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Abstract

The main result of this work is the characterization of the covering rela-
tions of the Bruhat order of the maximal parabolic quotients of type B.
Our approach is mainly combinatorial and is based in the pattern of the
corresponding permutations also called signed k-Grassmannians permu-
tations. We obtain that a covering relation can be classified in four differ-
ent pairs of permutations. This answers a question raised by lkeda and
Matsumura providing a nice combinatorial model for maximal parabolic
quotients of type B.

1 Introduction

This work focuses on the study of the Bruhat order of the maximal parabolic quo-
tients of type B. Some main papers providing a combinatorial approach to this subject
are Deodhar [4] which gives reduced decompositions while Stanley [12] characterizes
the pattern of the permutations for elements of these quotients. We may also obtain
these patterns in the work of Papi [9].

We are interested in obtaining the covering relations in this context. Notice that a
covering relation is the occurrence of pairs which are comparable by the Bruhat order

ISSN: 2202-3518 ©The author(s). Released under the CC BY-ND 4.0 International License



J. LAMBERT AND L. RABELO / AUSTRALAS. J. COMBIN. 75 (1) (2019), 73-95 74

and have length difference equals to one. We know that parabolic quotients inherit
the Bruhat order of the Weyl group by projection (for details, see Bjorner-Brenti [2]
and also Stembridge [13]). Furthermore, the covering relations for all classical Weyl
groups may be found in the work of Federico [5] which in particular includes the
type B. However, it is not clear the behavior of these relations in the quotients.

To answer this question, we use the well-known characterization of these elements
in terms of signed k-Grassmannian permutations. Once the Weyl group reflections
are explicitly given, we investigate how they act over the permutations case-by-case.
We conclude that a covering relation can be sorted in four different classes of pair of
permutations. It is worth noticing that it is possible because we have a nice formula
to compute the length of these permutations.

Our motivation is geometric by the fact that such quotients parametrize the
Schubert varieties that equip the isotropic Grassmannians (real and complex) with
a cellular structure. In the particular context of real Grassmannians, the non-zero
coefficients for the boundary map of the cellular (co-)homology occur for these cover-
ing pairs. This issue will be approached in a subsequent paper by the same authors.
Furthermore, our combinatorial description may be used to illustrate the classical
Chevalley rule as a particular case of the Pieri rule for the complex Isotropic Grass-
mannians.

According to Buch-Kresch-Tamvakis [3], there is a bijective correspondence be-
tween k-Grassmannian permutations and the so called k-strict partitions which also
can be depicted as diagrams. This approach has been very useful for several com-
putations in the algebraic geometric setting (for instance, [3]|). However, we present
a slightly modified version in terms of half-shifted Young diagrams (HSYD’s) whose
definition goes back very closely to the model developed by Pragacz-Ratajski [10].
We provide the corresponding description of the covering relations in terms of these
“new” diagrams.

Finally, the work of Ikeda-Matsumura [6] describes the covering relations ac-
cording to the weak Bruhat order while it leaves open the characterization of these
relations for the Bruhat order. In this former work, there is a hint indicating that
the model of Maya diagrams could be useful to approach this problem. So, we also
present a version of our result in terms of this class of diagrams which indeed gives
some symmetry and provides a good picture of the pairs of covering relations.

This work is organized as follows: In Section 2 we introduce the main ingredients
about the Grassmannian permutations. In Section 3, we state and prove our main
result in the term of the four types of covering pairs. The remaining two sections
are devoted to representing the permutations by diagrams. In Section 4, we define
the half-Shifted Young diagrams establishing their correspondence with the types of
pairs. In Section 5, we show how the Maya diagrams are useful to provide a nice
picture of the covering relations.
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2 Grassmannian permutations

We let N = {1,2,3,...} and Z be the set of integers. For n,m € Z, where n < m,
denote the set [n,m] = {n,n+1,...,m}. For n € N, denote [n] = [1,n].

The Weyl group W, of type B, also called hyperoctahedral group, is generated
by ¥ ={s;:1=0,1,...,n — 1} for which we have the following relations

2 ~ .

s;=1,1>0;

50515051 = 51505150 ;
Si+18iSi41 = 8iSit18;, 1 <1 <n —1;

S5iSj = S58i, |Z—]| 2 2.

The length ¢(w) of w € W, is the minimal number of s;’s in a decomposition of w
in terms of the generators. In this case, we say that this is a reduced decomposition
of w. Each s;, © > 0, is called a simple reflection. The other reflections are those
conjugate to some s;.

There is a partial order in W, called the Bruhat-Chevalley order. We say that
w' < w if given a reduced decomposition w = s;,- - - Sigw) then v’ = Sij e Siy, for
some indices 1 < j; < -+ < ji < {(w) (this is called the “Subword Property”). It is
known that W, has a maximum element wy which is an involution, i.e, w3 = 1.

Let w,w" € W, with {(w) = l(w') + 1, e, if w = s;;--s;,,, is reduced de-
composition then w’' = s;,---5; - - - Siy 18 @ reduced decomposition as well. By the
Exchange Property of Coxeter groups, there is a reflection t € W, (not necessarily
simple) such that w’ = wt (see [2], Theorem 2.2.2). In this case, we say that it is a
covering relation where w covers w'.

Consider the set of all barred permutations w of the form

an—1,...,1,0,1,...,n—1,n

using the bar to denote a negative sign, and we take the natural order on them,
as above. The hyperoctahedral group W, is composed by the barred permutations
subject to the relation w(i) = w(i), for all i. Then, it is usual to denote w in one-line
notation by the sequence w(1)--- w(n) of positive positions. However, we also could
use the full description of w with the corresponding negative reflections, if it requires
SO.

