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Abstract

Cavenagh and Wanless [Discrete Appl. Math. 158 no.2 (2010), 136-146]
determined the possible intersection of any two transversals of the back
circulant latin square B,,, and used the result to completely determine
the spectrum for 2-way k-homogeneous latin trades. We generalize this
problem to the intersection of u transversals of B,, such that the transver-
sals intersect stably (that is, the intersection of any pair of transversals is
independent of the choice of the pair) and show that these structures can
be used to construct pu-way k-homogeneous circulant latin trades of odd
order. We provide a number of basic existence and non-existence results
for p transversals of B, that intersect stably, as well as the results of a
computational search for small n. This is followed by the principal results
of this paper: a construction that covers a large portion of the spectrum
when n is sufficiently large, which requires certain base designs. These
base designs are provided in the cases u = 3,4, and were found by a
computational search. We use this result to find the existence of u-way
k-homogeneous circulant latin trades of odd order, for u = 3, 4.

1 Introduction

A natural question to ask in combinatorics is how may two distinct examples of
a certain combinatorial structure intersect, a question which has been investigated
for a large variety of different structures. An extension of this is to consider the
p-way intersections of the structures, and work has been done taking the underlying
structure to be Steiner triple systems in [16], m-cycle systems in [2], and latin squares
in [1] and [3].

* The research for this paper was also supported in part by the Australian Research Council
(grant number DP1092868).
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There has been an investigation into the possible intersection size of two transver-
sals of the back circulant latin square [14], and so in a similar fashion we general-
ize from the intersection of two transversals to the intersection of a collection of
transversals.

The problem that this paper investigates is as follows:

Question 1.1. For what t does there exist a collection of j transversals of the back
circulant latin square of order n, such that each pair of transversals intersect precisely
in the same t points?

These transversals can be used to construct 3-way k-homogeneous latin trades
of odd order, which will further extend our knowledge towards answering question 1
from [4].

1.1 Definitions

A partial latin square of order n is an n X n array of cells, each being either empty
or filled with one of n symbols such that each symbol appears at most once in each
row and in each column. A latin square is a partial latin square with no empty
cells. We are able to think of a (partial) latin square as a set of triples; if a (partial)
latin square, L, has the cell of row r and column c¢ filled with symbol e, we will
write (r,c,e) € L. This is commonly called the orthogonal array notation. In this
paper, we write an interval of integers as [a,b] = {a,...,b} and we index the rows,
columns and symbols of a latin square by [0,n — 1]. We will sometimes reference
rows, columns and symbols with indices that are greater than n — 1, by which we
will always mean the representation of this index modulo n.

A diagonal of a latin square L is a set of n cells of L such that each row and
each column is represented in the set of cells precisely once. A transversal of a latin
square is a diagonal that also has each symbol represented precisely once. See [18]
for a survey of transversals in latin squares.

A commonly studied latin square is the back circulant latin square, which is
defined as B,, = {(r,¢,7 +¢) | r,c € [0,n — 1]}. The latin squares B,, have a strong
connection to diagonally cyclic latin squares, and are often used to prove facts about
latin squares in general.

The back-circulant latin square B, has many interesting connections to other
structures. Most relevant to this paper is that a transversal of B,, is equivalent to a
diagonally cyclic latin square of order n [17]. A transversal of B, is also equivalent
to a complete mapping of the cyclic group of order n as well as an orthomorphism
of the cyclic group of order n [13]. (Other equivalences can be found in [14].)

Throughout this paper, we assume n is odd, as it is well known that B,, contains
no transversals for any even n. The possible intersection sizes of any two transversals
of B,, has been determined:

Theorem 1.2. [14] For each odd n, there exists a pair of transversals of B, that
intersect in t cells, when n # 5 fort € {0,...,n — 3} U {n}, and when n =5 for
t€{0,1,5}.
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We consider a generalization of such intersections of pairs of transversals to the
intersection of p transversals.

Definition 1.3. A collection of i transversals Tt, ..., T, intersect stably in t points
if there is a set S C [0,n — 1]? such that T, NT; = S fori # j.

Informally, if there is a cell (4,7, k) € S, then (4,7, k) appears in each transver-
sal T1,...,T,. If there is a cell (¢,5', k") € T, with (¢,j', k") ¢ S, then no other
transversal contain (¢', 7/, k).

Then Question 1.1 is asking for what values of ¢ does there exist a collection of
i transversals of B, that intersect stably in ¢ points. The main results of this paper
are the following two theorems:

Theorem 1.4. For odd n > 33, let I, I', d and d' be the unique integers such that
n=1814+94+2d andn =22I" +11+2d', [,LI' >1,0<d <9 and 0 < d < 11.
Then there exist three transversals of B, that intersect stably in t points for t €
min(3 + d’,d),n] \ [n — 5,n — 1] except, perhaps, when:

e n=>51 andt =29,
e n =253 and t = 30.

Theorem 1.5. For odd n > 33, let I, I', d and d' be the unique integers such that
n=181+9+2d andn = 22I' + 11 +2d', I,LI' > 1,0 < d <9 and 0 < d <
11. Then there exist four transversals of B, that intersect stably in t points for
t € min(3+d',d),n]\ ({n—15} U[n —7,n — 1)) except, perhaps, when:

e 33<n<43andte[10+d, 11+ d|U[n—14,n— 12],
e 45<n<b3andte[-1+d,24+d]U[10+d,11+d|JU[18+d', 20+ d'],
e 63<n<T75andte([7T+d,8+d.

2 Results

2.1 Basic results

Lemma 2.1. For an odd integer n, there exists a collection of p transversals of By,
which intersect stably in n points, for any pu > 1.

Proof. For odd n, the main diagonal’s cells (4,4, 2i) with i € [0,n—1] form a transver-
sal of B,,, showing at least one transversal exists. A collection of i identical transver-
sals intersects stably in n points. O

Lemma 2.2. For an odd integer n, there exists a collection of u transversals of B,
which intersect stably in 0 points, for any 1 < p < n.

