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Abstract

Let m,n, s, k be integers such that 4 < s < n, 4 < k < m and ms =
nk. Let A be a divisor of 2ms and let ¢ be a divisor of 2’3\”. In this
paper we construct magic rectangles MR(m, n; s, k), signed magic arrays
SMA(m, n; s, k) and integer M\-fold relative Heffter arrays *H;(m,n; s, k)
where s,k are even integers. In particular, we prove that there exists
an SMA(m,n;s, k) for all m,n, s, k satisfying the previous hypotheses.
Furthermore, we prove that there exist an MR(m, n; s, k) and an integer
*H,(m,n; s, k) in each of the following cases: (i) s,k = 0 (mod 4); (ii)
s = 2 (mod4) and k = 0 (mod 4); (iti) s = 0 (mod 4) and k = 2
mod 4); (iv) s,k =2 (mod 4) and m,n both even.

1 Introduction

In this paper we study partially filled (pf, for short) arrays, with entries in Z and
whose rows and columns have prescribed sums. In particular, we construct magic
rectangles, signed magic arrays and integer A-fold relative Heffter arrays.

Definition 1.1 A signed magic array SMA(m,n;s, k) is an m x n pf array with

elements in Q C Z, where Q = {0,+1,£2,...,£(ms — 1)/2} if ms is odd and
Q={+£1,42,...,+ms/2} if ms is even, such that
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(a) each row contains s filled cells and each column contains £ filled cells;
(b) every z € {2 appears exactly once in the array;
(c) the elements in every row and column sum to 0.

The existence of an SMA(m, n; s, k) has been settled in the square case (i.e., when
m = n and so s = k) and in the tight case (i.e., when k£ = m and s = n), by Khodkar,
Schulz and Wagner [17].

Theorem 1.2 [17] There exists an SMA(n,n; k, k) if and only if either n = k =1
or3<k<n.

Theorem 1.3 [17] There ezists an SMA(m, n;n, m) if and only if one of the follow-
ing cases occurs:

(1) m=n=1;

(2) m=2andn=0,3 (mod 4);
(3) n=2 andm_ 0,3 (mod 4);
(4) m,n >

Also the cases when each column contains two or three filled cells have been
solved.

Theorem 1.4 [13] There exists an SMA(m,n; s,2) if and only if one of the following
CASES OCCUTS:

(1) m=2andn=s=0,3 (mod 4);
(2) m,s > 2 and ms = 2n.

Theorem 1.5 [16] There exists an SMA(m,n;s,3) if and only if 3 < m,s <n and
ms = 3n.

In this paper we settle the existence problem of an SMA (m,n;s, k) when s and
k are both even, proving constructively the following.

Theorem 1.6 Let s,k be two even integers with s,k > 4. Then there exists an
SMA(m,n;s, k) if and only if 4 < s <mn, 4 <k <m and ms = nk.

This result will be obtained by working in the more general context of the integer
A-fold relative Heffter arrays. In Figure 1 we give an SMA(5, 10; 8, 4) obtained thanks
to our constructions.

In [1] Archdeacon introduced an important class of pf arrays, called Heffter arrays.
One of the applications of these objects is that they allow, under suitable conditions,
the construction of pairs of cyclic cycle decompositions of the complete graph K,
on v vertices. With the aim of extending this application to complete multipartite
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1 -2 -7 8 | 11 | —12 —17| 18

20 | 3 |4 -9 10 | 13 | -14 —19
-1 2|5 |6 —11| 12 | 15 | —-16

3| 4|7 |-8 —13| 14 | 17 | —18

—20 -5 6 |9 |-10 —15] 16 | 19

Figure 1: An SMA(5,10;8,4).

graphs, in [8] the authors of the present paper, in collaboration with Costa and
Pasotti, proposed a first generalization of Archdeacon’s idea introducing pf arrays
called relative Heffter arrays. A further generalization, that allows one to work with
complete multipartite multigraphs, was introduced in [9] by Costa and Pasotti. These
new objects are called \-fold relative Heffter arrays. We recall here their definition,
where we denote by £(A) the list of the entries of the filled cells of a pf array A.

