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Abstract

Let G be a graph and let S be a subset of V(G). Then G is called
S-leaf-connected if G has a spanning tree T such that S is the set of end-
vertices of T'. In 1986, Gurgel and Wakabayashi obtained a closure result
for S-leaf-connected. This yields a result on a degree sum condition as a
corollary. In 2008, Egawa et al. gave a degree sum condition for a graph
with high connectivity to be S-leaf-connected. In this paper, we obtain
the bipartite analogues of their results. The degree sum conditions of our
results are sharp.

1 Introduction

In this paper, we consider finite simple graphs, which have neither loops nor multiple
edges. Let G be a graph. We write |G| for the order of G, that is, |G| = |V(G)].
For a vertex € V(G), we denote the set of vertices adjacent to z in G by Ng(z)
and the degree of x in G by dg(x); thus dg(z) = |Ng(z)|. For S C V(G), let
Ng(S) = Uyes Na(z). For S € V(G), let G — S denote the subgraph induced by
V(G)\ S in G.

Ore (1963) obtained a degree sum condition for a graph to be Hamilton-connected.
A graph is Hamilton-connected if every two vertices are connected by a Hamilton
path, i.e., a spanning path.
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Theorem 1.1 (Ore [6]). Let G be a graph. If dg(z) + dg(y) > |G| + 1 for any two
non-adjacent vertices x,y € V(G), then G is Hamilton-connected.

Bondy and Chvétal (1976) defined the k-closure of a graph G as the graph ob-
tained from G by recursively joining pairs of non-adjacent vertices with degree sum
at least k, until there exists no such a pair. Moreover, they showed that the k-closure
of a graph G is well-defined, and obtained the following result.

Theorem 1.2 (Bondy and Chvétal [1]). A graph G is Hamilton-connected if and
only if the (|G| + 1)-closure of G is Hamilton-connected.

Theorem 1.2 implies Theorem 1.1 as a corollary, since the complete graph is
Hamilton-connected. Like this, the closure results play an important role in results
on degree sum condition. The reader can refer to [1, 2] for details.

In 1986, Gurgel and Wakabayashi investigated S-leaf connectedness as a general-
ization of Hamilton-connectedness. (In fact, they investigated k-leaf connectedness.)
A leaf is a vertex of a tree with degree one. For a tree T, let L(T) be the set of leaves
of T. For a graph G and a subset S of V(G), G is called S-leaf-connected if G has
a spanning tree T" with L(T) = S. A graph G is S-leaf-connected for any S C V(G)
with |S| = 2 if and only if G is Hamilton-connected. Hence, we can see that the
concept of S-leaf connectedness has a relation to that of Hamilton-connectedness. In
this point of view, Gurgel and Wakabayashi generalized Theorem 1.2 as follows.

Theorem 1.3 (Gurgel and Wakabayashi [4]). Let G be a graph, and let S be a subset
of V(Q) such that 2 < |S| < |G| — 1. Then G is S-leaf-connected if and only if the
(|IG] +|S| = 1)-closure of G is S-leaf-connected.

Theorem 1.3 yields the following corollary on degree sum condition, since the
complete graph is S-leaf-connected for any S C V(G) with 2 < |S| < |G| — 1.

Corollary 1.4. Let G be a graph, and let S be a subset of V(G) such that 2 <
IS| < |G| — 1. Ifdg(x) 4+ da(y) > |G| + |S| — 1 for any two non-adjacent vertices
z,y € V(G), then G is S-leaf-connected.

In 2008, Egawa, Matsuda, Yamashita and Yoshimoto weakened the degree sum
condition in Corollary 1.4 by adding a necessary condition.

Theorem 1.5 (Egawa et al. [3]). Let G be a graph, and let S be a subset of V(G)
such that 2 < |S| < |G| =1 and |Ng(S) \ S| > 2. Suppose that G — S is connected
for any 8" C S. If dg(x) + da(y) > |G|+ 1 for any two non-adjacent vertices
z,y € V(G)\ S, then G is S-leaf-connected.

Note that the condition
G — S’ is connected for any S’ C S (%)

is a necessary condition for a graph G to be S-leaf-connected. We will mention it in
Section 3. Corollary 1.4 is a corollary of Theorem 1.5, since the degree sum condition
in Corollary 1.4 implies the conditions in Theorem 1.5, except for the case G = Kj 4
and |S| = k. (Note that, in the exceptional case, G is S-leaf-connected.)
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2 Main theorems

The purpose of this paper is to obtain the bipartite analogies of Theorems 1.3 and
1.5. We denote by G[A, B] a bipartite graph G with partite sets A and B. For a
bipartite graph G[A, B], we define

011(G) = min{dg(a) + dg(b) :a € A,b € B,ab ¢ E(G)}

if G[A, B] is not complete; otherwise oy 1(G) = oo.
It is easy to obtain a o0y(G) condition for a bipartite graph to be Hamilton-
connected. (The reader can refer to [5].)

Theorem 2.1. Let G[A, B| be a bipartite graph with 1 < |A| < |B| < |A] + 1. If
|A| = |B|, then let u € A and v € B. If |B| = |A| + 1, then let u,v € B. If
011(G) > |A| + 2, then G has a Hamilton path connecting u and v.

We define the k-closure of a bipartite graph G to be the graph obtained from
G by recursively joining pairs of non-adjacent vertices contained in different partite
sets with degree sum at least k, until no such pair exists. In this paper, we obtain
generalizations of Theorem 2.1, which are also the bipartite analogies of Theorems
1.3 and 1.5. We first prove the following bipartite analogy of Theorem 1.3.

Theorem 2.2. Let G[A, B] be a bipartite graph, and let S be a subset of V(G) such
that |S| > 2. Then G is S-leaf-connected if and only if the (|A| + |S|)-closure of G

s S-leaf-connected.