The simple reflections are
So = (Ta 1) )
s;=(i+1,i)(i,i+ 1), foralli> 1.
If we think the elements of W, acting at right over the permutations, we have that

so changes the sign in the first position and s; changes the entries in the positions ¢
and ¢ + 1, i.e., in the one-line notation

w(Bw(2) - w(n) - so = wLw(2) - w(n);
w(l)--w@w(i+1)---wn)-s; =w(l) - w+ Dwi)- - wn).
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By Proposition 8.1.5 of [2], the set of reflections is determined by
{6,9)@7): 1<i< |l <n}J{(,9):1<i<n}. (2.3)

Hence, the action of a reflection (i, ) (3, j), for some 1 < i < |j| < n, will permute
the entries in positions 4 and j. The reflection (i,14), for some 1 < i < n, changes the
sign at i-th position.

The length of w € W, is given by the following formula (see [2], Eq. (8.3))

U(w) = inv(w(1),...,wn) = w(j) (2.4)

{ilw(5)<0}

where
inv(w(l),...,wn)) =#{(4,j): 1 <i<j<n,w(@)>w(y)}

We now state the main result about the covering relations of W, according to [5].
We need some preliminary notation. Given w € W, a rise of w is a pair (i, j) € [£n]
such that i < j and w(z) < w(j). A rise (,7) is said to be free if there is no k € [£n]
such that i < k < j and w(i) < w(k) < w(j). Furthermore, a rise (i,j) of w is
central if

(0,0) € [i, ] % [w(5), w(j)].

A central rise (i, j) of w is symmetric if j = —i.

Theorem 2.1 ([5], Theorem 5.5, [1] Lemmas 1,2). Let w',w € W,. Then, the w
covers w' if, and only if, either

1. w=w"-(i,7)(—i,—7), where (i,7) is a non-central free rise of W', or
2. w=uw"-(i,7), where (i,7) is a central symmetric free rise of w'.

For each 0 < k < n — 1, define the set (k) = ¥ — {sg} of simple reflections
without s,. The corresponding (parabolic) subgroup W, is generated by s;, with
i # k. Notice that Wy = Wy, x S,_k, where W, is the subgroup generated by s;,
0<i<k. Forany w=w(l)---w(n), it follows that its coset wWy) is composed by
permutations with its first k entries permuted with signs changed — corresponding to
the Wy, part — together with the permutations with the remaining (n — k) permuted
— but without change of signs corresponding to the S,,_; part.

The set of the minimum-length coset representatives for W, /W, is defined by
WH = {w e W,: £(w) < l(ws;),¥i >0,i# k}.

Indeed, there exists a unique minimal length element in each coset wWy,.

Now, we can give an explicit description of these representatives according to the
above description of the cosets wVy). In fact, by Equation (2.4), we must seek inside
each coset the elements with minimal number of inversions and negative numbers.
In the first k entries, we always may take only positive elements ordered since it



J. LAMBERT AND L. RABELO / AUSTRALAS. J. COMBIN. 75 (1) (2019), 73-95 7

gives the least contribution to the length while for the remaining n — k entries we
only order them since we cannot avoid negative entries. So, we can conclude that
the one-line notation of w can be identified by the form

w:wu,/\:ul ..-uk’)\_r...)\_lful P /Unfka (25)
where
O<u <---<uy , w; = w(i), for 1 <i<k;
0< A <o <A )\_:w(k:—i-r—z—i— 1), for 1 <i<r; (2.6)

0<v; < v+ < Upehr wk+r+i), for1<i<n—k—r

They are called k-Grassmannian permutations.

Remark 2.2. Theorem 2.1 still holds for elements of Wflk) since W,(Lk) C W, and the
projection 7: W, — W preserves the Bruhat order (see [13], Prop. 1.1).

We now define a pair of partitions v and A associated with each k-Grassmannian
permutation w given by Equation (2.5). The negative part of w provides us a strict
partition A\ which satisfies n > A\, > --- > Ay > 0. For each i, 0 < i < k, we define

We claim that « is a partition, i.e., n — k > ag > ap_1 > --- > a3 > 0. Indeed,
for each 7, we may collect all indexes that are greater than w; that appear in the
permutation (2.5) accordingly to the position they occupy by the following formula

n] — [us] = {uj: uj > w b UL N > w U {v;: 05 > )
where the cardinality is given by
Ui =N — #{Uji Uj > UZ} — 3‘%{)\J /\j > UZ} — #{Ujl v > U,Z} (28)

Now, we observe that #{u;: u; > w;} = k —i. It follows that Equation (2.8) is
equivalent to

where p; = #{v;: v; > w;}. Then, Equation (2.7) may be rewritten as
a;=n—k— p;. (2.10)
By Equation (2.10), it is now clear that n — k > ap > a1 > -+ > aq > 0.

Denote |a| = 3% | o, and |A| = 37_, A;. Observe that p; = p;(w) also depends on
the choice of w.

Lemma 2.3. Let w € W, The length ((w) of w is given by the sum of entries of
the pair a, A, i.e.,

w) = Ja| + |A.
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Proof. The sum of A’s corresponds to the sum — 3., ;) oy w(j) in Equation (2.4).
It remains to show that the inversions of (w(1),...,w(n)) are given by the sum of
the a’s. Since there is a unique descent in position k, all inversions correspond to
inversions among the u;’s with all A’s and some of v;’s. Then, for each 1 < ¢ < k, we
have that the number of inversions related to w; is n — k — #{v;: v; < v;} = oy, by
Equation (2.10). Hence, inv(w(1),...,w(n)) = |af. O

3 Bruhat order of Grassmannian permutations

Let w and w’ be permutations in W written in one-line notation as
W =U - ukﬁ|A7‘ “e. )\1'01 c o Un—k—r,

/

r_ ARVE N,
w _ul "'uk|>\7«/ PR lvl ..‘Un—k‘—r,'

Denote by a, A and o/, X the pair of partitions associated with w and w’, respectively.
Also denote p; = p;(w) and pl = p;(w').
We call:
e w,w a pair of type B1 if
w:...|...T... and w/:...|...]_...

