = (4)



52 J.F. DILLON AND NEERAJ KASHYAP

In analogy with (2), we call the sums (4) Jacobi-like sums. The conclusion of
Theorem 1 is item 1 of Lemma 1; but the property (1) of Gauss sums and the
fact that ged(2F + 1,2™ — 1) = ged(3,2™ — 1) make it clear that the function F of
Theorem 1 satisfies the equivalent item 3 of Lemma 1. Thus, the difficulty in proving
the Theorem lies in showing that F', which is defined as a complex-valued function
by its Fourier coefficients, satisfies the hypothesis of Lemma 1; i.e. it takes only the
values £1.

The final section of this paper will address the question of whether or not the
construction of Theorem 1 gives rise to previously unknown difference sets. The
answer is “No”.

Theorem 2. For k a positive integer relatively prime to m, put d :== 4* —2F +1 and
let A : Fom — Fom be the map

Az) = (z+ 1) + 22 4 1.

Let D := Fou\A(Fom). The function F : ¥y, — C given by (4) is in fact the
+1-valued characteristic function of D.

The construction in Theorem 2 of the difference sets D is precisely the one given in
[6]. Thus Theorem 1 merely constitutes a new proof that the sets D are indeed cyclic
difference sets with Singer parameters. In a way, the order in which the theorems are
presented is a bit deceptive since it was the construction of [6] which led to our study
of the Jacobi-like sums. On the other hand, defining a function F on FZ. so that
the character sums y(F'), as expressions in Gauss sums, are guaranteed to satisfy the
requisite |x(F)|? = 2™ has the potential for being a rich source of difference sets.

2 Construction of the difference sets

The purpose of this section is to prove Theorem 1. To that end let F': FJ,. — C be
defined by (4). First, note that F' can be recovered explicitly from its multiplicative
Fourier coefficients by Fourier inversion.

1
2am —1

Fx) = > XF)x(@). (5)

Given (4), it is clear that, for each z € FJ., F(x) € Q(¢om—_1) where (am_; is a
primitive (2™ — 1)* root of unity. The first step of the proof is to show that F'(z) is
an algebraic integer.

We call a character x of Fan degenerate if x* = xo. Since ged(2F +1,2™ — 1)
= ged(3,2™ — 1) and G(xo) = —1, if x is degenerate then x(F') is simply a Gauss
sum and is therefore an algebraic integer. To prove the claim for nondegenerate
characters we make use of the Davenport-Hasse formulas, stated below; for proofs
see [4].
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Theorem 3. (Davenport-Hasse product formula.) Given a character ¢ of Fy
of order I > 1, for any character x of Fy, put

-1

_ XDG0) 7 )
N(l,x) o0 H Cw) (6)

j=1
For each 1 > 0 and each character x of FX, N(I,x) = 1.

Theorem 4. (Davenport-Hasse forumula for lifted Gauss sums.) A charac-
ter x on Fy induces a character X on the multiplicative group of any extension Fs
via composition with the norm map Fys — F,. Denote by Gr, .(X) and Gg,(x) the
Gauss sums over the corresponding fields. Then

Gr,. (X) = (=1)"7'Gr, (0"

Suppose first that x is a nondegenerate character on FJ, where m is even. In
particular, this means that there is a cubic character ¢ of FJ... For a function F' as
defined by (4), the Davenport-Hasse product formula gives the following identity.

X(F)? = T (xt, x> 02) T (", x?). (7)
To see this, consider the expression

X(F)?

N(3,x)?

_ G00%G(x P2 GGG (1)
(x3)? X3(3)2G(x)2G (x¥)2G (x¥?)?

GO )G ()G (1?)?
G(x¥)?2G(x1?)?

_ o g(X2’C+1)2 -

G(x¥)*G(xv?)?

X(F)? =

ok

Applying the automorphism x — 2% on Fom gives

G(xv) = G((x)*) = G v?),

since k is relatively prime to m and therefore is odd. Similarly

GOxw?) = GO ).

