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Abstract

We explore the probability x(n,r) that a permutation sampled uniformly
at random from the symmetric group S,, has only cycles of length greater
than r, where 1 < r < n. As the order of the group increases, new
asymptotic formulas valid in the specified regions are obtained using the
saddle-point method in combination with ideas originated in analytic
number theory. Some results for permutations without long cycles are
employed.

1 Introduction

Results

Denote by S,, the symmetric group on a finite set of n symbols. Let o € S,, and

k;(co) be the number of cycles of length j in 0. The general task is to find a new

asymptotic formula for
1 _
rn,r) = — [{o €8S, :kj(0) =0VjeTLr}

if 1 <r <mnandn — oo. To begin with, we have a classic example of derangements

k(n,1) = Xn: C +0 (%)

=l

([10, p. 135] or [4, p. 107]), and the trivial case k(n,7) = 1/n if n/2 < r < n.
Nevertheless, a general formula is complex. Formally, for 1 < r < n, we have

|
/i(nar> = Z HijSj!

s1+2s9+...4+nsp=n _]=1
Sj:O,jST‘
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([4, p. 80]), where the summation is over the vectors (sy, sg, ..., S,) € Nj with s; =0
for j < r. The formula can be rewritten in terms of independent Poisson random
variables Z;, 1 < j <n, such that EZ; = 1/j. Namely,

Sir(Sme) o

j:7’+1 ]:7‘-‘1-1

K(n,r) = exp {

We need the following information to address previous results. Buchstab’s func-
tion w(v) [12, p. 399] is the unique continuous solution to the equation

(vw(v)) =w —1) (1.2)

for v > 2 with the initial condition w(v) = 1/v if 1 < v < 2. Moreover, 1/2 < w(v) <
1if v > 1 [12, p. 400]. Dickman’s function p(v) is a unique continuous solution to
the equation

vo'(v) +o(v—1)=0 (1.3)
for v > 1 with the initial condition p(v) = 1if 0 < v < 1. Furthermore, o(v) < 1/I'(v)
for v > 1 [12, p. 366], where I' is the gamma function. The function R(v), introduced
in [13, p. 6], is described in Definition 3.3 and Lemma 3.4 below. It comes from the
evaluation of w(v) —e™7, where v is the Euler-Mascheroni constant. For the purpose
of this paper, it is sufficient to know that

R(v) = o(v) exp {—2(17;7:;)2 +0 (” log(llsggg; 2) > } (1.4)

if v > vy, where vy is some sufficiently large constant, and R(v) = O (1)if 1 < v < vy
(Lemma 3.5). As the ratio n/r will appear frequently in the sequel, hereafter we
denote

u=mn/r.
At this point, the results obtained so far can be mentioned.
The total variation distance for permutations was estimated by Arratia and
Tavare in their notable work [2] of 1992. From the estimate it follows that

lu]-1 1
el < /27 |u) +

ED AT (%) (15)
:exp{ — ulogu + ulog(2e) + O (log(u + 2)) } (1.6)

|k(n,r) —e”

if 1 <r<mnandH,=)]_,1/j. Later, in 2002 Manstavicius [7] showed that

_ 1
k(n,r) =e Tw(u) + O (ﬁ) (1.7)
if 1 < r < n. His result was not noticed and, therefore, similar results relying on
the same proof technique were presented by other authors, namely, in [3] and [5]. A
recurrence relation

1 1 .
H(H,T):E—f‘g Z H(]7T)a
r<j<n—r
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and also the induction principle and approximation of sums by integrals, were applied
in [3], [5] and [7] to get (1.7). Moreover, none of the aforementioned authors noticed
that there was a result by Hildebrand and Tenenbaum

w(u) =e "+ O(R(u)) (1.8)
if u > 1 (Lemma 3.4 below), which combined with the estimates (1.4),
logl 2
o(u) = exp {—ulogu —uloglog(u+2) +u (1 +0 (%)) } (1.9)
(Corollary 2.3 in [6]), and (1.6), gives

k(n,r) =e T Pw(u) + 0 (exp { — ulogu + ulog(2e) + O (log u) }) (1.10)

for w > 1. Therefore, in the case of (loglogn)~'logn = o(u), the result (1.5)
combined with (1.8) is stronger than those mentioned after it, but in the case of
u < (loglogn)~tlogn, Manstavicius’ result (1.7) provides a sharper order of the
error term.