Definition 1.7 Let m,n, s, k,t, X be positive integers such that A divides 2ms and

t divides 2’;5. Let J be the subgroup of order ¢ of Z,,, where v = 2’/7\” +t. A X-fold

Heffter array over Z, relative to J, denoted by *H,(m,n;s, k), is an m x n pf array
A with elements in Q = Z, \ J such that:

(a) each row contains s filled cells and each column contains £ filled cells;
(b) every element of Q2 appears exactly A times in the list £(A) U —E(A);
(c) the elements in every row and column sum to 0.

Item (b) of the previous definition requires some explanation. The additive group
Z,, contains an involution if and only if v is even; in this case, the unique involution
L € Zy, belongs to € if and only if ¢ is odd. We observe that the assumption v even
and ¢t odd implies that A is even and does not divide ms. So we can write (b) as
follows: if € does not contain involutions, every x € () appears in A, up to sign,
exactly A times; if Q contains the involution ¢, then every = € Q\ {¢} appears, up to
sign, exactly A times, while ¢ appears exactly A/2 times.

Some results on the existence of these objects are given in [9], mostly for the
square case or for particular values of A and/or ¢. Instead of working in a finite cyclic
group, one can construct A\-fold relative Heffter arrays whose entries are integers. In
this case, the previous definition becomes as follows.

Definition 1.8 Let m,n, s, k,t, A be positive integers such that A divides 2ms and

t divides 2’2\15. Let

q):{1,2,...,{%J}\{€,2€,...,{%J f} C Z, Wherevzﬁ;%—tandf:%

An integer *H;(m, n; s, k) is an m x n pf array with elements in ® such that:

(a) each row contains s filled cells and each column contains £ filled cells;
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(b) if v is odd or if ¢ is even, every element of ® appears, up to sign, exactly A
times in the array; if v is even and ¢ is odd, every element of ® \ {3} appears,
up to sign, exactly A times while 7 appears, up to sign, exactly % times;

(c) the elements in every row and column sum to 0.

Example 1.9 Consider the following arrays:

11 5] 5 | 1]-1 5] 5
—2 77 [ 2 =2 =7
A=[—1[1 4 [-4 11| 4 [—4 ,
—2[ 2[5 -5 225 |-5
=7 B R B A 47
1 ]—1 5] 5
-3 -5
S I I
—3 3 | -3
“1 1 |1 =1
b= —3 —3
11| 1 =1
3] 3| 3 [-3
“1| 1[5 |-5
-5 =3 3|5

It is easy to see that A is an integer ®Hj(5,10;8,4), where each entry 1,2,4,5,7
appears, up to sign, exactly eight times. The array B is an integer '°H;(10, 10; 4, 4),
where each of the entries 1 and 3 appears, up to sign, exactly sixteen times, whereas
the entry 5 appears, up to sign, exactly eight times.

Observe that when A = 1 one retrieves the concept of an (integer) relative Heffter
array. In particular, an (integer) 'Hy(m, n; s, k) is exactly a classical (integer) Heffter
array, as defined by Archdeacon. The problem of the existence of square classical
Heffter arrays has been completely solved in [3, 12] for the integer case, and in [5]
for the general case. For the other cases (non-square or relative), partial results
have been obtained in [2, 10, 18]. Applications of (relative) Heffter arrays to graph
decompositions and biembeddings are described, for instance, in [4, 6, 7, 11].

Here, we prove the following result, where any admissible value of A and ¢ is
considered.

Theorem 1.10 Let m,n, s,k be integers such that 4 < s < n, 4 < k < m and
ms = nk. Let A be a diwisor of 2ms and let t be a divisor of 2’;3. There exists an

integer *Hy(m,n; s, k) in each of the following cases:

(1) s,k =0 (mod 4);
(2) s=2 (mod 4) and k =0 (mod 4);
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(3) s=0 (mod 4) and k =2 (mod 4);
(4) s,k =2 (mod 4) and m,n both even.