Thus . X
g(XZ +1) g(X2 +1)

) = 2 G GO GO DG’

yielding (7) by (2) and (3).
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For m odd, note that applying the automorphism x — 22" gives

g(X2’C+1) _ g(XZ"L’k+1)7

so the function defined by (4) for k is the same as that defined for m — k. Thus
we may assume without loss of generality that k is odd. Let x be a nondegenerate
character of F3,, and denote by ¥ its lift to ), . Then the order of x is the same as
that of x and thus X is a nondegenerate character of F.5,,. By Theorem 4 and (7)
we obtain the following identity.

X(F)' = T (e, (O )T ()2 4, X402 (8)
The identities (7) and (8) prove that each x(F) is an algebraic integer in Q((om_1).

Let n be an integer relatively prime to 2™ — 1 and let o denote the automorphism
Com_1 +— (Bn_q of Q(Cem_y). Then for any z € Fan, by (5),

g (2" = 1F(@) = > X"(F)X"()
= x(F)X
= (2™ —1)F(x).

Since (2™ — 1)F(z) is an algebraic integer in Q((am_1) invariant under the Galois
group, it is a rational integer.

Similarly, considering explicitly the expression of (4) and separating the contri-
bution of the degenerate characters from that of the non-degenerate ones, we obtain

Flz) = — ZQ(X)QQ(S;? H)m)

= > G00x() + Z GGG (X ().

xP=xo x3#x0

Adding to and subtracting from the above expression the term

Z G(x)X(@ Z GG TG ()X (2),

X =X0 X =X0

gives the identity
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o V(@) = 5o Zg G HR ().
Noting that
g X (000%) - 000w = 5y 3 Tt o)
we have s o
P =50 | 3 600t 19| ©)
where

— Z X Z 2k+1w—3)(71)Tr(u+v+w)

u,v,w

_ 2m1_1 Z Tr(u+v+w)ZX 02 Y( )

w,v,Ww

— Z (71)Tr(u+v+w).

w2k +1yy—3—¢

Thus (z) € Z for all z € FJ,.. Furthermore, the sum

> G00x()

x3=xo0

is invariant under the action of the Galois group of Q({am_1) over Q and thus that
sum is also a rational integer. Therefore, by (9), 2™ F(z) € Z.

Since (2™ — 1)F(z) and 2™ F(z) are in Z for all z € F3.., we deduce that F(x) is a
rational integer for all x.

By Plancherel’s theorem, since |x(F)|? = 2™ for x # xo, and |xo(F)]* = 1, we have

> F)P=2"-1
xE]F;m

The terms in the sum are all integers and are 2™ — 1 in number. Thus in order to
show that F' takes values £1 it suffices to show that if x € FJ,. then F(z) # 0.

Let P be a prime ideal lying over 2 in Q({am_1). Recall that 2 is unramified in
Q(¢em_1) and the inertial degree of P is m, i.e. Z[(em_1]/P = Fom. Thus there is a
character T of F,. satisfying

7(x) = x (mod P).

This character 7 is called the Teichmiiller character associated with P. Since it is an
isomorphism between Fa. and the group of (2™ — 1) roots of unity, 7 is a generator
for the character group of F3... Using 7 enables us to compute explicitly the valuation
of a Gauss sum on Fym over P:
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Theorem 5. (Stickelberger’s theorem.) Let v denote the discrete valuation
(written additively) induced on Q(Com_1) by P, and let T denote the Teichmiiller
character associated with P. Given an integer a with 0 < a < 2™ — 1 and binary
expansion a = Z;’ZOI a; 27, denote by s(a) its binary weight, i.e. s(a) = > a;. Then

For detailed discussions of this theorem, sec e.g. [4, 10, 18].