Recall that Theorem 1.3 implies Corollary 1.4. In the same way, we can obtain
a result on a degree condition as a corollary of Theorem 2.2. But, this is not obvi-
ous because there exists a complete bipartite graph which is not S-leaf connected.
Therefore, we need the following proposition. We will also use this proposition in
the proof of our theorem.

Proposition 2.3. Let G[A, B] be a complete bipartite graph and let S be a subset of
V(G) with |S| > 2. Suppose that G[A, B] and S satisfy 1 < |[A\ S| < |B| -1 and
1 <|B\ S| <|A| —=1. Then G is S-leaf-connected.

Proof. By the symmetry of A and B, we may assume that |A\ S| <|B\ S|. First,
suppose that |[A\ S| = |B\ S|. Then there exists a Hamilton path of G — S because
|A\ S| > 1. Note that SN A # 0 and SN B # ), because |A\ S| < |B| — 1 and
|B\ S| < |A| — 1. Hence we can see that G is S-leaf-connected. Next, suppose that
|A\ S| < |B\S|. Since |A\ S| > 1, there exists a spanning tree 7' of G — S such
that |L(T)| = |B\ S| —|A\ S|+ 1and L(T) C B\ S. Since |B\ S| < |A4] — 1, we
obtain |B\ S| —|A\ S| +1 < |SN A|. Therefore there exists a matching between
L(T) and S N A covering all vertices of L(T'). Hence we can obtain a spanning tree
T* such that L(T*) = S, and so G is S-leaf-connected. O

Note that the condition

1<JA\S|<|B|—1and 1< [B\S|<|A| -1 )



M. TSUGAKI AD T. YAMASHITA / AUSTRALAS. J. COMBIN. 77 (1) (2020), 69-86 72

is a necessary condition for a bipartite graph G[A, B] to be S-leaf-connected unless
G is a star. We will mention it in Section 3.
By Proposition 2.3, Theorem 2.2 implies the following corollary.

Corollary 2.4. Let G[A, B] be a bipartite graph with 1 < |A| < |B|, and let S be a
subset of V(G) with |S| > 2. Suppose that G[A, B] and S satisfy the condition (f).
If 011(G) > |A] + |S|, then G is S-leaf-connected.

Unfortunately, the lower bound of this degree sum condition is not best possible
in the case “|B\ S| < |A|—2and [SNA| =1" and the case “|SNA| > 2”. We cannot
improve the lower bound of the degree conditions of these cases. In Section 5, we
will mention it. Hence, we prove the following theorem, in which the oy ; conditions
are best possible.

Theorem 2.5. Let G[A, B] be a bipartite graph with 1 < |A| < |B|, and let S be a
subset of V(G) with |S| > 2, Suppose that G[A, B] and S satisfy the condition (3).

(i) If |ISN A| =0, then we let o11(G) > |A] +|5].

(i) If|SNA| =1 and |B\ S| =|A| — 1, then we let 011(G) > |A| + |5].
(iii) If|SNA| =1 and |B\ S| < |A| — 2, then we let 011(G) > |A] + |S] — 1.
(iv)
Then G 1is S-leaf-connected.

v) If |SNA| > 2, then we let 011(G) > |A] +|S] — 1.

Note that this theorem corresponds to Corollary 1.4. Furthermore, we obtain the
following bipartite analogy of Theorem 1.5.

Theorem 2.6. Let G[A, B| be a bipartite graph with 1 < |A| < |B|, and let S be a
subset of V(G) with |S| > 2. Suppose that G[A, B] and S satisfy the conditions (x)

and (8). If
011(G) > |A|+|S] —2(]SNA| +1)/3,

then G is S-leaf-connected.
Note that the degree sum condition in Theorem 2.6 shows that we can weaken

the degree condition in the case [SNA| >3 or “|SNA|=1and |[B\S|=|4]—-1"
by adding the necessary condition ().

In Section 3, we will discuss the conditions of Theorem 2.5. In Section 4, we will
prepare notation and lemmas which are needed in our proofs. In Section 5, we will
give a proof of Theorem 2.2. In Section 6, we will give a proof of Theorem 2.5.
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3 The conditions of Theorems 2.5 and 2.6

In this section, we discuss the conditions of Theorems 2.5 and 2.6:

(1) The necessary conditions (x) and (f).
(2) The degree sum conditions of Theorems 2.5 and 2.6.

(3) Comparison of the degree sum conditions of Theorems 1.5 and 2.6.

(1) The necessary conditions (x) and (#).

For a bipartite graph G[A, B] and S C V(G), if G is S-leaf connected, then G
and S satisfy (x). Also they satisfy (f) unless G is a star. Let T be a spanning
tree of a bipartite graph G[A, B] and let S be the set of leaves of T. We can
see that G — S’ is connected for any S’ C S because T"— S’ is connected. Since
T" =T — (SN B) is a spanning tree in G — (S N B) such that L(7T") C A, we can
obtain |B\ S| = |V(T")N B| < |[V(T') N A] — 1 = |A| — 1. By the same way, we can
also obtain |[A\ S| < |B|—1. If A\S =0 or B\ S =0, then all the vertices in A or
B are leaves. This is possible only if G is a star. Hence |[A\ S| > 1 and |[B\ S| > 1
hold.

Though the necessity of (#) has an exception, it does not affect the subsequent
discussion, including the proof of Theorem 2.2.

Remark 1. The condition (x) is equivalent to the condition “G — S is connected

and Ng(u) N (V(G)\ S) # 0 for any w € S”. In [3], this expression was used.
(2) The degree sum conditions (i)—(iv) of Theorems 2.5 and 2.6.