The recent result by Weingartner [14] supplements the previous ones:

Proposition 1.1. Let u =n/r. For 1 <r <n/logn, we have

K(n,r) =e 40 ((“/e)u>. (1.11)

r2

If r > 3, we can replace e by 1 in the error term.

To improve on (1.11) in this paper, one makes use of Cauchy’s integral represen-

tation
- 1 "L -1y dz
Pr( 0 iz=n) =5 { b
(X gzi=n) =g [ ew{ 3

j=r+1 Jj=r+1

where § > 0 is to be chosen. Firstly, after some transformations of the integral,
the residue theorem is applied to obtain the main asymptotic term, and secondly,
the remaining integral is evaluated using different saddle-point approximations. This
idea has already been adopted in Manstavicius’ and the author’s recent work [8]. We
have proven the following theorem:

Theorem 1.2. If \/nlogn <r <n and u = n/r, then
R(u)u®?log*(u + 1))

> (1.12)

k(n,r) =e T w(u) 4+ 0 ( .

Although not effective, the error estimate is the sharpest in the region y/nlogn <
r < n as far as the author knows. This theorem is useful for solving a more general
problem, which is presented in the next section.

The paper provides new asymptotic estimates for x(n,r) when it is approximated
by e Hr and 2 < r < n(loglogn)/logn.

Stressing the dependence on a parameter v in an estimate, we will write O, (-).
The results in this paper are in the following four propositions.
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Theorem 1.3. Let € and d be arbitrary but fized positive numbers and w = n/r. We

e k(n,r) =e T+ 0.5 (@ exp {_ﬂ(QIZgg(ll_Jr(s’i))z }) 1

if (logn)*™ <r <n and

k(n,r)=e 40 (M) (1.14)

,
if logn <r < (logn)3*e.

Recalling (1.9) one can verify that Theorem 1.3 presents a sharper order of the
error term if logn < r < n(loglogn)/logn. Moreover, the proof of Theorem 1.3 can
give an asymptotic formula in the whole region 1 < r < n, but the precision of it
for 2 < r < logn does not satisfy us as much as that given in Corollary 1.5, which
follows from the next theorem.

Theorem 1.4. Let

I

1 -
v(n,r) :m’{aesn: ki(c)=0Vjer+1,n}

and € be an arbitrary but fized positive number; then

k(n,r) = e 4+ 0, (W: ") exp { L ) } ) (1.15)

~4n2(log(u + 1))2

if 5 <r <n and
k(n,r)=e 4+ 0 (V(n, r)n5/2> (1.16)

if 2 <r<b.

The proof of the proposition applies Theorem 2 and Corollary 5 of [9]. Theo-
rem 1.4 can be useful in formulas where both probabilities v(n,r) and x(n,r) are
involved. This is shown in the next section.

Using Theorem 1 of [9], we deduce Lemma 3.8, which combined with Theorem 1.4
gives the following corollary:

Corollary 1.5. For 2 <r <logn, we have

an
— o Hr O _El E " .
k(n,r)=e "4+ 0O | exp - log + logn + (logn)?

The corollary improves on the orders of the previous asymptotic formulas error
estimates in its region of validity.

Finally, it is important to mention that Theorems 1.3 and 1.4 follow from the
following effective inequality:
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Theorem 1.6. For all 1 <r <n/2 and a > 1, we have

4 2r—n+3/2 r i_9
e o
[k(n,r) —e | < ————exp{ Y ——— + E(r,a)
J

n?(a — 1)2 ‘=

4 2r—nm+2 T _1
N ea—)gexp{ afe’—1) H}

™?r(a —1 (e —1)
where
2 r41 —2
E(r,a) = _;o(j— : (1 - (:Oz i of’"/2)+ + min{2rlog o, 2 log(er)}

and (a)y = max{a,0} if a € R.

To obtain Theorems 1.3 and 1.4, we have chosen different functions oo = a(n, r).
However, for both theorems we have u'/" < a < u*". It can be guessed that an
appropriate choice of « leads to an improvement of the effective inequality (1.5). Yet
the author failed to find some pragmatic expression.