To complete the proof of Theorem 1 we will show that, given a prime P lying
over 2 as above with v the associated valuation, v(F(z)) = 0 for all x € FJ.. To
prove this, we apply Theorem 5 to (7) and (8). To this end, let m be even and,
given a prime P lying over 2 in Q((am_1), let v be the associated valuation and 7 the
associated Teichmiiller character. Let x be a nondegenerate character of FJ,. and
suppose that

v (TOw DT (o)) =o. (10)
Then we must have

v (J(w, X2k¢2)) =0=v (J(><2’“w, XW)) :

Writing x = 77 and choosing as the cubic character ¢ the character 77 where

b:= 2"~ we get by Theorem 5 and (2) that

s(a+b) + s(2%a + 2b) — s((2" +1)a) = 0 = s(2¥a +b) + s(a + 2b) — s((2" + 1)a).

Denote by ¢,d, and u the residues modulo 2™ — 1 of a + b, a + 2b, and (2% + 1)a
respectively. As before, we assume without loss of generality that & is odd, and thus
5(2Fa + 2b) = 5(2¥c), s(2¥a + b) = 5(2Fd). The above equations can be rewritten as

s(c) + s(2F¢) — s(u) = 0 = s(d) + 5(2%d) — s(u). (11)

In general, the expression s(u)+s(v) — s(u+wv) counts the number of carries when
adding v and v in their binary expansions; for a nice discussion of this fact, refer to
[8]. Reference [7] obtains such expressions by applying Stickelberger’s Theorem to
classical Jacobi sums which they observe to be the character sums for the difference
sets which arise from Maschietti’s Theorem on monomial hyperovals [12]. They then
go on to demonstrate remarkable combinatorial virtuosity by exactly evaluating these
expressions for several known classes of monomial hyperovals, thereby obtaining the
2-ranks of these difference sets and new inequivalence results. We have followed their
lead here by applying Stickelberger’s Theorem to our Jacobi-like sums; but our aim
here is much more modest.

Since ¢ + 2F¢ = u = d + 2*d, neither of the sums has any binary carries. If one
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writes explicitly

m—1

c= c;2,
=0
m—1

d= d;2’,
=0
m—1

u= u; 27,
=0

the no-carries condition translates to
¢+ ik =uj = dj +djg, V. (12)

Working in the ring Z[z], we define the polynomials

m—1
C(x) = cjr’,

=0

m—1
D(x) := dja,

=0

m—1
U(x) = u;x’

=0

Here (12) becomes the identity

U(z) = U(z) =0 (mod 2™ — 1).

(a" + 1) (C(x) — D(x))

Since k is relatively prime to m, ged(z* + 1,2™ — 1) = z + 1 in Z[z] and so the

polynomial £== must divide C(x) — D(x). However, since the coefficients of C(x)

and D(z) are either 0 or 1 and their degree is no greater than m — 1, and since

m—1
™ —1 o
_ R
T =2
j=0
we have )
C(z) = D(z) =+ (—1Ya/,
j=0

and thus c=b and d = 2b, or c =2b and d = b.

Since k is odd and ¢+ 2¥¢ = (2¥ + 1)a, we derive also that

2Mm —1=b+2b= (2" +1)a,
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and so £2=1|a, which means that x* = xo, a contradiction to the non-degeneracy of

3
X-

Note that when m is odd, we may simply lift to the quadratic extension of Fom
and carry out the argument there, appealing finally to (8). Thus for any m, if x is

a non-degenerate character of F,. and P is any prime lying over 2 in Q({am_1) with
associated valuation v, we have

v (x(F)) > 0. (13)

A straightforward application of Theorem 5 shows that (13) also holds for a cubic
character of F3... For the principal character, of course, we have

v (xo(F)) = 0.
Thus by (5) we have that F(x) is odd for all z € FJ., completing the proof of

Theorem 1.

3 Comparison with older constructions

We now prove Theorem 2. First we recall some notation from [6]. As in the statement
of the theorem, let k be a positive integer relatively prime to m and put d :=
4% — 2k 4 1. Consider the map A : Fom — Fym defined by

Az) == (z+ 1) 4+ 2%+ 1.

Put D := Fou\A(Fn), let b denote its characteristic function, and put B := (—1)°.
We shall now establish the following

k
Claim 1. x(B) = %}g’)“) for all characters x of Fom.