(i) Let k, [ and m be integers such that 1 < m <1 < k+m —2. Fori=1,2, let
G;[A;, B;] be a complete bipartite graph such that |A;| =1, |By| =k, |As| =1
and |By| = m. Let G[A, B] be a bipartite graph obtained from G;UG; by adding
all edges in {uv : u € Ay, v € By}, where G; U G5 is a union of G; and G5 (see
the left side of Figure 1, where “4” means the join of two graphs). We assume
that A = Ay U Ay and B = By U By, similarly hereinafter. Let S = B;. Then
SNA=0,]Al=1+1<k+m=|B|,1<|A\S|=1+]<k+m—1=|B|-1,
1<|[B\S|=m<l=|Al—1and 011(G) =k+1=|A|+|S|—1. Since G — S
is not connected, G is not S-leaf-connected. Hence the degree sum condition
(i) of Theorem 2.5 is best possible.

A, B A, B, A A Ay

| 3
! I 0 !
|

o+k+z+m: +++++
I 1|
|

[ k — l
By B3 Bs

Figure 1: The degree sum conditions (i) and (ii) of Theorem 2.5 are best possible.
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Let k and [ be integers such that k¥ > 2 and [ > 1. For 1 <i < 3, let G;[A;, Bj]
be a complete bipartite graph such that |A;| = |As| = |B1| = |Bs| =1, |A3] =1
and |Bs| = k—1. Let G[A, B] be a bipartite graph obtained from G;UG,UGS3 by
adding all edges in {uv:u € AjUAy, v € B3y U{uv :u € A3, v € ByUBs} (see
the right side of Figure 1). Let S = A3 U Bs. Then [SNA| =1, |A|=2[+1<
201+k—1=|B|,1 <|A\S| =2[ <2l+k—2=|B|-1,1 < |B\S| =20 = |A|-1
and 011(G) = (I+k—1)+(+1) = |A|+|S|—1. Since G — S is not connected,
G is not S-leaf-connected. Hence, the degree sum condition (ii) of Theorem 2.5
is best possible.

Let [,m and n be integers such that 1 < m <[ < k+m — 2. Fori = 1,2,
let G;[A;, B;] be a complete bipartite graph such that |A;| =1, |By| = k — 1,
|Ay] = [ and |Bs| = m. Let G[A, B] be a bipartite graph obtained from G; UG,
by adding all edges in {uv : u € Ay,v € B;} (see the left side of Figure
2). Let S = Ay UB;. Then |S| =k, |[Al =141 <k+m—-1=|B]|,
1<JA\S|=1<k+m—-2=|B|-1,1<|B\S|=m<Il=|A—-1and
011(G)=k+1—1=]A|+|S| — 2. Since G — (SN By) is not connected, G is
not S-leaf-connected. Hence the degree sum condition (iii) of Theorem 2.5 is
best possible.

Ay B, A Bz:A1 By A By
|
©+k—1+l+m:o+n+n+©
I m
|
|

Figure 2: The degree sum conditions (iii) and (iv) of Theorem 2.5 are best possible.

(iv)

Let m and n be integers such that m > 0 and n > 1. For i = 1,2, let G;[A;, B;]
be a complete bipartite graph such that |A;| = 1, |B1| = m + n, |As| = n and
|Bs| = 1. Let G[A, B] be a bipartite graph obtained from G; U G5 by adding
all edges in {uv : u € As,v € By} (see the right side of Figure 2). Let S be a
subset of V(@) such that Ay U By €S, SN A; =0 and |[SN By| =m. Then
|Al=n+1<m+n+1=|B|,|[A\S|=1<|B|-1,1<|B\S|=n=|A|-1
and 011(G) = 2n+m = |A| +|S| — 2. Since G — (SN As) is not connected, G
is not S-leaf-connected. Hence the degree sum condition (iv) of Theorem 2.5 is
best possible.

Let [ and m be positive integers. For 0 < i < 3, let G;[A;, B;| be a complete
bipartite graph such that |Ag| = 3l — 1, |By| = m, |Bi| = 1 — 1, |By] =
|Bs| = 1 and A; = {a;} for 1 < i < 3. Let G[A, B] be a bipartite graph
obtained from U?:o G, by adding two vertices by, by and by adding all edges in
{a1by, a1by, asbs, agbe} and

{uv cu € Ag,v € {b1,bo} UBy U By UBg} U {uv cu € {ay,as,a3},v € BO}
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(see Figure 3). Let S = Ag U By. Then, |A| =314+2 < 3l+1+m = |B|,
|A\ S| =3<|B|—1,|B\S|=3l+1=]|A| -1, G— 5" is connected for any
S'C S, and

011(G) =l4+m+1+3l
=4l+m+1
=|A|+|SNA|/3+|SNB|—2/3
= |A|+|S| —2(]SNA|+1)/3.

Suppose that there exists a spanning tree 7' of G such that L(T') = S. Note
that |[Ng(b) N (V(G)\ S)| = 1 for any b € {b;} U B; U By U By. This implies
that 7" =T — S is a spanning tree in G — S such that {b;} U B; U Bo U B3 C
L(T"). Hence, since Ng(b) NS = Ag for any b € {b;} U By U By U Bs, we have
|Ag| > |{b1} U By U By U Bs|. This is a contradiction, because |Ag| = 31 — 1 and
[{b1} U By U By U B3| = 3l. Hence G is not S-leaf connected, and the degree
sum condition of Theorem 2.6 is best possible.

Figure 3: The degree sum condition of Theorem 2.6 is best possible.

(3) Comparison of the degree sum conditions of Theorems 1.5 and 2.6.