In other words, we choose w such that A\; = 1, and w’ is obtained from w by
removing the negative sign from 1.

e w,w a pair of type B2 if

where @ > 0. In other words, there are t € [r] and ¢ € [n — k — r] such that

At =a and v, = a — 1, and w’ is obtained from w by switching v, and ;.

e w,w a pair of type B3 if

w:a|(a_l') and w/:(a_x)|a’

where a > = > 0. In other words, there are p € [k] and ¢ € [n— k —r] such that
u, = a and v, = a — x. The permutation v’ is obtained from w by switching
u, and vy,.

e w,w a pair of type B4 if

w:(a/_x)’a and w,:...a...‘...a_l-...,

where a > = > 0. In other words, there are p € [k] and ¢t € [r] such that
u, = a —x and A\, = a. The permutation w’ is obtained from w by switching
u, and M.
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The following lemma states a property for pairs of type B3 and B4.

Lemma 3.1. Let w,w' € wib.
1. If w,w' is a pair of type B3 then [v, + 1,u, — 1] C{\; | i € [r]};
2. If w,w' is a pair of type B4 then [u, + 1, A\ —1] C {v; |i € [n—k—r]};

Proof. Let w,w’ be a pair of type B3. Suppose that z € [v, + 1,u, — 1] such that
z = u; for some 7 < p. Then u} = 2 > v, = u,, which is impossible since w’ is a
k-Grassmannian permutation. If z = v; for some ¢ > ¢ then v, = z < u, = v;, which
is also impossible. The proof of second statement is analogous. O

To define the previous four types of pairs, we only require that both w and w’
belong to W,(Lk). In principle, it is not clear the relationship between them. This is
the content of our main theorem.

Theorem 3.2. Let w,w' € W Then w covers w' if, and only if, w,w’ is a pair
of type B1, B2, B3 or B/J.

Proof. Consider the sets of positive integers I} = [k], Iy = [k + 1,r] and I3 =
[k 47+ 1,n], and their respective sets of negative integers I7 = [k, 1], Iy = [F, k + 1]
and I3 = [, k +r + 1]. Notice that each set represent a block of positions in w as
shown below

w:ﬁun—k—’r’”'v_lf\l”.)\7"|IU/_]€."U_1I0;UJI"'ukl|l)\’r‘"'>\llvl"'Un—k—’l“
L ] L ]

I3 I I I Iz I3

Explicitly,
( vy, foriels;
Akpry1—i for i € Iy;

Uu; fori e Iy ;
w(i) = 0 for i =0; (3.1)
U_; for i € [T,

)\k+7’+1+i fOr 1 E Ij,
L U_(i+k+r) for 1 E I§

Suppose that w covers w', i.e., w' < w and {(w) = {(w’) + 1. Hence, by Theorem
2.1, there are m < i < j < n such that (i) either w(i) > w(j) and v’ = w -
(,7)(—%,—7), if |i] # |j], when (i, j) is a non-central free rise of w’, or (ii) w(i) > w(j)
and w' = w - (i,7), if || = [j|, when (7, j) is a central symmetric free rise of w’'.

First of all, ¢ = 0 if, and only if, 7 = 0 since the symmetry of wk implies that
w(0) = 0. Then, we will always consider non-zero i and j.

The set [—n,n| is the disjoint union Iz U Iz U I[; U {0} U UL, UI3. We will
prove the theorem by checking all possible combinations of ¢ < j such that i € I,
and j € I, for m,l € {3,2,1,1,2,3}. Table 1 encloses such information for 7 and 7,
where the rows denote I,,, and the column denote I;.
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Table 1: Possible choices for i < j such that w(i) > w(j).

iNG | L | L | L ||| I
I3

I
I

~
=

T

[N %[N | x| X%
SIS TSN X
x| N[ x| X
NS

> | X

x

oy

There are some choices of ¢ < j for which the relation w(i) > w(j) is not satisfied.
For instance, for every i,j € I3 such that ¢ < j, we have w(i) = v;_p_, < Vj_j_, =
w(j). Empty cells in Table 1 means i > j. A cell marked with X means that for all
i < j in the respective set, we have w(i) < w(j). Cells marked with v are the ones
such that we could have i < j satisfying w(i) > w(j).

When |i| # |j|, we know w' is obtained by swapping the values w(i) and w(j),
and also swapping the values w(—i) and w(—7). Then, there is a symmetry in the
choice of 7, j. For instance, choosing ¢ < j such that i € I5 and j € I5 is equivalent
to choose —j < —i such that —j € I} and —i € I5. It is enough to verify the case
where ¢ and j belongs to I; and I, respectively.

Therefore, we only have to check the five possibilities in Table 1 represented by
the shaded cells marked with v.

1st case: Suppose that i € I; and j € I3 such that w(i) > w(j). Let a >z > 0
be integers such that w(i) = u; = a and w(j) = vj_y—, = a — x. The permutation
w’ is obtained from w by swapping w(i) = a and w(j) = a — x, and swapping the
respective negatives w(—i) = @ and w(—j) = a — x. In short

w:ul cee @ v uk|)\_r...>\_1vl e (a_a';) Un—k—ra

w/:ul...(a—x)---uk‘)\_T...A_lvl ...a.-.’l}nikir_

Let us compare the lengths of w and w’. Lemma 3.1(i) says that all integers
a—x+1,...,a—1 belongs to the A\’s. Then

{U;: U; > u;} = {U;i U; > a— .T} = {Ug'fkfwvg'fkfﬂrla v 7U;17k7r}
={a} U{vj_k—rt1, .., Unp—r} = {a} U{v,: v, > w;}
and

{vg: v > ui} = {vg: vy > w;}, for t € [k],t #i.