Analytic results obtained for permutations usually can be compared to these
obtained in number theory. In our case, one can have in mind the analysis of the
number of natural numbers missing small prime factors. Theorem 1.3 is comparable
to Corollary 7.4 given in [12, p. 417] while Theorem 1.4 is comparable to Theorem 1
given on page 397 of the same book. Information about parallelism between theories
can be found in [1] or partially in [14].

2 Motivation

The density x(n,r), as well as v(n,r), is important in answering the following ques-
tion: How many permutations with a given cycle structure pattern are in a symmetric
group? It can clearly be seen in the case when the pattern restrictions are defined
for “short” cycles.

For the demonstration of this, let us take k(o) = (ky(0),. .., k.(0)) (a truncated
structure vector of o) and vector Z, = (Zi,...,7Z,) with the coordinates of the
independent Poisson random variables such that EZ; = 1 /j. For 1 <r <mn, we have

Ay (m1) = sup #{o: k(o) c A} B

ACNE n!

= % Z v(m,r) |k(n —m,r) —e
m=0

Pr(Z, € A)

([8]). It is clear that dry (n, ) is the total variation distance between the distributions
of random vectors k, and Z,.

Evidently, Theorem 1.4 provides an estimate for the distance only through the
function v(n,r). Applying it for 5 <r < n, we get

— _H, 00

1"& 1
dry(n,r) < . Z 5 Z v(m,r) + 51/(71, r).

m=0 m=n—r

e

vim,r)v(n —m,r) +
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Thus, one can try to improve the order of (1.5) relying only on the results for density
v(n,r). Moreover, an improvement of the factor u*2log?(u+1) in (1.12) would cause
an improvement on the same factor in the formula

u?/?log? (u + 1)))

r

dry(n,r) = H(u) (1 +0 (
if v/nlogn < r <n, where
1 o(u)

H(u) = 3 /000 |w(u —v) — e 7|o(v)dv + 5

and w(v) =0 if v < 1 ([8]).

The next two sections are dedicated to the auxiliary propositions and the proofs
of the new theorems.
3 Auxiliary Lemmas

There are eight lemmas in this section; six of them introduce some functions and
their estimates needed in the proofs of Theorem 1.3, Theorem 1.4, and Corollary 1.5.
Two other lemmas (Lemma 3.4 and Lemma 3.5) have already been discussed in the
introduction. We will use the following notation

st
Is)= [ S tar
t
0

sl 1 t/r
T(s) = / ¢ ( el 1> dt.
0o t r(et/r —1)

s/r T

I(s)+ T(s) = /0 Zejtdt

T il

= Zf (3.1)

Later on the function £(v), v > 1, is defined as in the next lemma.

Therefore,

Lemma 3.1. Forv > 1, define £ = {(v) as the nonzero solution to the equation
et =1+ v€
and put £(1) = 0. Ifv > 1, then logv < £ < 2logw,

log log(v + 2))

¢ =logv +loglog(v+2)+ O ( log(v 1+ 2)

and
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Proof. This is Lemma 6 in [9)]. O

Lemma 3.2. Let o(v), v > 1, be the Dickman function (1.3). For v > 1, we have

_ [€W) _ 1
o(v) = 5 OXP {rv—v¢w) +1(¢(v))} <1 +0 . )
Proof. This is a known result; it can be found in [12] on page 374. U

Definition 3.3. If vg > 1 is a sufficiently large constant and v > vy, we let

exp {—vGo(v) — I(Go(v))}
Go(v)v/2mu(1 — 1/Co(v))
where (o 15 the unique solution to the equation ¢ = 1 — v( that satisfies inequality
|Co(v) —&(v) +im| < m. If 1 < v < vy, we set R(v) = O(1). For the original
definition, see [13].

R(v) =

Lemma 3.4. Let w(v), v > 1, be the Buchstab function (1.2). Then, for v > 1, we
have

w() —e "’ = —=2¢"R(v) (cosI(v) + O (1/v))

where R(v) and 9(v) are real valued differentiable functions. Moreover, R(v) is
decreasing for sufficiently large v and

) = st {0 (g )
Proof. This is Lemma 4 in [13]. O

Lemma 3.5. For a sufficiently large constant vy, we have

R(v) = o(v) exp {2_#2“ +0 (’Uloglog('u + 2))}

(log v)? (logv)?
if v > g, and R(v) = O(1) if 1 < v < wy.
Proof. This follows from Lemmas 3.1 and 3.4. U

Lemma 3.6. Let 1 < r < n. Denote by x the positive solution to the equation
‘s
ij =n,
j=1

and let u=n/r. We have

e(logu)/r << e(2logu)/r.