Proof. Consider the u transversals of B,, given by T,, = {(i,i+«, 2i+« | i € [0,n—1]}
for aw € [0, u — 1]. These p transversals intersect stably in 0 points. O



T.G. MARBACH / AUSTRALAS. J. COMBIN. 65 (1) (2016), 84-107 87

Lemma 2.3. For odd u, there exists a collection of pu transversals of B, which
intersect stably in n — p points if and only if p | n.

Proof. Suppose there exists a collection of p transversals of B,, which intersect stably
in n — p points. Define R (resp. C') as the set of rows (columns) that have no
pair of transversals intersecting in those rows (columns). Then the cells of the set
H=A{(rc,e’) €T, |1 <a<ureRand c € C} can only be filled with one of
distinct symbols, as the other n — p symbols appear in the stable intersection of the
transversals. So H forms a p X u subsquare of B,,. Theorem 3 of [8] tells us such
a subsquare implies the cyclic group of order n has a subgroup of order p. Then pu
must divide n.

Now suppose x| n, so n = m - u for some integer m. Let T} = {(mi,m(i +
a),m2i+a)) |0<i<pu—1}and T? = {i,4,2i | 0 < i < n—1and m {1}, for
a € [1, p]. Define transversals T,, = T} UT? for o € [1,pu]. Then T, NTs = T2, for
each 1 < a < B < i, where |T?| =n — p. O

Lemma 2.4. For odd integers n,m, if m | n and for integers q with0 < g < n/m—1
there exists p transversals of By, that intersect stably in t, points, then there exists
i transversals of B, that intersect stably in ngg_l tq points.

Proof. We construct p transversals of B,, by combining p transversals chosen from
cach of the subsquares S, = {(mi+q¢,m(i +a)+q¢m2i+a)+2q) |0<i<pu—1}
for 0 < g < n/m — 1. Each of these are subsquares of B,, that are equivalent to B,,,
and so for each S, we use the p transversals of B,, that intersect stably in ¢, points.
Combining these n/m collections of u transversals of size m gives p transversals of

B, that intersect stably in ZZL 7~1t, points. O

Lemma 2.5. For an odd integer n, there does not exists a collection of u transversals
of By, that intersect stably in t points, fort € {n—p+1,...,n—1}, for any p > 2.

Proof. Suppose that there exists a collection of p transversals that intersect stably
in ¢ points, for ¢t > 1. Let C' C [0,n — 1] be the set of columns such that no pair of
transversals of our collection of p transversal intersect in column ¢ € C'. If row r has
no pair of transversals intersecting in row r, then the set {(r,d,e') € T, | 1 < a <
pand ¢ € C} has size p. But this implies |C| > p, which means there can be at
most n — p columns where the p transversals meet. This implies the result. O

2.2 Computer search

We performed a computer search for p transversals of B,, when n is relatively small,
and p = 3,4. For n € {5,7,9,11,13}, the program was able to exhaustively check
the search space for both y = 3,4, and also n = 15 for ¢ = 3. For the other odd
n < 31, we were only able to obtain partial results, as the search space was quite
large. The results are summarized in Tables 1 and 2.
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n t

5 1

7 1,2

9 1,2,3,4,6

11 1,2.3,4,5,6

13 1,2,3,4,5,6,7

15 1,2,3,4,5.6,7,8,9,10,11,12

17 1,2.3,4,5,6,7,8,9,10,11

19 1,2,3,4,5,6,7,8,9,10,11,12,13

21 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,18

23 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16

25 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,21

27 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21
29 1,2.3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22
3111,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24

38

Table 1: There exists a collection of ;1 = 3 transversals of B,, with stable intersection

size t.

n t

7

9 1,2

11 1,2,3

13 1,2.3.4

15 1,2.3,4,5,10

17 1,2.3,4,5,6

19 1,2,3,4,5,6,7

21 1,2.3,4,5,6,7,8

23 1,2,3,4,5,6,7,8,9

25 1,2,3,4,5,6,7,8,9,10
27 1,2,3,4,5,6,7,8,9,10,11
291 1,2,3,4,5,6,7,8,9,10,11,12
3111,2,3,4,5,6,7,9,10,11,12,13

Table 2: There exists a collection of 1 = 4 transversals of B,, with stable intersection

size t.

2.3 Principal construction

For this section, take n to be a fixed odd integer. Define B'; to be the j x j subsquare
of B, at the intersection of rows and columns with indices ¢,7 +1,...,2+j — 1. We
will write B, ; instead of B;'; when the value of n is clear in the given context. The
cells of such a subsquare are filled with symbols from {2i,...,2i + 25 — 2}. We
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consider a partial transversal within the j x j subsquare of cells B;; to be a set
of j triples {(rg,ck,ex) | rx —i,cp —i € [0,7 — 1] and 0 < k < j — 1} such that
{re | 0<k<j-1={a|0<k<j-1}=He |0k <j—1} =j. We
further consider a set of subsquares B, ; such that the subsquares partition the rows
and columns of B,. Then finding certain collections of ;1 partial transversals within
cach of these B;; that only use certain symbols will amount to finding a collection
of p transversals of B,,.

Fix p an integer and b an odd integer with 3 < b < n/3. For a given d and ¢, we
write ¢t € QZ(b+J) if there exists a collection of u partial transversals of By, ; within
B, that intersect stably in ¢ points, and only use symbols from {(b—1)/2,...,3(b—
1)/2+2d}\ {b+25 | 0 < j < d}. Notice that B;; is just a relabeling of the symbols
of By ;, and so the existence of a collection of ;v partial transversals within By ; is
equivalent to the existence of a collection of p partial transversals within B; ;.