;o1 it =
Fe= 0w ift £

Hence,
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It follows from Equation (2.10) that

, =1 ift =1,

= { a  ift#i. (32)
This equation implies that |o| = |o/| + 1. Since |A| = |N|, it is clear that ¢(w) =
((w") 4+ 1. Therefore, w,w’ is a pair of type B3.

2nd case: Suppose that ¢ € I} and j € I, such that w(i) > w(j). Observe that
if we swap w(i) = u; and w(j) = \j_k—,, it would put a negative entry in the first
k positions of w’, which is not allowed by Equations (2.6). Therefore, this is not a
valid case.

3rd case: Suppose that i € I and j € Iy such that w(i) > w(j). Let a >z > 0 be
integers such that w(j) = Mrr1-; = @ and w(i) = ©—; = a — z. The permutation
w' is obtained from w by swapping w(i) = a — x and w(j) = @ and the respective
negatives w(—i) = a —x and w(—j) = a. In short

w:ul P (a_l') 'uk‘|)\_’!‘ ...a...A_lfUI "'Un—k—m
w = U ...a...uk|A_’r "‘a/_l'"‘>\_1’U1 ce o Uk
Let us compare the lengths of w and w’. Lemma 3.1 says that all integers a —
xr+1,...,a—1 are in the v’s. Then
{vgrvy>uiy={vgivy,>a—zt={a—x+1,...,a— 1} U{v,: v, > a}
={a—x+1,...,a—1}U{v: v, >u ;}
and
{vg: v, > w} = {vg: vy > w}, for t € [k],t # —i.

Hence,
e+ (e —-1) ift=—i;
He = 1 if t £ —i.
Then, it follows from Equation (2.10) that

, Jasi+(x—1) ift=—i;
= { o if 1 4 —i. (3:3)

This equation implies that |o| = |&/| — 2z + 1. Since |A| = |[N'| + z, it is clear that
l(w) = l(w') + 1. Therefore, w,w’ is a pair of type B4.

4th case: Suppose that i € I3 and j € I3 such that w(i) > w(j). Let a > x > 0 be
integers such that w(i) = Apyry14i = @ and w(j) = vj__, = a —x. The permutation
w' is obtained from w by swapping w(i) = a and w(j) = a — x, and swapping the
respective negatives w(—i) = @ and w(—j) = a — x. In short

w:ul"'uk|)\_7".”a..')\_lvl.”(a_x)"'/U’n,fkfry

w/:ul...uk|>\r...a_x...)\1vl...a...vnikir_
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Let us compare the lengths of w and w’. Since w,w’ € Wr(Lk), all integers a — x +

1,...,a— 1 should be in the u’s (this can be proved likewise in Lemma 3.1). Denote
by p € [0, k] the largest integer such that u, < a — x (if required, take uy = 0).
Clearly, up11 =a—x+1,...,Up1,—1 =a—1. Then

{vg: v, > u} = {vg: vy > u}, for every t € [p];
{vg: v > u} = {vg: vy > wiy U{a}, forevery t € p+1,p+x—1];
{vg: v, > u} = {vg: vy > w}, for every t € [p+ x,k].

and, hence,
) {uﬁqﬁp<t<p+x—u
He = ;
iy otherwise.

By Equation (2.10),

o — a,+1 ifp<t<p+ax—1;
b aj  otherwise.

(3.4)

and || = |o/|+(x—1). Clearly, |A\| = | N |4z, which implies that {(w) = ¢(w')+2x—1.
By hypothesis, 2x — 1 should be equal to 1, which lead us to conclude that x = 1.
Therefore, w,w’ is a pair of type B2.

5th case: Suppose that i € I3 and j € I such that w(i) > w(j). First of all,
assume —i < j. Let a > x > 0 be integers such that w(i) = A\gy,y140: = @ and w(j) =
Ai4+r—j = @ — x. The permutation w’ is obtained from w by swapping w(i) = a and
w(j) = a — z, and the respective negatives w(—i) = @ and w(—j) = a — z. In short

w:ul...uk|AT...a...a_‘f[;...Alful...Un_k_r’

w/:ul"'uk’A_r"'(a_x)"'a"')\_lvl"'/unfkf'r‘-

Notice that if there is some ), to the right of w'(—i) = a — z or a > v; then it
would not satisfy Equations (2.6). Hence, we have —i = k+r —1, j = k +r and
a < vy, and both a — z and a of w’ should be added to the v’s. Moreover, all integers
a—x+1,...,a—1should be in the u’s. Denote by p € [0, k] the largest integer such
that v, < a —x. Clearly, upy1 =a—ax+1,...,Upys1 =a— 1.

Let us compare the lengths of w and w’. We have that

{vg: v, > u} = {vg: vy > w} U{a —w,a}, for every t € [p];
{vg: v > w} = {vg: vy > w } U{a}, foreveryt € [p+1,p+ 2z —1];
{vg: v} > u} = {vy: vy > w,}, for every t € [p+ x, k],
and, hence,
w42 it <p:

=19 e+l ifp<t<p+ta-—1;
[t ifp+or—1<t<k.
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By Equation (2.10),

a, +2 ift <p;
=1 a+1 ifp<t<p+ax—1;
o ifp+r—-—1<t<k.

and |a| = [o/| +2p + (x — 1). Clearly, |A| = |N| + (a — ) + a, which implies that
l(w) = L(w') + 2a + 2p — 1. By hypothesis, 2a + 2p — 1 should be equal to 1. This
implies that a = 1, p = 0, and «x is an integer such that 1 > x > 0. Therefore, this
is not a valid case.