- {log(u-min{r, logu})} (1 o (1» 3.4

r

Moreover,

if u> 3.
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Proof. Bounds for x follow from inequalities
1 T
22 < Va2 <u=- g ) <a,
r
j=1

and the asymptotic formula is taken from Lemma 9 in [9].

Recall that
1 -
vin,r) = ﬁ’{aesn: ki(o) =0Vjer+1,n}.

Lemma 3.7. Let x be the positive solution to the equation 22:1 vl =mn, and \(x) =
> iy jxl. For 1 <r <n, we have

and

Proof. This is Corollary 5 from [9], except the effective bounds for A(z), which triv-
ially follow from inequalities

ij gijxj S’I“il‘j.
j=1 j=1 j=1

Lemma 3.8. For1 <r <logn, we have

+-—+ + — + log

nlogn n n 3n 2n logn
r r logn  (logn)? (logn)? '

v(n,r) < exp {—

Proof. We apply Theorem 1 from [9],

2mnr r

v(n,r) = ! exp {_nl(;gn + ﬁ + dan(T—N)/r} (1 +0 (n—l/r>)

1 T

< exp {—n B LY doyn N IOgT} ,

r r
N=1

where d,., = —(1/r) >>7_,1/j and

I'(N + N/r) < 1
(r—=N)I(N+1)I'(1+N/r) = r—N

dTN =
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if 0 < N/r < 1. Therefore,

nlo X N
gn n n
v(n,r) < expg — +—+ —logr ¢,

r T N

and the proposition follows from an estimate

r—1 N/ r (tlogn)/r logn .t _
n gg/‘E—————dt<(/‘ ¢ tldt+¢ogbgn
1 1

N t -
N=1
ef —t —1jlogn et —2/2 —t — 1jlogn logn ot _2/2 ¢ —1
= - 2 dt
t 1 + 12 1 + /1 t3
+ log logn
< oy +2(1 1)— +logl
ogn — 1)-——=— + loglog n.
~ logn  (logn)? & (logn)? 508

Lemma 3.9. For 0 <y < 27r, we have

Vet —1 [t er yeY
T(y) = - —1 dt<—
) né / (re%__1 ) =2 Mg

Proof. A well-known theory of Bernoulli numbers {B,}, n > 0, [11, p. 142] gives us
the series

—t+§: T4l +2§: (DR o (3.5)

271' 2k

et —1

converging for [t| < 2. Here ((2k) = >, -, m ** < ((2) = 7*/6. Hence, if
0<t<2m,
te! _ t ((2) » ((2) t ﬁ

t
=14+-+2>—=t o<l -4 2—Lt" =1+ =
d—1 2 eme T T T T

and
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4 The proofs of Theorem 1.3 and Theorem 1.4

The next lemma is an essential part of the proofs. We use the following notation
(a)y = max{a,0}

if a € R.

Lemma 4.1. If 1/r <|t| <7, r € N, and o > 1, then

T s

j ; j r41 -2
Zl—a]fzos(tj)gzoﬂ.—l_ga T 0
J ra—1\1+ (ra—r)? N

j=1 =/
it
+ log | | + min{2rlog a, 2log(er)} + 4, (4.1)
a J—
and
s . .] . r__
Z 11—« F:os(tj) < _la("-1) 41 (4.2)
, 7 2r a—1
Jj=1
if [t < 1/r.
Proof. Note that
2t% /7 < 1 —cost < t2/2 (4.3)

if [t| < 7. An estimate (4.2) is not difficult to obtain. If |¢| < 1/r, we have

1 — o cos(tj ol -1 " od (1 —cos(j/r
S L) g o1 s (sl

=1 J = 7 =1 J
s S
< - +— o’
< ; — + 35 ;J

1
_ j
< o Z ol + 1.
7j=1
To obtain an estimate (4.1), we use the technique found in [12, p. 407]. Notice that