Given a function F : Fom — C, we denote by F its additive Fourier transform
(or Hadamard transform) given by

- 1 rlar
Fla) = o7 > F(a)(-1)en.
z€Fym

FrFisa unitary operator on the Hermitian space of complex-valued functions on
Fom with inner product given by

(F.G):= Y F(2)G(x);

z€Fom

and Plancherel’s Theorem says

<F,G>=<F,G>VF,G e CF,
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It will be useful to compute the Hadamard transforms of multiplicative characters
of Fom. If x is a character of FJ.., which we extend to the entire field by x(0) := 0,
and if o # 0, then

S A1) = SR (@)G (). (14)

z€Fym

N
o3|

X(a) =

In [6] the first author and Hans Dobbertin proved that if C., : Fom — C is defined
by

Cy(z) = B(ﬂ/w2k+1)7

then

- PLES

Cy(a) = Sa5(a™57), (15)

where S; (z) = (—=1)Tr0),

We now have all the tools we need to verify Claim 1. We certainly have for all x

X(B) = Y x(x)B(x).

x€Fym

In particular, for the principal character yg, we have xo(B) = —1 and so Claim 1
holds for xo. From now on we assume that y # xo. First we deal with the case that
m is odd, in which case

ged(2¥ +1,2™ — 1) = 1 = ged(3,2™ — 1).

We have

z€Fym

= > x@ B
xE€Fym

= > @)
xE€Fym

= Y X (a)C(a)
a€Fom

—_— ~ 2k+1
= ) ()8’ )

acFom
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_2_1% Z 7(2k+1)(a)g( 2k+1)§( 2k+1
a€Efom
1 k ~
= 52907 Y A H@)Si(@)
a€Fom
1 k
= 5790 Y X @)Si(a)
xE€Fym
1 k
= 590G D @S ()
x€Fym
1 k 3
= 500G Y X (=)
x€Fym
_ 90090
g

Thus, Claim 1 is true for m odd.

Now suppose that m is even. In this case ged(2F+1,2™—1) = 3. Since k and m—k
lead to the same set D and function B, and we cannot have both k and m—k divisible
by 3, we may assume that k satisfies the further condition gcd(L;'l, 2m—1) = 1.
Since the map x — 221 is a 3-to-1 homomorphism from F.. onto the subgroup of
cubes we may write

ZM” Zx 24, (@), (16)

where 1, pa, 3 represent the three distinct cosets and x ranges over all of Fom. We
first take care of the case that x has order 3 so that x2*t! = y3 = xo, but x # xo.
We have

Zx m) D X (@)C ()

xE€Fym
= Z X(ny) Y Cyla
IG]FZm
=> x(w) (CM(O) + ) CM(I)>
J 2E€Fym

0) > (i) +2% 3 ()G 0)

Since y is cubic,

Z x(uj) =0,

and thus by (15) we have
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3x(B) = 2% ZX (147)S3,1,(0)

- 3 e

2€Fym
=3 Z x(z)
@€Fym
= 3G(x)-
Thus,
GG

X(B) = g(X) = W

so Claim 1 is true if x has order 3.
Finally, we assume that x is a non-degenerate character of Fy.; i.e. x® # Yo.

Then
Zx m) Y X )C ()

z€Fym

Z X(#5) ZX2k+1 Cu, (@)

a€Fom

X2 Zx (115) ZX () S5, (0
X Zx m Zx ) S350, (00)
e qu; 3 X ()85, (x)

z€Fom

J
L,

7Y

L,

570

L,

570

1

= 500 Zx ) Y X (@)Ss,, (@)

1

2m

3

2m

z€Fom

_g 27\+1 —3 ZX N‘] Tr (u;z®)

—Q(X?H)Q(X_B)Q(X)

Thus,
X(B) = 27"G(* ™G (x*)G(x)

_ G060
Gg(x%)
this completes the verification of Claim 1 in all cases.

We have shown that the Fourier transform of function B coincides with that
of the function F' of Theorem 1; and it follows that the functions B and F must
themselves coincide. This completes the proof of Theorem 2.
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