If —i > j then we can proceed as above to show that this is also not a valid case.

Finally, suppose that —i = j. Let a > 0 be an integer such that w(i) = A\gri145 =
a and w(j) = Mr—; = a. The permutation w’ is obtained from w by swapping
w(i) = a and w(j) = a@. In short

wzul"'Uk’)\r“‘d"‘)\lUl“‘Un—k—ra

/ J— J—
w :ul"’uk|)\7‘"'a"')\lvl"'Un—k—r'

By Equations (2.6), w’ lies in wik) if, and only if, —i = j = k+r, and a < v;.
Then, a should be added to the v’s. Denote by p € [0, k] the largest integer such
that u, < a. Let us compare the length of w and w’. We have

{vg: v} > w} = {vg: vy > w} U{a}, for every t € [p];
{vg: v > u} = {vg: vy > w,}, for every t € [p+1,k].
and, hence,
;1 ift<p;
e = e  ifp<t<k.

By Equation (2.10),

o +1 ift<p;
Ott{ a ifp<t<k. (3.5)

and |a| = |¢/| + p. Clearly, |A\| = |N| + a, which implies that {(w) = {(w') + a + p.
By hypothesis, a + p should be equal to 1, which lead us to conclude that a = 1 and
p = 0. Therefore, w,w’ is a pair of type B1.

Clearly, we implicitly proved the reciprocal. ]

As consequence of Theorem 3.2, if one starts with any permutation w € Wflk),
we establish certain conditions to determine all possible w’ of W covered by w.

Corollary 3.3 (Length-decreasing). Let w € W . All possible w' € W covered
by w are described below:

1. [f'w: ‘ R then w covers w' = -- - | 17
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2. ]fw: ‘ a(a_l) then w CO'U@TSUJ,:"""'a—l"'a“';

3 Ifw=---a---|---b--- where a > b and all positive integers b + 1,b +
2,...,a—1 belong to the \’s then w covers w' =---b -+ |-+~ a---;

4. If w=---b---|---a--- where a > b and all positive integers b+ 1,b +
2,...,a—1 belong to the v’s then w coversw' =-+-a -+ |---b---

Proof. For statements (1) and (2), clearly w’ belongs to W,gk), which implies that
w,w' are pairs of type Bl or B2, respectively.

For (3), the condition of b+ 1,b+ 2,...,a — 1 belong to the A’s guarantees that

w' e WP, Then, w,w’ is a pair of type B3. The same argument holds for (4),
concluding that w,w’ is a pair of type B4. O

In some sense, Corollary 3.3 combines the results of Theorem 3.2 and Lemma 3.1.

Example 3.4. Consider w = 26|75134 where n = 7 and k = 2. Let us determine

w' € WS) such that w covers w' following the Corollary 3.3. It is immediate that w
covers 26|75 134 which is a pair of type BI.

To get a pair of type B2, we should pick an entry @ in the \’s and an entry (a—1)
in the v’s. The only possible choice is the pair of entries 5 and 4 which gives that w
covers 26(74135.

To get a pair of type B3, we should pick an entry a in the u’s and an entry b
in the v’s such that a > b and all positive integers b+ 1,0+ 2,...,a — 1 belong to
the A’s. Choosing 6 and 4 gives a covering since the only integer between b = 4 and
a = 6 is contained in the \’s. Hence, w covers 24|75136. Choosing 6 and 3 does
not give a covering since 4 is a number between b = 3 and a = 6, but it does not
belong to the \’s.

Finally, to get a pair of type B4, we should pick an entry b in the u’s and an entry
@ in the \’s such that a > b and all positive integers b + 1,6+ 2,...,a — 1 belong
to the v’s. We only have two pairs of entries that satisfy such conditions: b = 6 and
@ = 7, which does not have integers between them; and b = 2 and @ = 5 since the
integers 3 and 4 between b and a are in the v’s. It gives that w covers 27|65134
and 56|72134, respectively.

Putting these cases together we have the following five covering pairs:

w=26[7T5134 and w; = 26|75134 of type Bl;
w=26[7T5134 and w), = 26/74135 of type B2;
w=26|75134 and w; = 24[75136 of type B3;
w=26|T5134 and w) = 27|6 5134 of type B4;
w=26|7T5134 and wy = 56[72134 of type B4.

We also have a similar version of Corollary 3.3 where we start with any permu-
tation w' € Wﬁk) and we want to determine all possible w € Wy(zk) that cover w'.
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Corollary 3.5 (Length-increasing). Let w' € wik. All possible w of W that cover
w' are described below:

_Z' [fw/: | ]_. thenw:... | ...1... COU@TSU)/;

2_ [fw/: | a_la/ th@nw: ‘ a(a_l) CO'U@'I”SU},,'

3. Ifw' =---b---|---a--- wherea > b and all positive values b+1,b+2, ..., a—
1 belong to the N's thenw =---a -+ | ---b--- covers w';

4. Ifw' =---a---|---b-- wherea > b and all positive values b+1,b+2, ..., a—
1 belong to the v’s thenw =---b---|---@--- covers w'.

4 Half-Shifted Young Diagrams

In this section we present how we can associate a Young Diagram model to each
k-Grassmannian permutation such that the Bruhat order may be characterized by
some patterns in those diagrams. We adapt constructions of [3], [10], [7] and [14].