Take I and d to be the unique integers with I > 1, d € [0,b—1], and n = 2Ib+b+
2d. We consider three types of subsquares; large subsquares By ;+4, small subsquares
B(n+b)/2,0 and base subsquares By qp and B(riipy2qp for 1 <4 < I. Figure 1 shows
the layout of the subsquares. The symbols that fill the cells of the partial transversal
from each of these subsquares are restricted. In particular, the base subsquares
Bipyayp use the symbols {2(ib+ d) + (b —1)/2,...,2(ib + d) + 3(b — 1)/2} and the
base subsquares Bji)424,5 use the symbols {2(/b+ib+2d) + (b—1)/2,...,2(Ib+
ib+ 2d) + 3(b — 1)/2} for 1 < ¢ < I, the large subsquare Byp;q use the symbols
{(b—-1)/2,...,3(b—1)/24+2d} \{b+2j | 0 < j < d}, and the small subsquare
Bnip)2,a use the symbols {b+25 | 0 < j < d}.

These symbols have been chosen so that the partial transversal of one of the
subsquares does not share any symbols in common with the partial transversal of
any other subsquare. We demonstrate the interleaving that occurs for the base
subsquares in Figure 2.

Theorem 2.6. Let n,b be odd integers, 3 < b < n/3, and p an integer with p > 2.
Let I > 1 and d € [0,b— 1] be the unique integers such that n = 2bl + b+ 2d. There
exists | transversals of B,, that intersect stably in t points with t = d+ Z?io t;, where

to € W (b+d) and t; € Q(b), for 1 <i <21,

We provide the following construction, followed by a proof that demonstrates
that the construction yields Theorem 2.6.

Construction 2.7. Take u > 2 an integer and n,b odd integers, 3 < b < n/3 Let
I >1andd € [0,b— 1] be the unique integers such that n = 2bI + b+ 2d.

We will construct p subsets of B,,, Ti,...,T), by finding partial transversals se-
lected from a large subsquare B4, a small subsquare Byr41)44,4 = Bnts)/2,d, and
base subsquares Byitqp and By(r44)424p for 1 < < 1.

For the large subsquare, as ty, € QZ(b + d) there exists a collection of u partial
transversals Pl ..., PF within Byy.q that intersects stably in #, points and using
each symbol of {(b—1)/2,...,2d+3(b—1)/2}\{b+2d' | 0 < d' < d} precisely once
per partial transversal. We place the cells of P; into T, 1 < B < .
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Figure 1: The positioning of the subsquares. By taking the union of partial transver-
sals of B,, in these subsquares, we find a transversal of B,,.

~

The same
b symbols

_

Figure 2: We choose partial transversal such that the symbols not used between the
ith and (i + 1)th base subsquares are used in the (I + i + 1)th base subsquare. The
darkened cells represent those cells that we do not allow in any partial transversal.
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For the small subsquare, a collection of y partial transversals P, ..., Pf within
By(r4+1)+4,q that intersect stably in d points can be defined by placing cells (r,r, 2r)
with 7 = b(I +1)+d+d’ into every partial transversal Pﬁs, 1<p<pand0<d <d,
so that each of the p partial transversals are identical. We place the cells of PBS into
Ts, 1 <8< p.

For the first set of base subsquares, Bpi1qp with 1 <@ < [, ast; € Qz(b) there
exists a collection of u partial transversals P, ..., P/i of By, that intersect stably in
t; points and using each symbol of {(b — 1)/2,...,3(b — 1)/2} precisely once. For
every (r,c,e) € Pj, place the cells (r 4 a,¢+ a,e + 2a) with a = bi 4 d into T,
1 < 8 < p. The cells that were just filled are in the subsquare By;tqp.

For the second set of base subsquares, By(r1i)24 With 1 <4 < I, as t;4; € Qz(b)
there exists a collection of y partial transversals P/, ..., P/f” of By, that intersect
stably in ¢;4; points and using each symbol of {(b —1)/2,...,3(b — 1)/2} precisely
once. For every (r,c,e) € Pﬁ”i, place the cells (r+a, c+a, e42a) with a = b(I+1i)+2d
into T, 1 < 3 < p. The cells that were just filled are in the subsquare By(r44)424,-

Proof. We begin by showing that Ti,...,T), from Construction 2.7 are each diago-
nals. Consider any 7' € {T1,...,7,}. As T is the union of partial transversals of
subsquares, each of which share no common row or column, clearly T is a selection
of n cells of L using each row (resp. column) once, and so 7' is a diagonal of B,,.

We will proceed to show that each diagonal T' € {T1,...,T,} is a transversal,
and that they intersect stably in d + Z?io t; points. The construction placed 2b
filled cells from the two base subsquares Byyqp and Byryi)424p into T', for each
fixed 7, 1 < ¢ < I. This consisted of precisely one filled cell for each symbol of
{2bi+2d— (b+1)/2,...,2bi +2d 4+ 3(b—1)/2}.

Then collectively the 21 base subsquares were used to fill 2b1 cells into T, placing
precisely one filled cell for each symbol of {2d+3(b—1)/2+1,...,2bI+2d+3(b—1)/2}.

During the construction, (b+ d) -+ d filled cells were placed into T from the large
subsquare Byyyq and the small subsquare By(r41)14,4, which had one filled cell for
cach symbol of {(b—1)/2,...,2d+3(b—1)/2}.

Combining the statements for the 2/ base subsquares and the large and small
subsquare, each symbol of {(b—1)/2,...,2bI+2d+3(b—1)/2} ={0,...,2b+b+2d—
1} appears in the diagonal T precisely once, after recalling that each symbol is taken
modulo 2b/+b+2d and noting that 2b14-2d+3(b—1)/2 = (2bI+b+2d)+(b—1)/2—1 =
(b—1)/2—1 (mod n).