Looking at Definitions 1.1 and 1.8 the reader can easily see that, when ms is
even, a signed magic array is a particular integer 2-fold relative Heffter array. In
fact, the integer *H;(m,n; s, k) we construct in the following sections is actually a
signed magic array SMA(m, n; s, k). So, Theorem 1.6 will follow from Theorem 1.10,
except when s,k =2 (mod 4) and m,n are odd. Nevertheless, for these exceptional
values, we will construct an SMA(m,n; s, k) starting from square signed magic ar-
rays, whose existence is assured by Theorem 1.2, and exploiting the flexibility of
our constructions. Note that [9, Theorem 4.9], where the authors considered the
particular case 2H;(m, n; s, k) with s, k even, was actually proved using the previous
Theorem 1.6.

Our results on signed magic arrays allow us also to build magic rectangles.

Definition 1.11 A magic rectangle MR(m, n; s, k) is an m xn pf array with elements
in 2=4{0,1,...,ms — 1} C Z such that

(a) each row contains s filled cells and each column contains £ filled cells;
(b) every x € € appears exactly once in the array;

(c) the sum of the elements in each row is a constant value ¢; and the sum of the
elements in each column is a constant value cs.

s(ms—1) k(msfl)

Clearly, in the previous definition we must have ¢; = and ¢y =
The reader can find results on the existence of these obJects in [14, 15] and in the
references within. Here, we prove the following.

Theorem 1.12 Let m,n, s, k be integers such that 4 < s < n, 4 < k < m and
ms = nk. There exists an MR(m,n; s, k) in each of the following cases:

(1) s,k =0 (mod 4);

(2) s=2 (mod 4) and k =0 (mod 4);
(3) s=0 (mod 4) and k =2 (mod 4);
(4) s,k =2 (mod 4) and m,n both even.

2 Notation

In this paper, the arithmetic on the row (respectively, on the column) indices is
performed modulo m (respectively, modulo n), where the set of reduced residues is
{1,2,...,m} (respectively, {1,2,...,n}), while the entries of the arrays are taken
in Z. Given two integers a < b, we denote by [a,b] the interval consisting of the
integers a,a + 1,...,b. If a > b, then [a, b] is empty. We denote by (i, 7) the cell in
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the i-th row and j-th column of an array A. The support of A, denoted by supp(A),
is defined to be the set of the absolute values of the elements contained in A.

If Ais an m x n pf array, for i € [1,n] we define the i-th diagonal as
D;={(1,7),(2,i4+1),...,(m,i +m—1)}.

Definition 2.1 A pf array with entries in Z is said to be shiftable if every row and
every column contains an equal number of positive and negative entries.

Let A be a shiftable pf array and x be a nonnegative integer. Let A 4+ x be the
(shiftable) pf array obtained by adding x to each positive entry of A and —z to each
negative entry of A. Observe that, since A is shiftable, the row and column sums of
A £ x are exactly the row and column sums of A.

We denote by 7;(A) and v;(A) the sum of the elements of the i-th row and the
sum of the elements of the j-th column, respectively, of a pf array A.

For a block B, we write u(B) = p if every element of supp(B) appears exactly u
times in £(B) U —&(B).

Given a sequence S = (By, B, ..., B,) of shiftable pf arrays and a nonnegative
integer x, we write S £+ x for the sequence (By £ z,By + z,..., B, +x). We set
E(S) = U;E(B;) and supp(S) = U;supp(B;). We also write u(S) = p if u(B;) = p for
all 1.

If S1 = (ay,as,...,a,) and Sy = (by, b, ...,b,) are two sequences, by S; H Sy we
mean the sequence (ay,asg,...,a., by, b, ..., b,) obtained by concatenation of S; and
So. In particular, if Sy is the empty sequence then S; 4 Sy = S5. Furthermore, given

the sequences Si,...,S., we write 4 S; for (++ - ((Sy 4 S2) 4 S3) H# -+ ) H# Se.
i=1
Given a positive integer n and a sequence S = (aq, ag, . .., a,), we denote by nx* S
the sequence obtained by concatenating n copies of S.

Finally, we recall that the support of an integer *H,(m, n; s, k) is the set

174 t 2ms v
o = {1, L;H \{6,26,..., bJ E}, Wheref—Tle—?