Note that the hypothesis in Theorem 1.5 only concerns the degrees of non-
adjacent vertices not in S. Therefore, one might expect that the current hypothesis
in Theorem 2.6 can be replaced by “dg(z) +da(y) > |A|+ S| —2(|SNA|+1)/3 for
any pair of non-adjacent vertices z € A\ S and y € B\ S”. However, the following
example tells us that it is not possible. Let [ and m be positive integers. For i =1, 2,
let G;[A;, B;] be a complete bipartite graph such that |A;| = m + [, |By| = m + 2I,
|As| =1+ 1 and |By| = 1. Let G[A, B] be a bipartite graph obtained from G U Gy
by adding all edges in {vu : u € Aj,v € By} (see Figure 4). Let S be a subset of
V(G) such that Ay C S, BoNS =0, |[AyNS| =1and |B;NS| =1 Note that
JA\S|=m <m+2l=|B|—1and |B\S|=m+1+1<m+2l =|A|—1. Suppose
that there exists a spanning tree 7" of G such that L(T) = S. Then 7" =T — (S\ A»)
is a spanning tree of G — (S'\ Ay) such that |L(T") N By| < |A; N S| = [. But, since
\V(T")NA1| =m and |V(T") N By| = m+1, we obtain |L(7") N By| > [+ 1, a contra-
diction. Hence G is not S-leaf connected. However, G and S satisfy the conditions
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“G'— 5" is connected for any S" C S” and “dg(z)+dg(y) > |A]+]S|—2(]SNA|+1)/3
for any two non-adjacent vertices x € A\ S and y € B\ S”.

Ay As
) m [+1
n + +
) m+1
B4 Bs

Figure 4: The degree sum condition of Theorem 2.6 cannot be changed into the
degree sum condition on V(G) \ S.

4 Notation and lemmas

In this section, we prepare notation and lemmas which are needed in the proof of
our theorems.

Let T be a tree. We denote by Br(T') the set of vertices of T" whose degrees
are greater than or equal to three. For u,v € V(T), there exists the unique path
connecting u and v in T, and it is denoted by Prlu,v]. Let T be a rooted tree
with root r and v € V/(T') \ {r}. Note that |Np(v) NV (Pr[v,r])| = 1. The unique
vertex is called the parent of v, denoted by v=(T). For a subset U of V(T)\ {r}, let
U = {u=D:yecU}.

Lemma 4.1. Let G[A, B] be a bipartite graph and let T be a subtree of G with
V(TYNA#0. Then |V(T)NA| > |V(T)NB|—|L(T)N B| + 1.

Proof. Since V(T) N A # (0, there exists a vertex r € V(T) N A. We regard T as a
rooted tree with root r. Then each u € AN (V(T)\ {r}) has the parent. Hence,
we can define a function f : (V(T)\ {r}) N A — (V(T)\ L(T)) N B such that
f(u) =u"™. Then, we can easily see that f is a surjection onto (V(T)\ L(T)) N B.
Therefore [(V(T)\ {r}) N A| > [(V(T)\ L(T)) N BJ, that is, |V(T) N A] > [V(T) N
B|—|L(T)NB| + 1. O

Lemma 4.2. Let G[X,Y] be a bipartite graph, and let T be a subtree of G with root
uwe X. LetveY \V(T). Suppose that u, v and T satisfy the following properties:

(i) (No(u) NV(T)~0) 0 (No(v) N V(T)) = 0, and
(i) (Na(u) NV(T)~® A (B(T)\ {u}) =0.
Then |Ng(u) N V(T)| + |Ne(v) N V(T)| < [V(T) N X| + dr(u) — 1.
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Proof. By the properties (i) and (ii), we obtain

[Ne(u) N V(T)| + [Ne(v) N V(T)]

(Na(u) N V(T))™ | + [N (v) N V(T)| + dr(u) — 1
(Na(u) N V(T))™ " U (Na(v) N V(T))| + dr(u) — 1
V(T) N X| + dp(u) — 1.

IN

O

Lemma 4.3. Let G[A, B] be a bipartite graph with 1 < |A| < |B|, and let S be a
subset of V(G) such that |S| > 2. Suppose that G[A, B] and S satisfy the condition
(£), and one of the conditions (iii) and (iv) in Theorem 2.5. Then G satisfies the
condition (x).

Proof. Suppose that there exists S’ C S such that G — S’ is not connected. Let G
and GGy be components of G — 5’.

Case 1. |V(G;)| > 2 for each i = 1,2.

In this case, there exist u; € V(G;) N A and v; € V(G;) N B for each i = 1,2.
Then we have

2011(G) < dg(uy) + da(vi) + da(ug) + da(ve)
<|Gy| + |Ga| + 2|9
< |G+ 5]
= [Al+ (SN B|+[B\S|) + 5]
= |A|+2|S|+|B\ S| —|SNA|.

Since either |[SNA| = 1 and |B\S| < |A|—2 or [SNA| > 2, we obtain |B\S|—|SNA| <
|A| — 3. Hence 2|A| +2|S| — 2 < 2011(G) < 2|A| + 2|S]| — 3, a contradiction.

Case 2. |V(G,)| =1 for some j =1, 2.

By the symmetry, we may assume that j = 1. Suppose first that V(G1) N A # 0,
say {u1} = V(G1) N A. Since |B\ S| > 1, we may assume that there exists a vertex
vy € V(Gy) N B. Then

01,1(G) < dg(ur) + da(ve)
<|S"N B+ (|[V(Gy) N Al + |S" N A|)
= [V(G2) N Al + |S|
<[|Al=1+[S"\ 4]
<|Al+|S] = |SNA|l-1,

which contradicts the o ;(G) condition, since |S N A > 1.
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Suppose next that V(G1)NB # 0, say {v1} = V(G1)NB. Since |A\S| > 1, we may
assume that there exists a vertex us € V(G2) N A. Therefore, since |[B\ S| < |A| -1,
it follows that

0'171(G> S dg(UQ) —+ dG(Ul)
<|S"NA|+ ([V(G) N B+ |S"N BJ)
<|S"NAl+ ((I1B] = Hvi}| = [8"n Bl) + 15" N BJ)
<|IB\ S|+ |5]—1
< [A[+]S5] -2,

a contradiction. O

Lemma 4.4. Let G[A, B be a bipartite graph, and let S be a subset of V(G) such that
|S| > 2. Suppose that G is not S-leaf-connected, and G+wiws is S-leaf-connected for
somew; € A andwy € B. Let T be a spanning tree in G+wiws such that L(T) = S,
and let Ty and Ty be trees in G obtained from T by deleting wiws. Let wy and wo
be roots of Ty and Ty, respectively. Moreover, suppose that for i = 1,2, the tuple
(wi, ws—;, T;) satisfies the property (ii) in Lemma 4.2 as (u,v,T) = (w;, ws—;, T;).
Then the following statements hold.