This shows that T is indeed a transversal, and so the construction has indeed
formed p transversals. Now we need to show that the p transversals intersect stably
in d+ Z?io t; points. Suppose the p partial transversals we chose for the large
subsquare intersect stably in the set Sy, the p partial transversals we chose for the
base subsquare By, intersect stably in the set .S;, and the ;1 partial transversals we
chose for the base subsquare By(r4.)124,5 intersect stably in the set Sy, for 1 <7 < 1.
Clearly the p partial transversals we chose for the small subsquare intersect stably
in the points S_; = {(r,r,2r) | r =b(I +1)+d+d and 1 < d < d}. The size of S;
is |S;| = t;, for 0 < < 21, and |S_1| = d. The p transversals then clearly intersect
stably in the d + Z?io t; points U?ifl S;. O]
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Example 2.8. We consider the case when y =2, n =17, b =5, d =1, 1 = 1,
to=1,t,=1,t5=0. Notethat n =2b +b+2d=5-2-1+5+2-1=17.

For this example, we will represent the first transversal of B; ; or B, by under-
lining those entries, and the second transversal by adding a superscripted star. The
intersection of the two (partial) transversals are those entries that are both under-
lined and starred.

For the small subsquare, we require u = 2 transversals of the small subsquare
B(r+1)p+d,a = Bii, that intersect stably in d = 1 points. These transversals are
simply chosen as there is only one cell in By ;.

For the large subsquare, we require y = 2 transversals of the large subsquare
By p+a = Bog that intersect stably in ¢y = 1 points using symbols {(b—1)/2,...,2d+
3b—1)/2}\{b+2d |0<d <d} ={2,3,4,6,7,8}, for example:

O(1 ]2 (3]4]|5

1123 ]4]|5]6"
271314567

3 (4516|718

415167189

16781910

For the first set of base subsquares (in this case the set contains only one sub-
square) we require p = 2 transversals of the base subsquare By, = By 5 that intersect
stably in t; = 1 points and using symbols {(b—1)/2,...,3(b—1)/2} ={2,3,4,5,6},
for example:

0112 3|4
112]3]4]5
213141516
3141516 |7
4 15|16 7|8

For the second set of base subsquares (in this case the set contains only one
subsquare), we require p = 2 transversals of the base subsquare By, = By that
intersect stably in 5 = 0 points, for example:

01112134
12345
23456
314567
15678

Then we can obtain p = 2 transversals of size n = 17 and stable intersection size
d+ty+1t, +ty = 3 as (where we omit those entries not relevant to our construction):
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Oj0f1]2|3|4]|5
1111234 5] 6"
2 12%13(14]5|6]|7
313|456 |78
4 | 415|167 |8]9
5|56 |7 8]9 |10
6 12| 13 | 14 | 15* | 16
7 13| 14 | 15| 16 | O*
8 14*1 15 |16 | O 1
9 15 16" | 0 1 2
10 6| 0 |17 2 3
11 5"
12 7 3 9 10" | 11
13 8 9| 10 | 11 | 12
14 9 (10| 11 | 12 | 13*
15 10 | 11 | 12* | 13 | 14
16 11* 112 | 13 | 14 | 15

This concludes the example.

3 Application to y = 3,4

Our approach to finding 3 (resp. 4) transversals of B,, that intersect stably is to
find 3 (resp. 4) partial transversals of B; ; that intersect stably for certain values of
¢ and j, and compose these into transversals of B,,. We will use Theorem 2.6 with
base sizes of b = 9,11, 15. These sizes have been chosen based upon the results of a
computational search for partial transversals of base and large subsquares.

The appendix includes tables that contains a set of either three or four rows,
corresponding to p = 3 and p = 4 respectively, each row containing b + d symbols.
For the rth row, denote the ith symbol of the list in this row as a, for 1 < r < p
and 1 < i < b+d. The cells (i,a]), 1 < i < b+ d, form a partial transversal
of Bypiq. The three (resp. four) rows give three (resp. four) partial transversals of
By p+4, cach partial transversal having ¢ cells that are common amongst all three
(resp. four) partial transversals, and b+ d — ¢ cells which do not appear in the other
partial transversals. We call this representation a reduced form.

We take the addition and scalar multiplication of finite sets to be:

A+B={a+blac Abe B}
k
kA={) a;|a; € A}
i=1
Lemma 3.1. Let j,a,b be positive integers with 1 < a < b. We have j([0,a]U{b}) =
[0,76) \ U2/ b — b+ ia + 1, b — ib+ b — 1].

Proof. From definition, j([0,a]U{b}) = {327_, a; | a; € [0,a]U{b}} = J_,[i-b,i-b+
(j—i)a] = U_o[(j—9)b, (j—i)b+ia]. Then any value t € [0, jb] with t ¢ j([0, a]U{b})
must be between the two intervals [(j —4")b, (j —4')b+74'a] and [(j —i' +1)b, (j — 7' +
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1)b+ (i —1)a] for some 1 <7 < j, and hence t € [(j—')b+da+1,(j—+1)b—1].
This proves the result, once we note that [(j — )b+ i'a+ 1,(j — ¢ + 1)b — 1] is
non-empty only when i'a+1<b—1, and so ¢ < (b—2)/a. O

3.1 Existence of partial transversals in subsquares

It is important to note that Q4(b+d) C Q%(b+d). Also, if there is at least one partial
transversal of By 4 using symbols {(b—1)/2,...,2d+3(b—1)/2} \ {b+2d" | 0 <
d' < d} then b+d € Q) (b+d) for any ;o > 2. This also tells us that if QF,(b+d) # 0,
then b+ d € Q,(b+ d) for each p/ > p.

Lemma 3.2. The following hold":
1. Q9(9) 2 {0,1,9}.
2. QIY(11) 2 {0,1,2,3,11}.
3. QI5(15) D {1,2,3,4,5,15).
4. 92(9) 2 {0,1,2,3,9}.
5. Q(11) 2 {0,1,2,3,4,5,11}.