T

Sy ey LR

J J J

7j=1 7j=1 7j=1
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Thus, we evaluate only the second sum

i o (1 + cos(tj)) — 2

j=1 J
2/: tj )11 Z 5 1+ cos(t) L9
— « cos — -
7“ , J ) J
j=1 j*[r/Z]—i—l Jj=[r/2]+1
t -1
Z J —§R Z o (1+e") —4. (4.5)
J=1 J=[r/2]+1

To obtain —4 we used inequalities log(1 + 1) < Z;Zl 1/7 <1+ 1logr. Let us turn
our attention to the most difficult part, namely, to the sum

R Z o (14 )

=[r/2]+1
B arJrl _ a[r/2]+1 N %(aeit)rJrl _ (aeit)[r/2}+1
a—1 aet — 1
an eit(r+1) _ &[T/Q]—Teit([T/Q}-i-l)
_ 1 — /2= L : -1
a—1 ( “ * aet —1 (a=1)
r+1 it(r+1) (o _
S SRR i Clal)
a—1 aet — 1 n
r+1 -1
> (1-2a2- |2 . (4.6)
a—1 ae —1|/,

In the last steps, we used a relation Rz > —|z|, z € C. Applying

D >1 v?

N i T
with p=a — 1 and v = /2a(1 — cost) and recalling (4.3), we get that
a—1 < 1 2a(1 — cost)
~ 2(a—1)2+ 2a(1 — cost)
(1 —cos(1/r))
T (a—1)2+2(1—cos(1/r))
2 1
> -
T (ra—r)2+1

1 —

p>0, veR,

aett — 1

Applying the latter lower estimate for (4.6), in conjunction with (4.5), we obtain

i a’ (1 + cos(tj)) — 2
j=1 J
-2

“Lcos(tj) —1 2 a't! T i
> - —a " — 4. 4.7
_jzl J +r04—1 1+ (ra—r)? “ N (47)
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It is necessary to make a specific estimate for the remaining sum. We have

Zl—cos tj) %Zl—em _j il_cés(tj)(l—a_j)

J=1 J=1 J
1 — —1 zt 1 — —J
<log ——— | | + 2 Z a
.
<log + min{2rlog v, 2log(er)}. (4.8)
o —

The reasons for obtaining this estimate will reveal in the proofs of Theorems 1.3
and 1.4. Combining (4.8) with (4.7) and (4.4) we arrive at the assertion.
O

The common part of the proofs (Theorem 1.6). We set the proofs for the case
r <n/2. The case n/2 < r < nis an easy exercise. For 0 < f < 1, we have

"L 1 "L -1 dz
PY(ZJZJ':”):%/MGXP{Z ‘ }+

j=r+1 j=r+1 J
e / 1 — 27 dz
= : exp : ,
210 J|z1=p ; J (1 — z)zntl

because, if we add Y77 . 2//j to 337 . 2/ /j, n-th Taylor coefficient of the inte-
grand function does not change. Notice that the resulting integrand function has

two singularities at z =1 and z = 0. Let s = —rlog z and v = n/r, then
n e Hn —rlog B+irm "1 — e ds/r eusts/r
Pr( jZ»zn) = , / exp : ds
j;—l J 271, —rlog B—irm jzl ] T(es/r —_ 1)

e_H” —rlog B+irm
=: : / L(s)e"ds.
2 J_

rlog B—irm
The obtained integrand function has only one singularity at s = 0. Furthermore,
Ress—o L(s)e™ = 1. Let 6 = §; Udy U d3 Uy and o > 1 where

0 ={-rlogp+it:te|[—rnrr|}, d={c+irr:o¢€[-rloga,—rlogpl},

o3 ={-rloga+it:te|—rmrrl}, 0,={c—irm:o€[-rloga,—rlogp|}.
We apply the residue theorem to get

Pr< i ij:n)

Jj=r+1

_ 62;" ( /5 L(s)ewds—< /5 L(s)e“ds + /5 L(s)eusds)— /5 L(s)eusds)

1 us
= (1 —0— 5 . L(s)e ds)
= e " (1+R). (4.9)
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At this point, it remains to estimate R. Firstly, we will apply integration by parts