Note that, if A divides ms, then

o- o g e 4

Also, every element of ® appears in *H;(m, n; s, k), up to sign, exactly \ times. If A
does not divide ms, in order to obtain an integer *H,(m, n; s, k), we have to construct
a pf array A such that

if £ is odd or if t is even, every element of ® appears in A, up to sign,
exactly A\ times; otherwise, i.e, if £ is even and ¢ is odd, every element
of &\ {%} appears in A, up to sign, exactly A times, while the integer
% appears, up to sign, % times.

(2.1)
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3 The case s,k =0 (mod 4)

In this section we prove the existence of an integer *H,(m, n; s, k) when both s and
k are divisible by 4. First of all, we set

d=ged(m,n), m=dm, n=dn, s=45 and k =4k,

From ms = nk we see that n divides s and m divides k. Hence, we can write § = ci
and k = cm. Observe that n = dn > s = 4cn implies d > 4.

Fix two integers a,b > 0 and consider the following shiftable pf array:

1 —(a+1)

B = Ba,b =

—(b+1)|a+b+1

Note that the sequences of the row/column sums are (—a, a) and (—b, b), respectively.
We use this 3 x2 block for constructing pf arrays whose rows and columns sum to zero.
Start taking an empty m x n array A, fix mn nonnegative integers yo, y1, - - -, Ymin—1,
and arrange the blocks B + y; in such a way that the element 1 + y; fills the cell
(j+ 1,7+ 1) of A (recall that we work modulo m on row indices and modulo n on
column indices). In this way, we fill the diagonals D;,,—1, Dim, Dim+1, Dimyo with
i € [1,7]. In particular, every row has 47 filled cells and every column has 4m filled
cells.

Looking at the rows, the elements belonging to the diagonals Dy, 11, Dipio sum
to —a, while the elements belonging to the diagonals D;,, 1, D;,,, sum to a. Looking
at the columns, the elements belonging to the diagonals Dj,, 11, Dj,—1 sum to —b,
while the elements belonging to the diagonals D, 1o, D, sum to b. Then A has
row/column sums equal to zero.

Applying this process ¢ times (working with the diagonals Dj,,13, Dimta, Dimts,
Dim+¢, and so on), we obtain a pf array A, whose rows have exactly 47 - ¢ = s filled
cells and whose columns have exactly 4m - ¢ = k filled cells.

Example 3.1 For a = 2 and b = 5, fixing the integers 0, 1, 10, 11, 20, 21, 30, 31, 40,
41,50, 51, we can fill the diagonals Dy, Do, D5, Dg, D7, Dg, D11, D15 of the following
6 x 12 pf array, where we highlighted the block Bs 5:

1 |3 —-26 | 28 | 31 |—33 —56 | 58
29 | 2| 4 =271 29 | 32 | =34 —57
A -6 | 8 | 11 | —13 —36 | 38 | 41 | —43
=71 9 12 | 14 =371 39 | 42 | —44
—16| 18 | 21 | —23 —46 | 48 | 51 | =53
—54 =17 19 | 22 | -24 —47| 49 | 52

Note that supp(A) = [1,60] \ {5j : j € [1,12]}. As the reader can verify, A is an

integer 'Hyy(6,12;8,4): in this case £ = 2'26;1'8 +1=5.
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The constructions we present in this section are obtained by following this pro-
cedure, so they all produce shiftable pf arrays of size m x n whose rows and columns
sum to zero.

Here we always assume that 4 < s < n, 4 < k < m, ms = nk and s,k = 0

(mod 4). Let A be a divisor of 2ms and ¢ be a divisor of 25; set
2ms
({=——+1
X

We first consider the case when A divides ms. To obtain an integer *H,(m, n; s, k)
with s,k = 0 (mod 4), we only have to determine two integers a,b > 0 and a set
X ={xo,21,...,x5-1} C Nsuch that u(B,,) = p divides A and |J supp(B,ptx) =

zeX
®, where f = 7*£. So we can take the sequence Y = % * (o, 1, ..., Tp_1). Writing
Y = (Yo, 1, ..., yms 1) we construct A using the blocks B, & y;. In this way, every
element of supp(A) occurs, up the sign, A times in A. For instance, we can arrange
the blocks in such a way that the element 1 + y; fills the cell (j + 1,4¢; + 7 + 1),

where ¢; is the quotient of the division of j by lem(m,n).