Given n, k integers such that 0 < k& < n, consider a pair A = «a, A of partitions,
where a = (0 < ag < -+ < ap <n—k)isapartitionand A = (0 < A\ < -+ < A <
n) is a strict partition.! We say that A is a double partition.

The partition o may be represented by a Young diagram defined by
Dy, ={(i,j) €Z*: 1<i<k,1<j<aq} (4.1)
while the strict partition A by a shifted Young diagram defined by

SDA:{(i,j)€Z221§i§T7i§j§i_1+>\r+1—i}‘ (42)

The diagram D,, of a partition « fits into a rectangle of dimensions k x (n—k). The
shifted Young diagram 8D, of a strict partition A is commonly represented inside
a stair shaped triangle with n lines. Let us denote by Dy, the set of all partitions
whose respective Young diagrams are inside a rectangle k x (n — k) and by SD,, the
set of all strict partitions whose respective shifted Young diagrams are inside a stair
shaped diagram of length n. Finally, we define P(k,n) as the set of the pairs o, A
with a € Dy, and A € 8D, satisfying () < ay, i.e.,

0<a<---<ap<n—k;
D<A <~ <\ <n; (4.3)

A half-shifted Young Diagram (HSYD) of the pair A = o, A € P(k, n) is obtained
by juxtaposition of the diagrams D, and SD, such that D, is above SD,. We say

If k = 0 then « is represented as an empty set. An empty ) is represented by r = 0.
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that D, is the top diagram and that SD, is the bottom diagram.? The condition
aj > {(A) is equivalent to say that the number of lines of the bottom diagram is at
most the number of boxes in the first line of the top diagram. The HSYD for the
pair a = (3,5), A = (1,5,7) is shown in Figure 1.

Do Z*L*j ! ‘ top

e \
SDy @ 11 bottom

Figure 1: The HSYD build up fitting the Young diagram of oo = (3, 5) together with
the shifted Young diagram of A\ = (1,5,7).

The k-Grassmannian permutations are parametrized by the HSYD’s.

Lemma 4.1. There is an order preserving bijection between W and P(k,n).

We can describe this bijection explicitly as follows. For a given w € quk), consider
a and A as defined in Section 1. The first two statements of Equation (4.3) means
that a a partition and A a strict partition. For the third statement, notice that

Z()\) = #{)\] )‘j < 'Lbl} + #{)\j /\j > Ul} = #{)\] )‘j < 'Lbl} + dl

Since #{\;: \; < u1} <wy — 1, it follows by Equation (2.7) that {(\) < aj.

For the inverse, there is a nice geometric interpretation. We start with the bottom
partition and construct the corresponding partition as a permutation of [£n| by
symmetrizing the diagram with respect to the diagonal (see, Section 6.2 of [7]).
Consider the north-east to south-west path along the corresponding diagram and
number each step with all integers from 72 to n. We take the sequence of the vertical
numbers to obtain a permutation w in which the negative entries occur firstly (w is
indeed a 0-Grassmannian permutation). In order to get the descent at position k,
we insert the permutation w through the south-east to north-west path determined
by the partition « inside the k x (n — k) rectangle (see, Section 3.3 of [7]). As we
collect the vertical sequence, we obtain the numbers wuq,us, ..., u;. The horizontal
ones correspond to the remaining part of w so that we get a k-Grassmmannian
permutation. It is illustrated by Figure 2 for a = (3,5) and A = (1,5, 7).

There is also another way to provide the bijection through a method introduced
by [3]. For each i € [k], we say that the («; + i)-th column of the bottom diagram

2An alternative approach is that given by the k-strict partitions according to [3] where the
corresponding diagram is obtained by transposing the top diagram given by the « partition and
putting the bottom diagram given by the A partition together at the right of the transposed top
diagram (see definition 1.1, [3]). Our model is also distinguished with respect to that of Tamvakis
[14] where both the top and bottom diagrams are simultaneously either fixed at left or shifted (see
Figure 3, [14]).
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ol
=~

-

ol

—
V)

Figure 2: The diagram of A = (1,5,7) with its reflection that determines w =
7512346 by collecting the vertical numbers obtained from the NE to SW path.
Numbering the SW to NE path in the diagram of a determines w = 2675134 by
taking firstly the two vertical numbers and gathering the remaining ones.

is h-related. Geometrically, it means that we can draw a diagonal line from the last
box of the respective line of the top digram until the first box of the corresponding
column in the bottom diagram. The remaining columns are said to be v-related 3.
Then the number of empty boxes in each h-related column corresponds to the first
k entries uq, usg, . .., ux of w. The number of empty boxes in the remaining v-related
columns corresponds to the sequence vy, vo, ..., v, _r_.. For instance, Figure 3 shows
us the two h-related columns for the double partition a = (3,5), A = (1,5, 7).

Figure 3: The gray lines represent the h-related columns for @ = (3,5) and A =
(1,5,7). We have that u; = 2 and uy = 6 is the number of empty boxes (black dots)
in the h-related columns, and v; = 3 and vy = 4 is the number of empty boxes (gray
dots).

A remarkable consequence of the Theorem 3.2 is the following proposition.

Proposition 4.2. Let w,w’ € W with a, A and o, N being the corresponding
partitions. Then, w,w’ is a pair of

1. type B1 if, and only if, for every i € [k] and j € [r — 1] we have o} = «; , and
)\/- = )\j+1.

J

3The h-related resembles a relationship with the horizontal lines of the top diagram while v-
related with the vertical lines.



J. LAMBERT AND L. RABELO / AUSTRALAS. J. COMBIN. 75 (1) (2019), 73-95 88

2. type B2 if, and only if, for every i € [k] and j € [r] we have

J NooifjA

/
o = oy and

for some t € [r].