—S8

twice. Note that L'(s) = —mL(s).
1 —rlog a+irm
R=— / L(s)de"*
2miu —rlog a—irm

1 —rlog a+irm

— us v/

=5 / e L'(s)ds
U —rlog a—irm

1 —rlog a+irm
- - / esL/(S)de(u—l)s

_27”’”(” - 1) rlog a—irm
1 —rlog a+irm (1) . ,
- - u=1)s (s, d
27TZU(U - ]') /rlogairﬂ ¢ (e (S)) i
1 —rloga+tirt . s/r —s
= 7/ ﬁL(s)e(“’l)sds. (4.10)
271—2”(” - T) —rlog a—irm (es/r - 1)2
Secondly, using abbreviations
2 r+1 —2
E(r,a) = _;j_ - (1 n (:oz T 04_’"/2>+ + min{2rlog o, 2log(er)} (4.11)
and )
J(1,a) := 7€ R,

(= 1)2+a(27/(7r))*
we apply (4.3) and Lemma 4.1 to (4.10):

T

4o r—nt2 /”r 1 1 —ad cos(Tj/r)
R| < ‘ exp - dr
| ‘ mn2r 0 |e”’/7" — @|3 Z ]

J=1

4etq?r—nt2 ol —1 ”T
- S s} [

Jj=1

deq2r—nt2 r_ 1 1
" ex exp {_04(04 ) } / J(T, a)3/2d7'
0

™2r 2r(a—1)

due to ’es/’" + e*s’ < 2a" and the additional factor 1/|e”™/" — a| from |L(s)|. Since

/1 " I a)dr = % arctan (%)

and fol J(r, a)g/sz <(a— 1)_3, we obtain

4. 2r—n+3/2 r Ji_1 doo2r—n+2 r_1
|R|SM_2€XP{Za ‘ +E(T,a)}+w_ﬁxp{ M}
J

T 7T2r
S -
(

1~ dya(a—1)

n?(a—1) m™m?r(a—1) C2r(a—1)

(112)

Hereafter, we divide the argument into two parts. In the first part we take
a = e¢/" (Theorem 1.3) and in the second o = x (Theorem 1.4), where £ = &(n/r) is
defined in Lemma 3.1, and = z(n,r) in Lemma 3.6.

j=1
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Proof of Theorem 1.3. Let a = ef/". Recall that logn < r < n/2 and logu < & <
2logu. Note, referring to the equation e¢ = 1 + u&, we have £ > 1. We will need the
following estimates

t 0
1+ué  2r(14+uf)  2u& 1
0o<T < < - 4.13
=TE) =< 2r + 1272 - 3r + r ( )

(this follows from Lemma 3.9; note £ < 2r), and
E(r,e¥") — min{2¢, 2log(er)}
9 oEHE/r -2
= —— © 0 —_ 676/2
ref/r —1 \ 1+ (reé/r —r)? N

B —2e57 72 get/r 1 72+ w2 (ref/m —r)?
CEE(ret/r —r)2r(et/r — 1) et/2 .

Now, applying the estimates (£/7) < 2, (£/r)e¥/"/(ef/" —1) = 14+0, (¢/r) (see (3.5)),
and

2 3
e & & &
e =t Ty T

=1+ 04(&/1))

(O, is the Big-O notation where + indicates that the estimated quantity is greater
than 0), we obtain

E(r,e¥") — min{2¢,2log(er)}

C sfusyor? gl (log )"
=TT 201 0,E/m) (e = 1) (”O( Ju )) (4.14)

_ 2t n? logu  (logu)®?
“rranong (o HA) 1)

We see that I(€) +T(€) + E(r,ef/") > w if u — co. Recalling (3.1) and applying the
latter estimate to (4.12), we conclude that

- - - &/ - -5
R < (ue)? exp Z ; + E(r,e") » + o exp{ 27"65/’"—1}

< exp {—uf +I1(&) + T (&) + B(r,e*")} . (4.16)

Jj=1

To obtain (1.14), we first observe that combining (1.1), (4.9) and (4.16) we get

k(n,r)=e 4+ 0 (% exp {—ué +I(&)+T(&) + E(r, eg/’“)}) :
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We apply Lemma 3.2 and formula (3.3) here to obtain
__ —H, Q(U) g/r
k(n,r)=e """+ 0 — XD {T(€)+ E(r,e"") +logu} | . (4.17)