Proof. The corresponding partial transversals have been found by a computer search,
and have been written in reduced form in the Appendix, in, respectively, Table 3,
Table 6, Table 9, Tables 3 and 5, and Tables 6 and 8. O

Lemma 3.3. The following hold:
1. 0€eQ9+d), forall0 < d < 9.
2. 3e€ QM11+4d), for all0 < d < 11.

Proof. The corresponding partial transversals have been found by a computer search,
and have been written in reduced form in the Appendix, in, respectively, Tables 3
and 4, and Tables 6 and 7. O

Lemma 3.4. The following hold:
1. 114+deQif(11+d), for all0 < d < 11.
2. 15+d e QP (15+d), for all 0 < d < 15.

Proof. Since the partial transversals required intersect stably in the same number
of points as the square size, we only need one partial transversal of By 44, which
is repeated 4 times to form the 4 partial transversals that intersect stably in b+ d
points. One partial transversal has been been found for each of the 26 cases by a
computer search, and these have been written in reduced form in the appendix, in
respectively Tables 6 and 7, and Table 10. O

Tn each case equality holds, but this strengthened statement is not needed.
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Lemma 3.5. The following set relations hold:

1. 2I99(9) = [0, 181) \ U_,[181 — 8i + 1,181 — 9i + §];
2104 (11) = (0,221 \ ({221 — 23} U [22] — 15,221 — 12] U [22] — 7,221 — 1]);
2I015(15) = [21,301]\ ({301 —29} U [301 — 19,307 — 15U [301 — 9,301 — 1]);
2105(9) = [0,181]\ ({187 — 11,187 — 10} \ [181 — 5,181 — 1]); and

SRS

2IQL (11) = [0,221] \ [22] — 5,221 — 1]}.

Proof. The sets Q),(9), Q,}(11) and Q;°(15) = {1} 4 {0,1,2,3,4, 14} are given in
Lemma 3.2 for y = 3,4. For the case Q)(9) and Q;'(11), Lemma 3.1 completes
the result for general J, however we will only be requiring the case when J is even,
and hence written J = 2I. For the case Q1°(15), it can be seen that 27Q}°(15) =
97{1,2,3,4,5,15} = 2I({1} + {0,1,2,3,4,14}) = {21} + 21{0,1,2,3, 4, 14}. We can
apply Lemma 3.1 to find 27{0, 1,2, 3,4, 14}, which gives the final result. O

3.2 pu=3

Theorem 3.6. For odd n > 33, let I' and d' be the unique integers such that n =
22I' +11+2d, I' > 1 and 0 < d < 11. Then there exist three transversals of B,
that intersect stably in t points for t € [11 +2d',n]\ [n —5,n — 1].

Proof. Take the base size to be b = 11. Using Theorem 2.6, Lemma 3.4, and Lemma
3.5, we can conclude there exists the required collection of transversals for each
t € {d}+ N1 + d) + 2I'Q(11), and hence for each t € {d'} + {11 +d'} +
2IQ(11) = [11 4+ 2d',n] \ [n — 5,n — 1]. O

Lemma 3.7. For oddn > 27, let I and d be the unique integers such that n = 181 +
94+2d, I > 1 and 0 < d < 9. Then there exist three transversals of B,, that intersect
stably in t points fort € [d, 181+d]\([18]—11+d, 18] —10+d]U[181—5+d, 18] —1+d]).

Proof. Take the base size to be b = 9. Using Theorem 2.6, Lemma 3.3, and Lemma
3.5, we can conclude there exists the required collection of transversals for each
t € {d} + {0} + 2I93(9) C {d} + Q3(9 + d) + 2193(9), and hence for each t €
[d, 181 +d] \ ([18] —11+d, 18] — 10+ d| U [18] — 5+ d, 18] — 1 + d]). O

Lemma 3.8. For odd n > 33, let I' and d' be the unique integers such that n =
22" +11+2d, I' > 1 and 0 < d < 11. Then there exist three transversals of B,
that intersect stably in t points fort € [3+d', 221" +3+d'|\ [22]' —2+d', 221"+ 2+ d'].

Proof. Take the base size to be b = 11. Using Theorem 2.6, Lemma 3.3, and Lemma
3.5, we can conclude there exists the required collection of transversals for each
t e {d}+ {3} +2I01(11) C {d'} + Q' (11 + ') + 21031 (11), and hence for each
teB4+d,22I' +3+d\[22I' =2+ d, 221 + 2+ d']. O
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Theorem 3.9. For odd n > 33, let I, I', d and d' be the unique integers such that
n=181+9+2d andn =22I" +11+2d', I,LI' >1,0<d <9 and 0 < d < 11.
Then there exist three transversals of B, that intersect stably in t points for t €
min(3 + d', d), 11 + 2d'| except, perhaps, when:

e n=0>51 andt =29,
e n =253 and t = 30.

Proof. We first show that we have three transversals of B, that intersect stably in ¢
points for ¢ € [3 + d’, 11 + 2d'], except in the case n = 51 and ¢t = 29, and the case
n =53 and t = 30, 31. Lemma 3.8 gives the the cases when ¢t € [3+d',22]' — 3+ d].
Now if 11 + 2d' < 22I' — 3 + d', then we are done. Otherwise d' > 22I' — 14,
and since d’ < 10, this implies I’ = 1 and d’' € {9,10}. The case d = 9 gives
n = 51, and we do not have three transversals of B,, that intersect stably in ¢ when
t € 221" =2+d', 11+ 2d'] = {29}. The case d’ = 10 gives n = 53, and we do not have
three transversals of B,, that intersect stably in ¢t when ¢t € [22]' — 2+ d', 11+ 2d'] =
{30,31}. We note that the case n = 53 and ¢t = 31 is covered by Lemma 3.7.
Second we show that we have those cases with ¢ € [d, 3+ d'] when d < 3+ d’. For
33<n <43, d=3+d, so assume n > 45, implying I > 2. By Lemma 3.7, we have
those cases with t € [d, 18] — 12 + d], and since 18] — 12+ d > 24 > 3 + d', we are
done. O

Then Theorem 1.4 follows by Theorem 3.6 and Theorem 3.9.