3. type B3 if, and only if, for every i € [k] and j € [r] we have

;o =1 dfi=p Py
0%—{ o ifip and A=A,

for some p € [k].

4. type B if, and only if, for every i € [k] and j € [r] we have

,  Jat+x—=1 ifi=p y A dfg=t

for some p € [k] and t € [r].

Proof. The partition )\ is obtained straightforward from the definition. The compu-
tation of the a’s has already been done in the middle of the proof of the Theorem
3.2. If w,w' is a pair of type B1, the conclusion of the proof of the 5th case is that
a =1 and p = 0. In particular, it follows that «; = o} for all ¢ € [k], by Equation
(3.5). If w,w' is a pair of type B2, the conclusion of the proof of the 4th case is that
x = 1. In particular, it follows that «; = o for all i € [k], by Equation (3.4). If w, w’
is a pair either of type B3 or B4, the result follows directly by Equations (3.2) and
(3.3), respectively. O

The results of the Proposition 4.2 may be understood in terms of the operation
of removing boxes of the HSYD. There are two types of boxes that can be removed.
The first one, which we will call a corner, is a box of the diagram when removed
produces a new diagram without any further operation. The second one, which we
will call a middle bottom boz, is a box (which is not a corner) of the bottom diagram
when removed produces a new diagram after a further movement of boxes. A middle
bottom box is neither a corner nor a diagonal; it lies in a h-related column; and all
boxes to the right of it should belong to a v-related column (for more details, see
8).

If w,w' is a pair of type B1, by Proposition 4.2[i], the diagram of A’ is obtained
by removing a corner in the diagonal of the bottom diagram: the top partitions a’s
are the same and the bottom partitions A’s are also the same but re-enumerated.

If w,w’ is a pair of type B2, by Proposition 4.2 [ii], the diagram of A’ is obtained
from the diagram of A by removing a corner of the bottom diagram that belongs to
a v-related column: the top partitions a’s are the same and the \’s are the same
except for one which is removed.
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If w,w’ is a pair of type B3, by Proposition 4.2 [iii], the diagram of A’ is obtained
from the diagram of A by removing a corner of the top diagram: the bottom partitions
N's are the same and the a’s are the same except for one which is removed.

If w,w' is a pair of type B4, by Proposition 4.2 [iv], the diagram of A’ is obtained
from the diagram of A by removing a box of the bottom diagram that belongs to an
h-related column which is either a corner or a middle box, respectively, when =z =1
or x # 1. If x = 1 then the bottom partitions \’s are the same and the top partitions
a’s are the same except for one which is removed. If £ 1 then both partitions are
changed which is a consequence of the movement of the (x — 1) boxes at the right of
the removed box in the bottom diagram to the top diagram.

In Figure 4, we illustrate these operations for w = 26|75134 as in Example 3.4.
We label the removed box with the corresponding type of the pair it determines.

] [ B3 [

B2 ‘ EVE

Figure 4: The five coverings of w = 26|75134 obtained by removing boxes in its
HSYD according to the type of the pair.

Remark 4.3. The k-Grassmannians permutations parametrize the Schubert vari-
eties that equip the isotropic Grassmannians (real and complex) with a cellular
structure. Furthermore, the HSYD’s contain information about the associated -
sequences (see [7], Proposition 3) from which is possible to compute the boundary
map of the cellular homology, with the aid of the Theorem 3.2. Thus, we were able
to generalize the results of [11] which computes the homology coefficients for the real
maximal isotropic Grassmannians. The results will appear in a subsequent paper.

Remark 4.4. Another geometric motivation for the appearance of this combinatorial
description is the Pieri Rule for the (complex) Isotropic Grassmannians IG(n—k, 2n)
for n sufficiently large. Indeed, we have the classical Chevalley rule (see Equation
(5.2), Wilson [15]) which gives the product in the level of the cohomology ring of
a Schubert class o, with the divisor class o; as a combination of Schubert classes
o, where A’ is a diagram obtained from A by adding a box and A, A’ is a pair of
diagrams as in Proposition 4.2. The Pieri coefficients for the pairs of types B1,B2,B3,
and B4 are respectively 2,2, 1,1 according to the description made by [15] since the
coefficient is either 2 when the added box belongs to a v-related column or 1 otherwise
(see also [1], Corollary 11, [3], Theorem 2.1).

5 Maya diagram and dual permutations

The Maya diagram of a permutation w in W) is a row of n boxes where each box is
marked with a symbol o, e, or x as follows: the integers uy, . .., u; are the positions of
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the boxes with o, A1, ..., A, are the positions of the boxes with e, and v, ..., v,_j_,
are the positions of the vacant boxes which will be marked with x. For instance, the
permutation w = 2675134 in W is denoted as

[e]o]x[x]e]o]e]

The longest element w§ of W is the k-Grassmannian permutation given by

wh=12---klnn—1---k+1.

The next lemma states some properties of Maya diagrams followed by the defini-
tion.

Lemma 5.1.

1. The identity permutation e in Wr(Lk) 15 represented as

1 k k+1 n
Lo o]x]-x]

2. The longest element wk in WP s represented as

1 k k+1 n
(o] [o]e[]e]

3. For every permutation w of quk), the Maya diagram of w contains exactly k
boxes marked with o;

4. Letw € W Given i € [k], the integer p; is the number of vacant boxes X to
the right of the i-th box marked with o.

We can use assertion (4) of Lemma 5.1 to compute the length of w in its Maya
Diagram. By Lemma 2.3, it is the sum of a’s and A’s. The \’s correspond to the sum
of the positions of the o’s. The computation of the a’s follows by Equation (2.10)
which says that o; = n — k — ;. For instance, if w = 26|75134 then we have that

i=1: |e|o|x|x|e|o|e| — =2

i=2: [e]o|[x[x]|e][o]e] — puy=0.