(i) If G and S satisfy the condition (x), then dr, (w1) < 1 or dp,(wy) < 1 holds.
(i) dg(wr) + da(wse) < |A| 4 |S| — 1. Especially, the following statements hold.

() If “dr,(w1) =0 or dr,(wy) =07 and “G[A, B] and S satisfy the condition
()7, then dg(wy) + dg(wy) < |A|+|SNB| — 1.

(b) If d,(wy) = 1 and dr,(wy) > 1, then dg(w;) + dg(wq) < |A] +|SN B| —
(SN B)NV(Ty)|.

(¢) If dp(wy) > 2 and dp,(wy) = 1, then dg(wy) + dg(ws) < |A|+ |S N B| +
(SNA)NV(Ty)|—1.

(i) Suppose that equality holds in the above inequality in the case dp,(wy) = dr,(ws)
= 1. And suppose that Ng(w1) N (V(T3)\S) = 0 and Ng(w2)N(V(T1)\ S) = 0.
Then Ng(wy) = (V(T1) U (V(Ty) NS)) N B and Ng(wy) = (V(Tz) U (V(T1) N
S)) N A.

Proof. Note that |B\ S| < |A| — 1 because G + wyw, is S-leaf-connected.

(i) Suppose that G and S satisfy the condition (%), and dg,(w;) > 2 holds for
i = 1,2. Then G — S is connected, and hence there exists a spanning tree 7’
obtained from 77 and 75 by adding an edge whose endvertices are not contained in
S. Note that L(T") = S. Since G is not S-leaf-connected, this is a contradiction.
Hence, the statement (i) holds.

(ii) Since G is not S-leaf-connected, the tuple (w;, ws_;, T;) satisfies the property
(i) in Lemma 4.2 as (u,v,T) = (w;, ws_;, T;) for i = 1,2. Hence, by Lemma 4.2, we
obtain

|Na(wi) NV(TL)| + [Na(wp) N V(1) < [V(Th) 0 Al + dry (wr) — 1 (1)
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and
[Ne(wi) NV (T)| + [Na(wz) N V(T2)| < [V(T2) N B| + dr, (w2) — 1. (2)

Since G is not S-leaf-connected, if dp, (w1) > 2 then Ng(wy) NV(Ty) C (V(T7) N
S)N A, and so

[Ne(wi) NV(T1)| + [Na(wp) N V(Ty)| < [V(Th) 0 B+ [(V(Ty) N S) N Al (3)
and if dp, (wy) > 2 then

[Ne(wi) N V(T2)| + [Na(wp) N V(T2)| < [V(T2) DA+ [(V(T2) N S) N Bl (4)

Case 1. dp,(wy) = 0.

In this case, note that wy € SN B. Obviously, we may assume that dg, (wy) > 1.
If dg, (wy) = 1, then by (1) and (2), we obtain

da(wy) + dg(wy) < |V(Th) N Al < Al + |SN B| — 1.

Hence we may assume that dr, (w;) > 2. Since G is not S-leaf-connected, we have
Ne(wy) NV (Ty) € L(Ty) N A. This implies that G[A, B] and S do not satisfy the
condition (x). Then, by Lemma 4.1, we obtain

da(wy) + da(ws) < |V(Ty) N Bl + | L(T1) N Al
< |V(Ty) NA|+ |L(Ty) N Bl + |L(Ty) N Al — 1
= |A| +|5] — 2.

Hence, the statement (ii) holds in this case.

Case 2. dTl(wl) S 1 and dTQ(wg) =1.

By Lemma 4.1, [(V(T2) \ S) N B| < |V(T3) N A|. Therefore, by (1) and (2), we
obtain

dg(wy) + dg(wy) < |V(Ty) NA| + |V(Tz) N B| + dp, (wy) — 1
= [V(Th) VAl + [(V(T2)\S) N B+ |(V(T2) N S) N Bl +dr (wi) -1
< | V(M) NA|+|V(Ty)NAl+ (SN B)NV(Ty)| + dp, (wy) — 1
= |Al+[SNB|—[(SNB)NV(Ty)| + dp, (wy) — 1.

Hence, the statement (ii) holds in this case.

Case 3. dp, (wy) <1 and drp,(wg) > 2.
By (1) and (4),

de(wr) + da(ws) < ([V(Th) N A[ + dry (wi) — 1) + ([V(T2) N Al + [(V(T2) NS) N B)
= |Al+[SNB|—[(SNB)NV(T1)| + dp, (wy) — 1.
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Hence, the statement (ii) holds in this case.

Case 4. dr, (wy) > 2 and dp, (wy) = 1.
Since |B\ S| < |A] — 1, it follows from (2) and (3) that

da(wi) + da(ws) < ([V(T1) N Bl + [(V(T1) N S) N A|) + [V(Tz) N B
= |B|+ |(V(T1)NS) N A
<(JAl =14+ 1SnB|)+ |(V(T1)nS) N A
=|Al+[SNB|+[(SNA)NV(TY)|— 1.

Hence, the statement (ii) holds in this case.

Case 5. dp, (wy) > 2 and dr,(wg) > 2.