33 pu=4

Lemma 3.10. For odd n > 33, let I' and d' be the unique integers such that n =
22"+ 114+ 2d', I' > 1 and 0 < d" < 11. Then there exist four transversals of B,
that intersect stably in t points fort € [11 4 2d',n]\{n —23,n—15,...,n—12,n —
7,...,n—1}.

Proof. Take the base size to be b = 11. Using Theorem 2.6, Lemma 3.4, and Lemma
3.5, we can conclude there exists the required collection of transversals for each
te{d}+ Q1 (11 +d)+20I'Q (11), and hence for each t € {11 +2d'} +2I'QL(11) =
[1142d,n]\ ({n—23}Un—15,n—12]U[n —7,n — 1]). O

Lemma 3.11. For odd n > 45, let 1" and d" be the unique integers such that
n=301"+15+2d", I" > 1 and 0 < d’ < 15. Then there exist four transversals
of B, that intersect stably in t points for t € [2I" + 15+ 2d",n|\ ({n —29} U [n —
19,n —15]U[n —9,n — 1]).

Proof. Using Theorem 2.6, Lemma 3.4, and Lemma 3.5, we can conclude there exists
the required collection of transversals for each ¢t € {d"} + QL (15 + d") + 21"Q7(15),
and hence for each ¢t € {15 + 2d"} + 21"Q>(15) = [2I" + 15+ 2d",n] \ ({n — 29} U
[n—19,n — 15]U[n —9,n — 1]). O
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Theorem 3.12. For odd n > 45, let I' and d' be the unique integers such that
n=22"+11+2d,1I'">1,0<d < 11. Then there exist four transversals of B,
that intersect stably in t points fort € [11+2d',n]\ ({n—15}U[n—"7,n—1]). For odd
33 < n <43 such thatn = 33+2d' and 0 < d' < 5, there exists four transversal of B,
that intersect stably in t points, fort € [11+2d',n]\ ([n—15,n—12]U[n—"T7,n—1]).

Proof. Define I"” and d” such that n = 301" + 15+ 2d”, I” > 1 and 0 < d” < 15.
This theorem is the union of the result from Lemma 3.10 and Lemma 3.11. The
case for I” > 1 requires the knowledge that {n — 23} U [n — 14,n — 12] C [2]" +
15+ 2d",n)\ ({n — 29} U [n —19,n — 15] U [n — 9,n — 1]), which is easily seen as
21" + 15 +2d" < n —23 = 301" + 15+ 2d” — 23 when I” > 1. Then the union of
11+ 2d',n]\ {n—23}U[n—15,n—12]U[n — 7,n — 1]) and [2I" + 15 + 2d",n] \
({n—29}U[n—19,n —15]U[n —9,n — 1]) gives the result as stated in the theorem
when n > 45. The case for 33 < n < 45 is covered by Lemma 3.10. O

Lemma 3.13. For odd n > 33, let I' and d’ be the unique integers such that n =
22I'+1142d', I’ > 1 and 0 < d' < 11. Then there exist four transversals of B,, that
intersect stably in t points fort € [3+d', 221" + 3+ d'| \ ({22I' =20+ d'} U [22]' —
12+d,22I' =9+ d|U[22] —4+d',22I' + 2+ d).

Proof. Using Theorem 2.6, Lemma 3.3, and Lemma 3.5, we can conclude there exists
the required collection of transversals for each t € {d'} + {3} + 2I'Q}}(11) C {d} +
QY11 +d') +2I'Q (11), and hence for each t € {3+ d',...,22I' +3+d'} \ {221’ —
20+ d',22I' =124+ d,...,22I' =9+ d',22' — 4+ d',..., 22" + 2+ d'}. O

Lemma 3.14. For odd n > 27, let I and d be the unique integers such that n =
181 +9+4+2d, I > 1 and 0 < d < 9. Then there exist four transversals of B, that
intersect stably int points fort € [d, ..., 181+d]\L_,[18] —8i+1+d, 18] —9i+8+d).

Proof. Using Theorem 2.6, Lemma 3.3, and Lemma 3.5, we can conclude there exists
the required collection of transversals for each t € {d}+{0}+2IQ9(9) C {d}+QJ(9+
d) + 2I(9), and hence for each t € [d, 187 +d] \ Jl_,[18] — 8i + 1+ d, 18] — 9i +
8 +dJ. O

Theorem 3.15. For odd n > 33, let I, I', d and d' be the unique integers such
that n = 181 +9+2d and n = 22" + 11 +2d', I,I' > 1, 0 < d < 9 and 0 <
d < 11. Then there exist four transversals of B, that intersect stably in t points for
t € min(3 + d',d), 11 + 2d'] except, perhaps, when:

e 33<n<43andte[10+d, 11+ d],
e 45<n<b3andte[-1+d,24+d]U[10+d,11+d|U[18 +d', 20+ d'],
e 63<n<T75andte[7T+d,8+d.

Proof. For 33 < n < 43, we have I' = I = 1 and min(3 + d',d) = 3+ d' =
d. Then we have the existance of four transversal of B, that intersect stably in ¢
points by Lemma 3.13 for t € 3+ d',25+ d'] \ ([10 +d', 13+ d'| U [18 + d', 24 + d'])
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and by Lemma 3.14 for t € [d,18 +d] \ ([3+ d,8 + d] U [11 + d,17 + d]) = [3 +
d21+d]\ (6 +d,11+d]U[14 + d',20 4+ d']). The union of the two result sets
is B4+ d,25+d]\ (10 +d, 11 +d]U[18 +d,20 +d|U[[22 +d 24+ d]). A
subset of this is [3 + d’,16 + d'] \ [10 + d’,11 + d']. Noting that as d < 5 for
the specified n, then 11 + 2d’ < 16 + d’, and so this subset includes the range
min(3+d', d), 11+2d’]\[10+d’, 11+d’], which is the required result when 33 < n < 43.