Lemma 3.2 Let A be a divisor of ms such that A = 0 (mod 4). There exists an

integer *H;(m, n; s, k) for any divisor t of 27;\”.
1 |-1

PROOF: Let B = By = . Note that p(B) = 4. An integer *H;(m, n; s, k),
1] 1

say A, can be obtained by following the construction described before, once we

exhibit a suitable set X of size 5%, in such a way that supp(A) = ®. Consider the

set X = {i—1]i€ ®} of size 25 clearly, |J supp(B +z) = ®. Now we take 3

zeX
copies of every block B + z: the pf array A obtained by following our procedure is
an integer *H,(m, n; s, k). O

For instance, the integer ®H;(5,10;8,4) given in Example 1.9 was obtained by

following the proof of the previous lemma. In fact, A = 8 and t = 5 divides 238

]
note that £ =3 and Y = 2% (0,1, 3,4,6).

Lemma 3.3 Let A be a divisor of ms such that A\ = 2 (mod 4). There exists an
integer "H,(m, n; s, k) for any divisor t of %

PrROOF: We first consider the case when /¢ is odd, which means that ¢ divides &=.

)y
1| -2
Let B= DBy = ; note that u(B) = 2. We start considering the set Xy =
—1] 2
{0,2,4,...,0-3} of size 51 = 2 it is easy to see that |J supp(B+z) = [1,£]\{(}.

rx€Xo
Similarly, for any i € N, if X; = {il, 10 + 2,90 +4,...,(i + 1)¢ — 3}, then

| supp(B £ z) = [it + 1, (i + 1)) \ {(i + 1)¢}

reX;
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and ij ﬂXw = @ if il 7£ ig.

t/2—1
If ¢t is even, take X = U X;: this is a set of size % - 82 = 38, as required.
Furthermore,
t/2—1
Usuwpp(Btz) = U ([i0+1, @+ 1) \{(+1)e})
rzeX =0

— [N\ {20, by = [1,me 1 LN\ {e,20,. . Lo}
Suppose now that ¢ is odd, which implies that £ =1 (mod 4). Take
Z={(54) 6 (55h) e+2, (15h) e +4,., (5 0+ 2552}

Then |Z| = 52 = 22 and {J supp(B£2) = [(52) €+ 1, (5) €+ 52]. So, we can
2€Z

(t—3)/2
takeXz( U X)UZ: thisisasetofsize%~%+2m—)§:2)\,asrequ1red In

this case,
U swpp(B+a) = g([iﬁJr 4D\ {6+ DU

%)“1,(%)“%@
ead

5t H]\{f 20,514

In both cases, considering % copies of the distinct blocks B + x with = € X, the pf
array A obtained by following our procedure is an integer *H,(m, n; s, k).

Finally, we consider the case when ¢ is even, which implies that ¢t = 0 (mod 4). Let

L [—((+1)

B=DB= ; note that pu(B) = 2. We start considering the set Xy =
-1 (+1

[0, —2] of size £ —1 = Z1=: it is casy to see that |J supp(B+x) = [1,2(]\ {¢,2(}.

z€Xo

Similarly, for any ¢ € N, if X; = [2i/, (2i + 1)¢ — 2], then

|J supp(B =+ x) = [2i€ + 1, (2i + 2)¢] \ {(2i + 1)¢, (2i + 2)¢}

reX;
t/4-1
and X; N X;, =0 if iy # iy. Take X = |J X;: this is a set of size £ - (( — 1) = 22,
i=0
as required. In this case,
t/4—1
U supp(Bxz) = U ([2i0+1,(2i+2)0)\ {(2i + 1)¢, (2i + 2)¢})
zeX 1=0

= [LigN{e20, by = s AN {620, b
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Now we take % copies of every block B 4+ x: the pf array A obtained by following our
procedure is an integer *H;(m, n; s, k). O

We now deal with the case A odd. This implies that A divides ms/4.

Lemma 3.4 Let \ be a positive odd integer. There exists an integer *Hy(m, n; s, k)

for any diwvisor t of 22 such thatt =0 (mod 8).

