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Abstract

In contrast with Kotzig’s result that the line graph of a 3-regular graph X
is Hamilton decomposable if and only if X is Hamiltonian, we show that
for each integer k > 4 there exists a simple non-Hamiltonian k-regular
graph whose line graph has a Hamilton decomposition. We also answer
a question of Jackson by showing that for each integer k£ > 3 there exists
a simple connected k-regular graph with no separating transitions whose
line graph has no Hamilton decomposition.

1 Introduction

In the 1960’s Kotzig [9] proved that the existence of a Hamilton cycle in a 3-regular
graph X is both necessary and sufficient for the existence of a Hamilton decompo-
sition of its line graph L(X). Hamilton decomposability of line graphs has subse-
quently been studied extensively, but the general question of classifying those graphs
whose line graphs have Hamilton decompositions remains open. This topic has been
considered from a number of different perspectives. In particular, Hamilton decom-
posability of L(X) has been considered with imposed conditions on the connectivity
[4, 6, 7] or Hamiltonicity [2, 8, 10, 11, 12, 13] of X. Additional papers containing
results related to Hamilton decompositions of line graphs include [5, 14] and the
survey [1].
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In this paper we answer a question of Jackson [6] on Hamilton decomposability
of the line graphs of graphs with no separating transitions (a connectivity-related
condition defined below), and we prove that the above-mentioned result of Kotzig
does not hold for k-regular graphs when k£ > 4. If X is regular of degree 2k or 2k +1,
then a set of k pairwise edge-disjoint Hamilton cycles in X is called a Hamilton de-
composition, and a graph admitting a Hamilton decomposition is said to be Hamilton
decomposable.

In [6], Jackson calls a pair of half edges incident with a vertex w a transition at u,
and if ¢ is a transition at u in a graph X, then he defines X* to be the graph obtained
from X by splitting v into two new vertices u; and us, joining the two half edges of
t to uy, and joining each other half edge at u to us. A separating transition is then
defined to be a transition ¢ such that X* has more components than X. It is shown
in [6] that for k¥ > 3, the line graph of a connected k-regular graph X is (2k — 2)-
edge-connected if and only if X has no separating transitions (the result is actually
stated only for the case k is even, but the same argument works when k is odd). It
follows that if £ > 3 and X is any k-regular graph with a separating transition, then
L(X) has no Hamilton decomposition. We observe that the preceding statement is
not true without the requirement that X be regular. For example, any star with at
least three edges has both a separating transition and a Hamilton decomposable line
graph.

Having observed that absence of separating transitions in X is necessary for
Hamilton decomposability of L(X), Jackson asks (Problem 5.2 in [6]) whether it is
true that the line graph of a connected 2k-regular graph X has a Hamilton decompo-
sition if and only if X has no separating transitions. The same question could also be
asked for connected regular graphs of odd degree. The answer is no in the case of 3-
regular graphs because there are many connected non-Hamiltonian 3-regular graphs
that have no separating transitions, and Kotzig’s result tells us the line graphs of
these graphs have no Hamilton decomposition. In Section 2 we construct for each
integer k > 3 a simple connected k-regular graph with no separating transitions
whose line graph has no Hamilton decomposition, thereby showing that the answer
to Jackson’s question is no for every degree greater than 3.

The authors [3] have recently shown that the existence of a Hamilton cycle in a
simple graph X is sufficient for Hamilton decomposability of L(X) when X is regular
of even degree, and that the existence of a Hamiltonian 3-factor in X is sufficient for
Hamilton decomposability of L(X) when X is regular of odd degree. Whether the
existence of a Hamilton cycle, rather than a Hamiltonian 3-factor, is sufficient for
Hamilton decomposability of L(X) when X is regular of odd degree remains an open
question. The results just mentioned partially extend Kotzig’s result to k-regular
graphs with £ > 3, but only in the direction of sufficiency. Going in the opposite
direction, we show in Section 3 that the existence of a Hamilton cycle in X is not
necessary for Hamilton decomposability of L(X) when X is regular of degree at
least 4.

The proofs of both of our main results involve construction of new graphs by
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deletion of an edge of a graph and insertion of the resulting graph into an edge of
another graph, and we now give the formal definition of this procedure. Let X and
X' be vertex-disjoint graphs (not necessarily simple), let u and v be adjacent vertices
in X, and let v’ and v be adjacent vertices in X’. We define the insertion of X' —u'v’
into an edge uv of X to be the graph obtained from X U X’ by replacing an edge
wv of X and an edge u'v' of X’ with an edge joining u to u’ and an edge joining
v to v'. In this definition the order in which the vertices of the edges uv and u'v’
are listed may change the resulting graph, but this will be of no consequence in our
constructions.