Hence, a; =5 —2 =3, ap =5, \y = 1, A\, =5, and A3 = 7 such that {(w) = 21.

Given w,w’ € W such that w covers w' , we also can denote the four types of
pairs using the Maya diagram as follows:

e Type Bl: w should contain e in the first position, while w’ contains x in the
first position. This pair can be represented as

1 1
w=loT and w =[x
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e Type B2: w should contain e in position a¢ and X in position a — 1, while w’
contains X in position a and e in position a — 1. This pair can be represented

as
a—1a a—1 a

w=l|x][e]-] and w =-e|x]-

e Type B3: w should contain o in position a, X in position a — x, while w’
contains X in position a, o in position a — z. Moreover, by Lemma 3.1, both
contain e in all positions between a — x and a. This pair can be represented as

a—x a a—x a

w=[Tx[e[-Je[o]] and w =[-Joe]-Je[x|]

e Type B4: w should contain e in position a, o in position a—x, while w’ contains
o in position a, e in position a — x. Moreover, by Lemma 3.1, both contain x
in all positions between a — x and a. This pair can be represented as

a—x a a—x a

w=[Jo[x[[x[e]] and w =[-Je[x[-]x]o]]

Using Maya diagrams to represent these pairs also give us an easier way to identify
each type of pairs. In fact, if w is any permutation in WT(Lk) then we can find all
permutations w’ covered by w merely looking for the above patterns in the Maya
diagram of w. In other words, we could easily rewrite Corollary 3.3 in terms of Maya
diagrams.

For instance, consider w = 26|75134 € W§2) of Example 3.4. We can obtain
the same five covering pairs using only the above patterns of w as it follows:

Bl: w=|e|o|x|x|e|o|e] and wi:|x|o|><|><|o|o|o|

B2: w=[e]o][x[x]e]o[e] and w)=[e[o[x[e[x]c]e]

B3: w:|><|o|><|><|o|o|o| and wg:|o|o|><|o|o|><|o|

B4: w=|e|o|x|x|e|o]e] and wfl:|o|o|><|><|o|o|o|

B4: w=|e|o|x|x|e]o]e| and w;=|e|e|x|x[o]o]e]

Given w € W,Sk), define w¥ = ww§ the dual permutation of w. Notice that the
action of w§ on w will reverse position and sign of the last (n — k) positions of w.
In other words, if w is written as in Equation (2.5), the one-line notation of the dual
permutation of w is

wV =Up - Uk|Un—k—r e U_1>\1 e )\T'
Clearly, we have w" € W, The Maya diagram of w" is given by replacing all e’s of
w by x’s, and replacing all x’s of w by e’s. For instance, the dual of w = 26(75134
is the permutation wY = 2643157 and the Maya diagram is

[x[o]e[e[x]o]x]
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Let us compute the length of w".
Lemma 5.2. The length of w" is ((w") = £(wk) — {(w).

Proof. First of all, let us compute the length of wy. Using Equation (2.4) we can
casily show that {(wf) = 3(n+3k+1)(n— k) since inv(wy(1),...,wo(n)) = k(n—k)
and

> n+k:+1)( — k).

{le(J)<0}

Notice that the partitions associated with w" are o =n —k — p;(w") =n—k —d;
for i € [k] and N} = v; for i € [n — k — r]. Using Equation (2.9), we have

n—k—r

((w) ZOCZ—FZ)\ +Za +Z)\V
:Z(n— —{—Z/\ +Zn—k‘ d—/iz +nZZ)z

n—k—r

““”ZAZ‘*Z(“Z“”*Z“
— (Z)\ —I—Zu,—i—ZvZ) —Z;i
—k)+Zi—Zz‘:k(n—k)+Zz

i=k+1

Stk 1) k) = S(n 4 3k + 1)(n k).

:k(n—k)+2

Hence, (w) + ((w") = L(wf). O

Corollary 5.3. w' < w if, and only if, w¥ < (w')¥. Moreover, {(w) — ((w') =
L((w')Y) = L(wY). In particular, w covers w' if, and only if, (W)Y covers w".

Then, the duality of a permutation also implies a duality over the covering pairs.
The next proposition states a duality among the type of pairs.

Proposition 5.4. Let w,w be permutations in Wflk) such that w covers w'. Then

\%

1. w,w' is a pair of type B1 if, and only if, (w")¥,w" is a pair of type BI;

\

2. w,w' is a pair of type B2 if, and only if, (W)Y, w" is a pair of type B2;

Vv

3. w,w' is a pair of type B3 if, and only if, (w")¥,w" is a pair of type B4;

Proof. This result can be easily obtained using the pairs w,w’ and (w')¥,w" repre-
sented in the Maya diagrams. O
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[o] o[ x]x]

Figure 5: Bruhat graph for n =4 and k = 2.

For instance, w = 26(75134 and wj = 24(75136 from Example 3.4 is a pair
of type B3, whereas (w})¥ =24[63157 and w¥ =26|43157 is a pair of type B4.

Let w,w' € W We write w' — w if w covers w’. The Bruhat graph is the
graph such that the set of vertices is W and the (oriented) arrows are the covering
relation for the Bruhat order.

Example 5.5. Let n =4 and k = 2. Figure 5 represent the Bruhat graph for Wf).
The type of each covering is denoted using different colors: blue arrows are pairs of
type B1; black arrows are pairs of type B2; red arrows are pairs of type B3; and green
arrows are pairs of type B4. The duality of permutations and pairs can be seen as a
symmetry through the horizontal dashed line, where symmetric vertices and arrows
are, respectively, dual permutations and coverings.
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