By Lemma 4.1, we have |(V(T1) \ S) N B| < |V(T1) N A| — 1. Therefore, by (3)
and (4), we obtain

de(wr) + dg(ws) < (|V(T1) N B[+ [(V(T1) N .S) N A]) + (|[V(T2) N A
+(V(Ty) N S) N B)

(V(T)\ S) N B| + |V(Ty) N Al + [(V(T1) N S) N A + |S N B

v

|
(

< (T)NA —1)+|V(T) N A+ |(V(T1) N S)NA| + |SN B
= A+ |(V(T1)NS)NA|+|SNB| -1
< |A]+|S] -1

Hence, the statement (ii) holds in this case.

(iii) We can obtain the statement (iii) by the proof of Case 2 in the statements
(ii). O

5 Proof of Theorem 2.2

In this section, we give a proof of Theorem 2.2. In order to prove Theorem 2.2, we
have only to show the following proposition.

Proposition 5.1. Let G[A, B] be a bipartite graph, and let S be a subset of V(G)
such that |S| > 2. Suppose that there exist non-adjacent vertices wy, and we of G
such that dg(wy) + dg(ws) > |A|+|S| and G + wywy is S-leaf-connected. Then G is
S-leaf-connected.

Proof of Proposition 5.1. Suppose that G and S satisfy the assumption of Propo-
sition 5.1. Moreover, suppose that GG is not S-leaf-connected. Then there exists a
spanning tree 7' in G 4+ wyws such that L(T) = S. By deleting the edge wjw, from
T, we obtain two trees 77 and Ty with wy; € V(T}) and we € V(T3). Choose such
two vertices w; and ws and a spanning tree 7" so that

dr, (wy) + dr,(ws) is as large as possible.
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We may assume that 77 and 75 are rooted trees with roots w; and ws, respectively.
By the choice of wy, wy and T, we have (Ng(w;) N V/(T;))~ %) 0 (Br(T;)\{w;}) =0
for « = 1,2. These imply that G, S, T, Ty, T, w; and w, satisfy the assumption
of Lemma 4.4. Hence, dg(wy) + dg(ws) < |A] + |S| — 1 by Lemma 4.4 (ii). Since
de(wy) + dg(wy) > |A| + |S], this is a contradiction. O

By Theorem 2.5, we can see that the lower bound of the degree sum condition in
Corollary 2.4 is not best possible in the cases (a) [SNA| =1 and |B\ S| < |A] —2
and (b) |S N A| > 2. Therefore, one might expect that we can improve the lower
bound of the degree sum condition of Proposition 5.1 in these cases. However, we
cannot improve it into |A| + |S| — 1 by the existence of the following examples.

Figure 5: The cases (a) and (b).

(a) [SNA|=1and |B\ S| <|A| —2 (see the left side of Figure 5).

Let ag, by and by be positive integers such that 2 < ay < by. For ¢ = 1,2, let
G;[A;, B;] be a complete bipartite graph such that |A;| = 1, |By| = by, |As] = ag
and |By| = by. Let v; € By and S = Ay U (B; \ {v1}) U By. Let G be a graph
obtained from G1 U G5 by adding two vertices w; and wy and all edges in {wyy : y €
B UBQ}U{UJQZL‘ Tx e A1UA2}, and let A = A1UA2U{U}1} and B = BluBQU{wg}
Then |[B\S| =2 < ay = |A|-2, |SNA| = 1 and dg(w1) +dg(ws) = (b1 +ba)+azs+1 =
(a2 +2) + (by +by) — 1 = |A| 4 | S| — 1. Since by > as, G + wywy is S-leaf connected.
But, since G — S is not connected, G is not S-leaf connected.

(b) |SNA| > 2 (see the right side of Figure 5).

Let aq, a9, by, by be positive integers such that by > as and 2 < a; = by <
a; + ay — 1. For i = 1,2, let G;[A;, B;] be a complete bipartite graph such that
|A1| = a1, |Bi| = b1, |As] = ay and |Bs| = by. Let S = A; U By, Let G be
a graph obtained from G; U G5 by adding two vertices w; and wy and all edges
in {fwyy : y € BiUByy U{wox : © € Aj U Ay}, Let A = A; U Ay U {w;} and
B = BiUByU{ws}. Then |B\ S| =b1+1<a;+ay=|A|—1,|SNA| =a >2and
dg(wy)+dg(wy) = (b1+b2)+(a1+az) = (a1+as+1)+(a;+be)—1 = |A|+]S|—1. Since
by > as and a; = by, G + wyws is S-leaf connected, but G is not S-leaf connected.
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6 Proof of Theorems 2.5 and 2.6

Let G[A, B] be a bipartite graph and let S be a subset of V(G) with |S]| > 2.
Suppose that G[A, B] and S satisfy the assumption of Theorem 2.5 or Theorem 2.6.
Moreover, suppose that G is not S-leaf-connected. If G and S satisfy the assumption
of Theorem 2.5, then we may assume that G satisfies the condition (iii) or (iv) in
Theorem 2.5 by Corollary 2.4. Note that oy 1(G) > |A| 4+ |S| — 2(|SN A| +1)/3 also
holds under the condition (iii) or (iv) in Theorem 2.5. Hence, we have

o11(G) > |A] +|S| —2(|S N A| +1)/3
= |Al+|SNA|/3+|SNB|—2/3. (5)

Note that the condition (x) also holds under the condition (iii) or (iv) in Theorem
2.5 by Lemma 4.3. Since |A| < |B|and |B\ S| < |A| — 1, we can see that SN B # ().

Case 1. There exists a spanning tree T, such that Bg(T,)NA # 0, L(T,)NB = SNB
and L(T,)NA=(SNA)U{a}, where a; € A\ S.

In this case, note that
dr,(a1) =1 and |L(T,)NA|=|SNAl+ 1.