2 Separating transition-free graphs whose line graphs are
not Hamilton decomposable

Theorem 2.1 For each integer k > 3, there exists a simple connected k-reqular
graph with no separating transitions whose line graph has no Hamilton decomposition.

Proof For each integer £ > 3 and each even integer ¢ > 4, define Yj; to be the
multigraph with vertices vy, vs, ..., v, and edge set given by joining v; to v;;1 with
two edges fori = 1,3,...,t—1, and joining v; to v, with k—2 edges fori = 2,4,... ¢
Here, and throughout what follows, v;44 is identified with v;. Let X}, be the graph
obtained from Y} ; by inserting a copy of Kj;1 — e into each edge of Y ;. It is easy
to see that Xy, is a simple k-regular graph that has no separating transitions. We
will show that L(X};) has no Hamilton decomposition for ¢ > k, but first we need
to introduce labels for various edges of Xj ;.

Fori = 1,3,...,t — 1, let X} and X? be the two copies of Kk+1 — e that are
inserted into the two edges joining v; to v;y1. Fori=1,2,... ¢, let e}, e?,...,ef be
the k edges of Xy ; that are incident with v;. For ¢ =1,3,. t — 1 and for j =1, 2,
let e] be the unique edge joining v; to X; I and let eZ 41 be the unique edge joining v;1
to X/ Fori=1,3,...,t—1 and for j = 1 2, let ffl, Zz,...,fikfl be the k—1 edges
of X/ that are adJacent to €], and let fJrl e i}l,kq be the £ — 1 edges of

X/ that are adjacent to e/, . Finally, for i = 1,2,...,¢, let E; be the set of 2(k —2)
edges of L(X},) having one endpoint in {e}, e } and the other in {e?, e}, ... er}.

1) Z 77 Z 7 b}

For a contradiction, suppose ¢t > k and H is a Hamilton decomposition of L(Xj ).
Note that H contains £ — 1 Hamilton cycles. Since ¢t > k — 1, in L(X},) at least two
of the edges ele?, e%e%, . etlef are in the same Hamilton cycle of H. Let this cycle

be H € H and let el and epe? be distinet edges of H (so a,b € {1,2,...,t}).

Now, for i =1,3,...,t — 1 and for j = 1,2, {ej egﬂ} is a vertex cut of L(Xj¢),
and it follows that for ¢ = 1,2,...,¢ and for J = 1,2, each Hamilton cycle of H
contains exactly one of the k — 1 edges ejfjl, e’ 52, el Z.];kfl of L(X},). But this
implies that H contains none of the edges of E, and none of the edges of Ej. Since
E,UE, is an edge cut of L(Xy ), this is a contradiction, and we conclude that L(X}¢)
has no Hamilton decomposition. O
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3 Non-Hamiltonian graphs whose line graphs are Hamilton
decomposable

Hamilton cycles in L(X) are related to certain Euler tours of X. If

Vo, €1, V1, €2, V2, ..., 6, Vy = Vo
is any Euler tour of X (so the edge set of X is {ej,es,...,e;} and wvg,vq,..., 04
are vertices of X)), then (eq,es,...,e;) is a Hamilton cycle in L(X). However, not

every Hamilton cycle in L(X) corresponds to an Euler tour of X. For example,
(wz, wz,wy,yz, vy, xz) is a Hamilton cycle in the line graph of the complete graph
with vertex set {w,x,y, 2z}, but it clearly does not correspond to an Euler tour of
this complete graph. Indeed, there is no Euler tour of the complete graph of order 4.

We shall say that a Hamilton cycle in L(X) is Euler tour compatible if it cor-
responds to an Euler tour in X. In order to say more about the properties that
Hamilton cycles in L(X) must have in order that they be Euler tour compati-
ble, we make the following definitions. If w is a vertex in a graph X, then the
neighbourhood of u in X is denoted by Nx(u). Suppose X is a simple graph and
Nx(u) = {v,a1,a9,...,ar}. Then in L(X) the u-neighbourhood of the vertex uv is
{uai, uay, ..., uar} and is denoted by Nf v (uv). Thus, N} ) (uv) N NE  (uv) =0
and Npx)(w) = N ) (uv) U N7 ) (uv).

It is easy to see that a Hamilton cycle H in L(X) is Euler tour compatible if
and only if for each vertex wv in L(X), one neighbour in H of uv is from the u-
neighbourhood of uv and the other neighbour in H of uv is from the v-neighbourhood
of wv. If this propery holds for a vertex uv in a Hamilton cycle H of L(X), then
we say that H is Euler tour compatible at uwv. Thus, a Hamilton cycle is Euler tour
compatible if and only if it is Euler tour compatible at each of its vertices. More
generally, a Hamilton decomposition of L(X) is Euler tour compatible at uv if each
of its Hamilton cycles is Euler tour compatible at wv, and is everywhere Fuler tour
compatible if it is Euler tour compatible at every vertex of L(X).