1 —(l+1)
PROOF: Let B = By = , where ¢ = 2;’;8 + 1. Note that
—(20+1)| 30+1
w(B) = 1. An integer *H;(m,n;s, k), say A, can be obtained by following the
construction described before, once we exhibit a suitable set X of size 7%, in such a
way that supp(A4) = [1,25 + L]\ {¢,2¢,..., L0}

Start considering the set Xy = [0,£ — 2] of size £ — 1 = 22 it is casy to see
that |J supp(B £ x) = [1,44] \ {¢,2¢,3¢,4¢}. Similarly, for any i € N, if X; =

z€Xo

[4il, (43 4+ 1)¢ — 2], then

| supp(B + @) = [4il + 1, (4q + 4)0) \ {(4i + 1)¢, (4 + 2)¢, (4i + 3)L, (4i + 4)0}.

reX;

t/8—1
Clearly, X;, N X;, = 0 if 41 # i. So, take X = |J X;: this is a set of size
=0

Lo(—1)=1%- 3 =1 a5 required. It is easy to see that

8 Xt axno
U supp(B+2z) = t/fj_l ([4i0+ 1, (4i +4)0)\ {(40 4 1)¢, (4i + 2)¢, (40 + 3)¢,
N (1 + 1)ep)

= [LEN{620,. . L0y = [1,me 4 L)\ {020, L)

Now we take A copies of every block B+ z: the pf array A obtained by following our
procedure is an integer "H;(m, n; s, k). O

Lemma 3.5 Let \ be a positive odd integer. There exists an integer "H,(m,n; s, k)
for any divisor t of 5 such thatt =0 (mod 4).

1 —2

PROOF: Let B = By = : note that pu(B) = 1 and, since t divides

—(l+1)|0+2

mE A= 2;’;s+1 is an odd integer. We start considering the set X, = {0,2,4,...,¢—3}

of size 52 = Z2: it is easy to see that Lg( supp(Btz) =[1,{—-1U[{+1,20—1] =
TEXQ
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[1,20]\{¢,2¢}. Similarly, for any i € N, if X; = {2il,2i0+2,2il+4,...,(2i+1)(—3},
then
|J supp(B = x) = [2i0 + 1,2(i + 1)0] \ {(2i + 1)¢, (2i + 2)¢}

reX;
t/4—1
and X;, N X;, = 0 if iy # 45. So, take X = (J X;: this is a set of size £ - Z*Tl =
i=0
L.ms — I8 a5 required. Hence,
t/4—1
U supp(B+z) = U ([200 + 1,2(i + 1)0] \ { (20 + 1)¢, (2i + 2)¢})

zeX 1=0

[, L0\ {¢,2¢,..., L0} = [1, 22 + L]\ {¢,2¢0,..., L0}
Now we take A copies of every block B+ z: the pf array A obtained by following our
procedure is an integer "H;(m, n; s, k). O

For instance, to construct an integer Hy(5,10;8,4) we can follow the proof of

the previous lemma. In fact, A = 5 and ¢t = 4 divides 23; note that ¢/ = 5 and

57
Y =5%(0,2).

1 |-2 8] 9] 3]-4 6| 7
913 |4 6| 712 -8
"Hy(5,10;8,4)=[—6| 7 | 1 | =2 8] 9] 3|4 .
819 ]3[4 6| 712
—4 6| 71 [-2 81913

Lemma 3.6 Let \ be a positive odd integer. There exists an integer *H;(m, n; s, k)
Jor any divisor t of 55 .