For45 <n < 53,wehave I =2, I’ = 1and as d’ = 6+d we have min(3+d’, d) = d.
Then we have the existence of four transversal of B,, that intersect stably in ¢ points
by Lemma 3.13 for ¢t € [3+d’, 25+d']\ ([10+d’, 13+d'|U[18+d', 24+d']) and by Lemma
3.14 for [d,36 +d]\ ([5+d,84+d]U[13+d, 17T+ d|U[21 +d, 26+ d|U[29+d, 35+ d]) =
[—6+d,30+d)\ ([-1+d,24+dU[T+d 11+ d|U[15+d, 20+ d'|U[23+d', 29+ d]).
The union of the two result sets is [d,...,30+ d']\ ([-1+d,2+d]U[10+ d', 11 +
d]U18 +d,20+ d'] U [23 +d,24 + d'] U [26 + d',29 + d']). A subset of this is
d,21 +d|\ ([-1+d,24+d]U10+d,11 +d|U[18 + d,20 + d']). Noting that
as d < 10, then 11 4+ 2d’ < 21 + d’, and so this subset includes the range [min(3 +
d,d),11+2d ]\ ([-1+d,2+d|U[10+d, 11+ d]|U[18 4+ d',20 + d']), which is the
required result when 45 <n < 53.

For n > 55, we have I’ > 2. Then we have the existence of four transversal of B,,
that intersect stably in ¢ points by Lemma 3.13 for ¢ € [3+d’, 21+d']. This completes
the case when min(3+d',d) =3+d', as 114+2d' <21 +d. When d < 3+d’, we still
need the cases t € [d,...,3+d']. As 3+ d < 13, it is enough to show the statement
holds for those ¢t with t € [d, 13].

When I = 3, then 63 < n < 75, and we have the existance of four transversal
of B, that intersect stably in ¢ points by Lemma 3.14 for ¢ € [d,13] \ [7 + d,8 + d].
When [ > 4, we have the existence of four transversal of B,, that intersect stably in
t points by Lemma 3.14 for ¢ € [d, 13]. O

Then Theorem 1.5 follows by Theorem 3.12 and Theorem 3.15.

4 Application to latin trades

Let D represent a combinatorial design and assume there exists distinct sets 57,5
with S; a subdesign of D, such that D’ = (D \ S1) U Sy forms a valid design. Then
the pair (57, .S2) forms a combinatorial bitrade. The original design D is immaterial,
and we can define a bitrade formally by taking the pair of sub-designs (S, S3) that
fulfill certain properties. If our combinatorial design is a latin square, the bitrade
is called a latin bitrade. A good survey of latin bitrades is [10], and for trades in
general is [7].

Definition 4.1. A p-way latin trade of volume s and order n is a collection of
partial latin squares (Lq, ..., L,), each of order n, such that:

1. FEach partial latin square contains exactly the same s filled cells,

2. If cell (i,7) is filled then it contains a different entry in each of the u partial
latin squares,
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3. Rowi in each of the p partial latin squares contains, set-wise, the same symbols,
and column j likewise.

A p-way latin trade is circulant if each of the partial latin squares can be obtained
from the first row by simultaneously cycling the rows, columns, and symbols. For
example, the cell (r,¢,e) € L would imply (r+ 1,c¢+ 1,e+ 1) € L. We call the set
of first rows the base row, and can write it in the notation B = {(e1,...,eu)c, | 1 <
J <k}, where (0,¢j,e4) € Ly for 1 < o < p.

A p~-way latin trade is k-homogeneous if in each partial latin square, L, each row
and each column contain k filled cells, and each symbol appears in filled cells of L
precisely k times. Clearly a circulant p-way trade is k-homogeneous, where k is the
number of filled cells in the first row.

There has been much interest in 2-way k-homogeneous latin trades as demon-
strated by the work in [6], [5], [9], [11], [12], and [15], and more recently there has
been an extension to p-way k-homogeneous latin trades in [4].

Theorem 4.2. [f there exists a collection of u transversals of B, that intersect stably
in t points, then there exists a circulant p-way (n — t)-homogeneous latin trade of
order n.

Proof. Consider a collection of u transversals of B,,, T, ..., T}, that intersect stably
in the ¢ points S. Consider the partial latin squares Q, = {(i,c +i,7 + c+ 1) |
0<i<n-—1and (r,c,r+c) € T,\ S}. It is clear that each corresponding row of
the @), contain setwise the same symbols. As the cells of the first column of @), are
(—¢,0,7) € Qq, each column contain setwise the same symbols. Then it is clear that
the collection of p partial latin squares satisfy the conditions of a p-way latin trade.
They are also circulant by definition, and hence are clearly (n —t)-homogeneous. [

Example 4.3. Consider Bs with the following transversals:

0"l 1234
1] 2340
213401
3141012
410123

Here, the transversals intersect stably in the 1 point S = {(0,0,0)}. The cell
(1,2,3) is in the starred transversal, and not in S, so Construction 4.2 places the
cell (0,2,3) into the resulting first row of a circulant latin square. Construction 4.2
gives the first row of a circulant latin squares to be:

l4f3f2]t) [-]2[4]1]3]

Writing these latin squares out completely:
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413121 1214113
21-10 3 4113102
4131-1110 310141
110 - 2 2141110
3121110 113|102

The two partial latin squares form a 2-way 4-homogeneous circulant latin trade
of order 5. This completes the example.

Theorem 4.4. For odd n > 33, let I, I', d and d' be the unique integers such that
n=181+9+2d andn =22I' + 11 +2d', I,LI' > 1, 0<d <9 and 0 < d < 11.
Then there exists a cyclic (n — t)-homogeneous 3-way latin trade of order n, for
t € min(3+d,d),n]\ [n —5,n — 1], except, perhaps, when:

e n=>51 andt =29,
e n =253 and t = 30.