Let ug € Br(T,) N A, and let vy, vy, v3 € Np,(ug). For 1 < i < 3, let U; be a
component of T, — {up} such that v; € V(U;). We may assume that a; € V(Uy).
Choose such a tree Ty, v1, v and v3 so that

dy, (v1) + dy, (va) + dy, (vs) is as large as possible.

We may assume that U; is a rooted tree with root v; for 1 <i < 3.

Recall that SN B # (. By the symmetry of U, and Us, we may assume that
(SN B)NV(Uy) # SN B. Let TF be a graph obtained from 7, — V(U,). Then
note that [(SNB)NV(TF)| > 1. We may assume that 7 is a rooted tree with root
ap. Since G is not S-leaf-connected, the tuple (ay, vy, T)') satisfies the property (ii)
in Lemma 4.2. By the choice of T, the tuple (v, a1, Us) satisfies the property (ii)
in Lemma 4.2. Thus G, S, T, Us, a1 and vy satisfy the assumption of Lemma 4.4.
Hence, since [(S N B)NV(TF)| > 1, it follows from Lemma 4.4 (ii)-(a), (ii)-(b) that

0'171(G> < dG(al) + dg(Uz) < |A‘ + ‘S N B| — 1,
which contradicts (5).

Case 2. There exists a spanning tree T}, such that Br(T,)NB # 0, L(T,)NA = SNA
and L(T,) N B = (SN B)U{b;}, where by € B\ S.

Then note that
dTb(bl> =1 and |L(Tb) N B‘ = |Sﬂ B‘ + 1.

Let vg € Bgr(Ty) N B, and let uy, us, us € Np(vp). For 1 < i < 3, let Q; be a
component of T, — {vo} such that u; € V(Q;). We may assume that b; € V(Q1).
Choose such a tree Ty, ui, us and us so that
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do, (u1) + dg,(u2) + do,(us) is as large as possible.

We may assume that @); is a rooted tree with root u; for 1 < i < 3 (see the left side
of Figure 6).

Vg

Q1

Figure 6: The configuration of @)1, )2 and Q5.

Let T} be a graph obtained from 7, — V(Q2). We may assume that 7" is a
rooted tree with root b;. Since G is not S-leaf-connected, the tuple (b, us, 7))
satisfies the properties (i) and (ii) in Lemma 4.2. Hence we obtain byuy ¢ E(G) and
|Ne(uz) NV (Ty) |+ [Na(br) NV (Ty)| < [V(Ty) N B[ because drx(b1) = 1. By Lemma
4.1, we have |V(Ty) N Al > |V(Ty) N B| — |L(Ty) N B| + 1. Therefore

[Ne(uz) NV(TE)| + [Ne(b) N V(TY)| < [V(Ty) N Al + [L(Ty) N B[ — 1. (6)
Claim 6.1. |SNA| > 2 and [(SNA)NL(Q.)| < (ISNA| —2)/3.

Proof. Suppose that |(L(Q2)N.S)NA| <|SNA|/3. Since G is not S-leaf-connected
and by the choice of Ty, the tuple (us, by, Q)2) satisfies the properties (i) and (ii) in
Lemma 4.2. Hence

[Nea(uz2) NV(Q2)| + [Na(b) NV (Q2)| < [V(
< [V(

Therefore, it follows from the inequalities (6) and (7) that

011(G) < dg(ug) + dg(b1)
< (VT N A+ |L(T3) 0 Bl = 1) + [V(Q2) N Al + [L(Q2) N S| — 1
= A+ [(L(Q2) N S) N A + |L(Ty) N B| — 2
<|Al4+|SNA|/3+|SNB|-1,

2) N A| -+ dQQ(Ug) -1

Q
Q2) VAl +|L(Q2)N S| —=1.  (7)

which contradicts (5). Hence [(SNA)NL(Q2)| > |SN A|/3. By the same argument,
we obtain [(S N A) N L(Q3)| > |S N A|/3. Thus, we deduce |S N A > 2 and
(SN A)NLQ)| < ([SNA[—2)/3. [

We shaw that Ng(b1) N (V(Q2)\ S) = 0. Assume not. Then dg,(uz) = 1 because
G is not S-leaf connected. Note that G, S, )2, T}, us and b; satisfy the assumption
of Lemma 4.4. Hence, by Lemma 4.4 (ii)-(b),

011(G) < dg(us) + de(br)
< [A|+[SN B = [(SNB) N L(Q2)]-
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By Claim 6.1, we obtain |SNA| > 2, and hence the above inequality contradicts (5).
We now show that Ng(by) N (L(Q2) NS) # (. Assume not. Then it follows from
Lemma 4.1 that

[Na (b)) NV (Q2)| +[Na(u2) NV(Q2)] < [V(Q2) N B| < [V(Q2) NA[+]|L(Q2) N B| - 1.
Therefore, it follows from this inequality and the inequality (6) that
0'1’1(G) S dg(bl) + d(;(UQ) S |A| + |S N B| - ]_,

which contradicts (5). Therefore there exists xo € Ng(by) N (L(Q2) NS). Let vy =

x;(QQ) (see the right side of Figure 6). Note that dg,(ve) = 2 since G is S-leaf-
connected. Let R; be the tree obtained from (); by adding the vertex x5 and the
edge bizy, and let Ry = T, — V(R;y). Then note that dg,(v2) = 1. We may assume
that R; and Ry are rooted trees with roots u; and wvs, respectively.

By the construction of R; and Claim 6.1, we have

(SN A) N LR = (SN A) N L@Qu)| + [{z2}] < ([SNA]+1)/3. (8)
Claim 6.2. The tuples (vy,uy, Ry) satisfies the property (ii) in Lemma 4.2.

Proof. Suppose that there exists up € (Ng(ve) N V(Ry))~2) N Br(Ry). Let R}
be the tree obtained from R, by adding the edge vour and by deleting the edge

uRuE(RQ). Let Ris be the tree obtained from R; and R; by adding the edge vou;.