1 | -2

PrROOF: Let B = By, = . Note that 4(B) = 1and £ = 22 41 =1

-3| 4

(mod 4) since ¢ divides 5. We start considering the set Xy = {0,4,8,...,¢ — 5} of

size 51 = 2. clearly, Lg( supp(B + x) = [1,/4] \ {¢}. Similarly, for any i € N, if
TEXQ

X, ={il,il +4,il +8,...,(i+ 1)¢ — 5}, then

U supp(B £ z) = [it + 1, (i + 1)) \ {(i + 1)¢}

reX;
and XZ'1 N Xig = @ if il 75 ’ig.
t/2-1
If ¢ is even, take X = |J X;: thisis a set of size £ - 51 = L. 18 — M8 45 required.
=0
Hence,
t/2-1
Usupp(Bxz) = U ([i0+1,6E+D\{(@+1)e})
reX =0

= [LiN{e2e, 5y = s LN {620, b
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Suppose now that ¢ is odd. Notice that, in this case, £ =1 (mod 8). Take

t—1 t—1 t—1 t—1 (-9
2 {(55Y) e (5 ) e a (50 s (51 i 50).

Then |Z] = &2 = 2 and [J supp(B £2) = [(51)(+1,(5) (+52]. Take

Y,
z2€Z
(t—3)/2 . ;
_ , . thic i jge =L 21 4 21 2l oms 4 oms _ ms
X = 'Uo X; | UZ: thisis aset of size 5~ - = + 5= = 5 - 55, + Ty = Bo a8
1=

required. In this case,

U supp(B+7) = L:JO (i +1, G+ D\ {6+ D) U

(5 01 (5 0+ 5
= (LN ) U e
L (4] {e2r (80

In both cases, we construct the pf array A using A copies of every block B =+ x; so,
the pf array A obtained by following our procedure is an integer *H,(m,n;s, k). O

For instance, we can follow the proof of the previous lemma for constructing an
integer *H3(9,9;8,8). In fact, A = 3 and ¢t = 3 divides %; note that ¢ = 17 and
Y =3%(0,4,8,12,17,21).

1 -2 | =20 21 13 | 14 -7 8
12 D —6 | =24 25 | 18 | —19 —11
-3 4 9 |-10|-15| 16 | 22 | =23
-7 8 13 | -14|-20| 21 1 -2

*H5(9,9:8,8) =| —6 —11] 12 | 18 | —19]-24| 25 | 5
9 [-10 —15| 16 | 22 [ —23] =3 | 4
8§ | 13 | -14 —20] 21 [ 1 | =2 =7
—11| 12 | 18 | -19 241 25| 5 | -6
—10|-15] 16 | 22 | —23 3] 419

We now consider the case when A\ does not divide ms. We need to adjust our
general strategy in order to satisfy (2.1).

Lemma 3.7 Suppose that A does not divide ms. Then, there exists an integer
i (m,n; s, k) for any divisor t of 2—’)’\“

PROOF: Since A divides 2ms but does not divide ms, from s = 0 (mod 4) we
obtain A = 0 (mod 8). We can easily adapt the proof of Lemma 3.2, using the
1 |-1
block B = By = and considering two possibilities. In both cases, an
—1] 1
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integer *H,(m,n; s, k), say A, can be obtained by following the construction given
at the beginning of this section and using the blocks B £ yo, B+ y1,..., B tyms 4
for a suitable sequence Y = (yo,y1,...,yms ;) in such a way that condition (2.1) is
satisfied.

Suppose that ¢ is odd or t is even. It suffices to consider the sequence X obtained
by taking the natural ordering < of {i — 1] € ®} C N, and define Y = 2 x X.

Suppose that ¢ is even and ¢ is odd. Let X; be the sequence obtained by taking the
natural ordering < of {i —1 | i € U} C N, where ¥ = &\ {£}. Also, let ¥} = 2 % X,
and let Y5 be the sequence obtained by repeating % times the integer % — 1. Define

Y =Y 4 Y, and note that [YV] =3 - 2252 4 & = ms O

For instance, the integer '°H;(10,10;4,4) given in Example 1.9 was obtained by
following the proof of the previous lemma. In fact, A = 16 does not divide ms = 40;
note that ¢ =2, X; = (0,2) and Y = (0,2,0,2,0,2,0,2,4,4).