Proof. Follows by Theorem 1.4 and Theorem 4.2. O

Theorem 4.5. For odd n > 33, let I, I', d and d' be the unique integers such that
n=181+9+2d andn =22I" +11+2d', I,LI' >1,0<d <9 and 0 < d < 11.
Then there exists a cyclic (n — t)-homogeneous 4-way latin trade of order n, for
t € min(3+d,d),n]\ {n— 15} U[n —7,n—1]), except, perhaps, when:

e 33<n<43andte[10+d, 11+ d|U[n—14,n— 12],
o 45<n<53andte[-1+d,2+d]UM0+d, 11+ d]U[18+d,20 + ],

e 63<n<T5andte[7T+d,8+d|.
Proof. Follows by Theorem 1.5 and Theorem 4.2. O

5 Conclusion and future work

We have been able to show, with a number of exceptions, that there exist three (resp.
four) transversals of B,, that intersect stably in ¢ points when n is odd and n > 33.
With only a few unsolved cases, it appears that future work may be able to answer
Question 1.1 completely for p = 3, 4.

Theorems 4.4 and 4.5 fill in a large portion of the spectrum of 3/4-way k-
homogeneous latin trades of odd order, which is a significant advancement on what
was previously known. There are a number of constructions for u-way k-homogeneous
latin trades [4], and it seems that further work may result in the spectrum being com-
pleted.
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Appendix A Base b=9

b+d

intersect

result

9

0

867201534

786120453

234867201

453786120

786201453

853706124

645807312

578302641

10

8952016734

7581902463

6429738051

5347891602

11

107520196834

796120108453

842103905716

631071289045

12

10752019118346

71161201039584

8924111051067 3

53411610190827

13

1275201113810496

8612120411931057

1011241307129685

5341112720101968

14

127520113381141069

8§861212041113395107

101324130512961178

5347129201013 11186

15

14752011234136108119

861412047133129115 10

12924130138514116107

53491011201411371286

16

1475201123415611813910

8614120471531291351011

129241301385141561011 7

5341112720101151314968

Table 3: p =4 and b =9.

101



T.G. MARBACH / AUSTRALAS. J. COMBIN. 65 (1) (2016), 84-107

b+d

intersect

result

17

0 1675201834151296 1314 10 11

861612047143105151112139

14924130516136 7815111210

53415107208114161396 11 12

Appendix B

Table 4: p =4 and b= 9.

b+ d | intersect

result

9 2

867201534
758203641
685207413

758203641
638247501
478236051

Table 5: p =3 and b= 9.

Base b =11

b+ d | intersect

result

11 0

108952016734

910671208453

891027130645

753108942061

11 1

108952016734

975310068241

894103057162

751084092613

11 2

108952016734

971042058613

895102037461

710692083145

11 3

891042057163

810529703164

853107940162

849310275160

Table 6: =4 and b = 11.
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b+d

intersect

result

12

3

91167201108534

85729111106304

69311581100724

57113891102064

13

1297520110116834

7963112102115840

691224103011 7815

5910412127110863

14

121375201311910648

101364201112138597

8§813592031112161074

713862012141011953

15

14117520131213810469

89146201131134121057

10861120151412139734

97813201144111236105

16

1415752013413119612108

1286 720115131410345119

9781320114631512101145

8914620151215411131073

17

16137520134141596 1181210

128672011614151034513119

978152011316345111412106

89126201515714161013 1134

18

16137520134171596 118141210

1286 7201171416103451513119

978172011116345151314106 12

89126201510151614 173137411

19

181375201341761689 10 14 1511 12

1286 720115161810345171314911

9781720111183451216 13156 14 10

891262015141518 717316114 10 13

20

1813752013419615891017 1416 11 12

128672011914111834517916 13 1510

978172011516345619121813 141011

89126201518151071931614 17114 13

21

20137520134961916 118181017 14 12 15

1286 7201192013103451891516 1711 14

9781920117123456 182011141510 16 13

89126201514111815193420177 16 13 10

Table 7: =4 and b = 11.
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b+ d | intersect result

11

910852016734
106782091534
796102058134

11

108692014753
107942068153
106782091453

Table 8: =3 and b = 11.

Appendix C Base b= 15

b+d

intersect

result

15

1

14121397520110116834

13141285311010129467

12131114410302915786

11914584130612107123

15

14121397520110116834

13141011124203197586

12131475820101114963

11912614102013831475

15

14121397520110116834

13141286720111910453

11131071412201469385

12108131114201537946

15

14121397520110116834

13111481052011297346

12149101352011183467

11131012145201469783

15

14121397520110116834

13111481052011279364

12149101352011163784

11131014125201638974

Table 9: =4 and b = 15.
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b+ d | intersect result
15 15 141213975201101168 34
16 16 141215137520131191064 8
17 17 141516107520131311128649
18 18 16171210752013151311148649
19 19 16 171810752013 ...
4151311148612 9
20 20 18191410752013...
41715161296 8 13 11
21 21 201714107520134 ...
1819151396 16 8 11 12
22 22 202114107520134 ...
196 16 18 138 9 17 15 11 12
23 23 22191410752013421...
6201713891811 1516 12
24 24 22231410752013496 ...
21191520118 1812171316
25 25 2421141075201349622 ...
2315201181912 131816 17
26 26 24251410752013496238 ...
2218 1112132021 17 1519 16
27 27 26231410752013496258 ...
2418 11 1213221519 21 16 20 17
28 28 26027141075201349611825 ...
2217121324 1523 20 18 16 21 19
29 29 28625141075201349611827 ...
24 1712 13 26 15 16 22 20 18 23 21 19
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Table 10: =4 and b = 15 (Only one partial transversal is needed in each case).
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