It is left to evaluate T'(&) + E(r,e®/") + logu. For that we use (4.13), (4.14)—(4.15)
and then we apply (3.2). Recalling that logn < r < (logn)**, we have

T(€) + E(r,e¥™) 4 logu

2ué 1 2(u+1/&)72 logu  (logu)3/?
< enrong (O ) e

- 23& (1 - 5_ (m/2 + 7?2(31+O+(§/7“)) (”O (10§u+ (10%3/2» O (%))

< wlogu (4.18)

r

if u is sufficiently large, because (logwu)/r (in the error estimate) came from the
factor in (4.14) that is greater than 1. When wu is bounded, equation (1.14) is trivial.
Applying (4.18) to (4.17), we prove (1.14).

Now we turn to assertion (1.13), recalling that (logn)*™ < r < n, ¢ > 0, and
d > 0. Let ng = ng(g,d) and ug = ug(e, d) be such sufficiently large positive constants,
depending on parameters € and ¢, that if n > ng and u > wg, using (4.15), (4.13)
and Lemma 3.1, we obtain

E(r, eﬁ/’") + 26+ T(€)

1
— 2§2 (1+o L logu )>+mln{2§ 2log(er)} + 26 + T(¢)

logu 2u£

=7 7r2§2 ( ( logu >> R
logu )3

- (0 ()

_ W(IQTU) (1 +0 <log1?§§;+ 2 (logln)f))

2u
 72(log(1 + u))? (1=9).

+

Combining the latter estimate with (4.16), (4.9), and Lemma 3.2 we prove asser-
tion (1.13) for the case n > ng and u > wg. In case when n < ng or u < wo,
estimate (1.13) follows trivially from (4.9), (4.15), (4.16) and Lemma 3.2. O

Proof of Theorem 1.4. Let a = x. Recall that v > 2 and r > 5. Throughout the
proof, we apply inequalities e(l°8®)/" < g < e(2logw)/" and equation

l'rJrl—:L‘
:n’
r—1
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which come from Lemma 3.6. Recall (4.11). The proof starts with the following
observation:

-2
E(r,x) — min{2rlog z, 2log(er)} < —2u (W—)Q — g;T/2>+

1+ (rx—r
- =4/ ) 2 7T2(7’17 _ 7’)2
~ 4n%(log u)? x7/? x7/? n

- A ' 72 p2a8r/242
~ 4r?(log u)? Vu u? N
where the second inequality is obtained using estimate rz — r < re(lew/r _ 4 <

2(log u)u?" and the third—inequalities x > e(°¢®¥/" and (v — 1)/2" < x/n. Now we
apply the latter estimate and z%/(nx — n)? < 1 to (4.12) and thus obtain

r

T —1 yt=4/r 2 23r/2+2
R 2r—mn o 1 —_=
<o (S0 g (- 5T,

J=1

N ‘,L,2rfn { u}
ex ——=
log u P\79s

because z(x" —1)/(2rz—2r) = u/2 (see Lemma 3.6). Applying Lemma 3.7, it follows
that

2 u174/T 2 7T21,3r/2+2
B ) I T S 4.19
< Vur®v(n,r) eXp{ 472 (log u)? ( Vu u? )+} .
u174/r 2 71_2x31"/2+2
Y 51 ) 4.20
< v(n,r)exp { 42 (log u)? ( Vu u2 >+ + o log U} ( )

Now, formula (1.16) follows simply from (4.19) if u is bounded (see Lemma 3.6). If
u is sufficiently large or u — oo we apply (3.4):

R < Vux*v(n,r)
= Vu(exp{(logn)/r} (L +O(1/r)))* v(n,r)
< 2 Y2y (n,r).
It remains to prove the formula (1.15). Let u; = wu;(e) be such a sufficiently large

positive constant depending on the parameter € > 0 that if u > u; applying (3.4) to
(4.20) it follows that

u1—4/r

_ oo 1) 3u2/r—1/2
Ar2(log u)? (1 +0 ((1 gu) ))}

w4 (1 —¢) } '

A2 (log(u + 1))?

R < v(n,r)exp {

<. v(n,r)exp {—

Actually, this estimate is also correct in the case of u < uy. Recalling (4.9) and (1.1)
we finish the proof of (1.15). O
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