Then Ris is a spanning tree such that L(R;3) = S. This contradicts that G is not
S-leaf-connected. Hence (Ng(v2) NV (Ry))~F2) N Br(Ry) = (), and so the conclusion
holds. 0

By the choice of T}, and Claim 6.2, the tuples (uy, vo, Ry) and (ve, u1, Ry) satisfy
the property (ii) in Lemma 4.2. Hence, we can see that G, S, Ry, Ry, u; and vy
satisfy the assumption of Lemma 4.4. Note that dg, (u;) > 1 and dg,(v9) = 1.

First, suppose that dg,(u1) = 1 and dg,(v2) = 1. By Lemma 4.4 (ii)-(b),

o11(G) < de(u) + de(vs) < |A| + SN B| - [(SNB) NV (R,).

By Claim 6.1, this inequality contradicts (5).
Next, suppose that dg,(u1) > 2 and dg,(v2) = 1. By the inequality (8) and
Lemma 4.4 (ii)-(c), we obtain

011(G) < dg(ur) + dg(v2)
<A+ 1SNB|+|(SNA)NL(Ry)| — 1
< [Al+[SN B[+ (|SNA[-2)/3,

which contradicts (5).

Case 3. Otherwise (neither Case 1 nor Case 2 holds).

By Proposition 2.3, we may assume that G is an edge-maximal counterexample,
that is, G + uv is S-leaf-connected for any non-adjacent vertices u € A and v € B.
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Let w; and wy be non-adjacent vertices such that w; € A and wy € B, and let T be
a spanning tree in G + wywy such that L(T) = S. By deleting the edge wywsy from
T, we obtain two trees 17 and T, with wy; € V(T}) and wy € V(73). Choose such
two vertices wy; and ws and a spanning tree 7" so that

dr, (wy) + dr,(ws) is as large as possible.

We may assume that 77 and 75 are rooted trees with roots w; and ws, respectively.
By the choice of wy, wy and T, we have (Ng(w;) N V/(T;))~ %) 0 (Br(T;)\{w;}) =0
for « = 1,2. These imply that G, S, T, Ty, T, w; and w, satisfy the assumption
of Lemma 4.4. Since G and S satisfy the condition (x), it follows from Lemma 4.4
(i), (ii)-(a) and (5) that either “dp, (w;) = 1 and dp,(we) > 27, “dy,(wy) > 2 and
dr,(we) = 1" or “dp,(w1) =1 and dr,(wy) = 17 holds.

Claim 6.3. dp,(w) =1 and dp,(we) = 1

Proof. Suppose that dr,(wy) = 1 and dp,(wy) > 2. Since G satisfys the condition
(), G— S is connected. Hence there exist vertices z; € V(T1)\ S and z, € V(T3)\ S
such that z1z5 € E(G). Note that z; # w; since G is not S-leaf-connected. Let
T, be the tree obtained from T} and T; by adding the edge z;2z,. Then note that
Br(T,) N AN{z1, 22} # 0 and L(T,) = SU{w; }. Hence T, satisfies the assumption
of Case 1, a contradiction. By the same way, we can obtain a contradiction in the
case dr, (wy) > 2 and dp, (ws) = 1. O

Since G' does not satisfy either the assumption of Case 1 or that of Case 2, we
can obtain the following claim.

Claim 6.4. Ng(w,) N (V(Ty) \ S) =0 and Ng(ws) N (V(T1)\ S) = 0.
By (5), Lemma 4.4 (ii)-(b) and Claim 6.3,

Al +|SNB|+|SNA|/3-2/3<011(G)
< dg(wy) + dg(ws)
<|Al+ 1SN B|—=[(SNB)NV(Ty)|.

This implies that (V(71)NS)NB = @ and [SNA| < 1. Since V(T1)NS # 0, we have
ISNA| > |(V(Th)NnS)N Al = |V(T1) N S| > 1. Hence, equalities hold in the above
inequalities, and we obtain that V(T1) NS C A, V(T2) NS C B and |[SNA| = 1.
Moreover, by Lemma 4.4 (iii) and Claim 6.4, Ng(wq) = (V(T1) U (V(T3) NS)) N B
and Ng(wq) = (V(T2) U (V(T1) N S)) N A.

Since G — S is connected, there exist z; € V(171)\ S and 2z € V(T3) \ S such that
212 € B(G). Fori = 1,2, let 2 be a vertex of V(T;) such that (z;7)~(%) = 2.

If z1 € A and 25 € B (see the left side of Figure 7), then 7" = T} U Ty + 2129 +
w1z + wezy — 212) — 2325 is a spanning tree of G which satisfies L(T") = S, a
contradiction. Hence z; € B and 25 € A (see the right side of Figure 7).
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Figure 7: There exist z; € V(T1) \ S and 2z, € V(T3) \ S such that 2129 € E(G).

Let z € (V(T1)NS)NAand y € (V(T5)NS)NB. Let T3 be a tree obtained from
T> — {y} by adding the vertex x and the edge zrws, and let T be a tree obtained
from T} — {z} by adding the vertex y and the edge yw;. Then T3 and T, are
trees such that (L(T3) U L(Ty)) \ {y~ "), 2=} = S V(Ty) U V(T}) = V(G) and
V(T3) N V(Ty) = (. Since G is not S-leaf-connected, we have dz,(y~("») = 1 and
dr,(z=™)) = 1. Hence, we can see that the tuple (T3, Ty,y~ ™), 2=(T)) plays the
same role as the tuple (71, Ty, wy, ws). Since 2y € V(Ty) N B and z, € V(T3) N A, we
can obtain a contradiction by the same argument in the case z; € A and z, € B.

This completes the proof of Theorems 2.5 and 2.6. O
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