A Hamilton decomposition of L(X) that is everywhere Euler tour compatible is
thus equivalent to a perfect set of Fuler tours of X, where a set S of Euler tours
of X is perfect if each 2-path in X occurs in exactly one Euler tour in S. In [5],
Heinrich and Verrall construct perfect sets of Euler tours for each complete graph of
odd order, thus establishing the following theorem.

Theorem 3.1 [Heinrich and Verrall [5]] For each odd integer n > 3, the line graph
of the complete graph of order n has a Hamilton decomposition that is everywhere
FEuler tour compatible.

The complete graph of even order has no FEuler tour. However, there is a natural
way to extend the above ideas by considering instead the multigraph K, + I which
is obtained from the complete graph of even order n by duplicating each edge in
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a set I of edges that form a perfect matching. In [14], Verrall shows that K, + I
has a perfect set of Euler tours for all even n > 4, where the definition of perfect
set of Euler tours is suitably modified to accommodate the edges of multiplicity 2.
The modification is exactly what is needed to ensure that perfect sets of Euler tours
of K, + I correspond to Hamilton decompositions of L(K,) that are Euler tour
compatible at each vertex of L(K,) except those in /. Indeed, as stated in [14], the
modification is made specifically to parallel Theorem 3.1, and it is easily verified that
the main result in [14] can be restated in our terminology as follows.

Theorem 3.2 [Verrall [14]] If n > 4 is an even integer, K is a complete graph of
order n, and I is a perfect matching in K, then L(K) has a Hamilton decomposition
that is Euler tour compatible at each vertez of V(L(K)) \ 1.

Lemma 3.3 Let X and X' be vertex-disjoint k-reqular graphs, let uv be an edge in
X, let u'v" be an edge in X', and let Y be the insertion of X' — u'v' into the edge
wo of X. If H is a Hamilton decomposition of L(X) that is Euler tour compatible
at wv and H' is a Hamilton decomposition of L(X') that is Euler tour compatible at
uw'v', then there exists a Hamilton decomposition H* of L(Y') such that if H is Euler
tour compatible at a vertex vy # wv of L(X), then H* is also Euler tour compatible
at xy.

Proof Suppose H = {Hi, Hs, ..., Hy_1} is a Hamilton decomposition of L(X) that
is Euler tour compatible at uv and suppose H' = {H{, H), ..., H,_,} is a Hamilton
decomposition of L(X') that is Euler tour compatible at u'v’. Fori=1,2,... k—1,
let the two neighbouring vertices of uv in H; be ua; and vb;, let the two neighbouring
vertices of v'v' in H] be u'a} and v't}, and let J; be the graph obtained from the
union of H; and H| by replacing the vertices uv and u'v’ with wu’ and vv’, replacing
the edge joining ua; to uv with an edge joining ua; to uu’, replacing the edge joining
vb; to uv with an edge joining vb; to vv', replacing the edge joining u'al to u'v’
with an edge joining v'a; to uu/, and replacing the edge joining v'b; to w'v" with an
edge joining v'b] to vv'. It is easily seen that H* = {Jy, Jo, ..., Jx_1} is the required
Hamilton decomposition of L(Y). 0

Theorem 3.4 For each integer k > 4 there exists a simple non-Hamiltonian k-
reqular graph whose line graph has a Hamilton decomposition.

Proof Let k > 4, let v,uy,us and uz be vertices in a complete graph X of order
k + 1. For each i € {1,2,3}, let X! be a complete graph of order k + 1, let u,v; be
an edge in X/, and insert X| — w}v] into the edge u;v of X. Let Y be the resulting
graph. We claim that Y is a non-Hamiltonian k-regular graph. To see that Y is
non-Hamiltonian, observe that for i € {1,2,3}, {vv,u;u}} is an edge cut, and so
any Hamilton cycle necessarily contains the three edges vv], vv4 and vvg, which is
impossible.
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We now use Theorems 3.1 and 3.2 and Lemma 3.3 to show that L(Y) has a
Hamilton decomposition. Since k > 4, L(X) has a Hamilton decomposition that is
Euler tour compatible at vuy, vus and vuz by Theorem 3.1 (k even) or 3.2 (k odd).
Also by Theorem 3.1 (k even) or 3.2 (k odd), for each i € {1,2,3}, L(X}) has a
Hamilton decomposition that is Euler tour compatible at wv]. It thus follows by
Lemma 3.3 (applied three times) that L(Y) has a Hamilton decomposition. O
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