Proposition 3.8 Suppose 4 < s <n, 4 <k <m, ms =nk and s,k =0 (mod 4).
Let X\ be a divisor of 2ms. There exists a shiftable integer "Hy(m, n; s, k) for every
divisort o 2—’)’\“

Proor: If X does not divide ms, the statement follows from Lemma 3.7. So, suppose
that A divides ms. If A =0 (mod 4) or A = 2 (mod 4), then we can apply Lemma
3.2 or Lemma 3.3, respectively. Now we assume A odd. If ¢t = 0 (mod 8), we apply

Lemma 3.4. If t = 4 (mod 8), then ¢ divides %* and hence we can apply Lemma

3.5. Finally, if £ # 0 (mod 4), then ¢ divides 3 and so the existence of an integer
M, (m, n; s, k) follows from Lemma 3.6. In all these cases, the integer A-fold Heffter

array that we construct is shiftable. O

4 The case s =2 (mod 4), k and m even

In this section, we will assume that s, m,k are positive even integers with s = 2
(mod 4) and s > 6. We need to distinguish two cases, according to the divisibility
of ms by A. In fact, if A does not divide ms, from ms =0 (mod 4) we obtain A =0
(mod 8). In this case, we have to construct pf arrays that satisfy (2.1).

If X\ divides ms we write

A=Ay, where \; divides % and )\, divides 2s. (4.1)
Let ¢ be a divisor of 2’)’\“ and set
g2y
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4.1 Construction of nice pairs of sequences

To obtain an integer *H;(m, n; s, k), we first construct pairs of sequences, satisfying
the following properties.

Definition 4.1 A pair (B;, Bs) of sequences is said to be nice if, for a fixed positive
integer b, we have:

e the sequence B; consists of blocks satisfying this condition:

there exist b integers oy, ..., 0, such that the elements of B;
are shiftable blocks B of size 2 x 2b with 71(B) = 7»(B) =0 (4.2)
and o1 (B) = —7v9;(B) = o; for all ¢ € [1,];

e the sequence B, consists of blocks satisfying this condition:

there exist 2b integers o1, ..., 0y, with Z Ohiq = Z ab; =0,

=1
such that the elements of B, are Shlftable blocks B’ of size 2 x 2b (4.3)

with 7 (B’) = 7o(B’) = 0 and 7;(B’) = o for all i € [1, 2b];

e the sequences By and By have the same length and, writing By = (B, B, . . .,
B.) and By = (B4, B}, ..., B.), then £(B;) = £(B)) for all i € [1,€].

Observe that the sequences By, B in the previous definition do not need to be dis-
tinct.

We construct these nice pairs of sequences, starting with the case when A divides
ms. In particular, our sequences B;, consisting of shiftable blocks of size 2 x s, are of
length 73 and such that u(B;) = A2. We begin with the case when A is odd. Note
that this implies that Ay divides 3.

Lemma 4.2 [18, Corollary 4.10 and Lemma 5.1] Let a and ¢ be even integers with
a>2,¢>6andc=2 (mod4). Let u be a divisor of 2ac and set p = 2%0—1—1. There

ezists a nice pair (Bl, Bg) of sequences of length 5, where By and By consist of blocks
of size 2 x ¢, w(By) = u(By) = 1 and

supp(B1) = supp(Ba) = [1,ac + |u/2]]\ {jp: j € [L, [u/2]]}.

Corollary 4.3 Let A = A\ Ay be as in (4.1). If Xy # 5 is odd, there exists a nice pair

(B1, By) of sequences of length 5-, where By and Bg consist of blocks of size 2 X s,
/,L(Bl) (BQ) = )\2 and

supp(B1) = supp(Bz) = {1, % + EH \ {e, 2, ... EJ e} — 0.

2X1 7
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Proor: Take a = ;”, c= /\i and u = £. Since A; divides %, a is a positive even
integer; since Ay # 5 is odd and divides 2s, then c is an even integer such that ¢ > 6
and ¢ = 2 (mod 4). Note that ¢ divides 2ac = /\2”}\8 and p= 2% 1 = 2 4] =/,

Hence, we can apply Lemma 4.2 obtamlng a nice pair (Bl, 82) of sequences of length

o consisting of blocks of size 2 x ;= such that w(By) = pu(By) = 1 and supp(B;) =

supp(Bg) = ®. Now, replace every block B of B;, i = 1,2, with the block B obtained

by juxtaposing Ay copies of B. So, B is a block of size 2 x s and pu(B) = Ag. Call

B1, By the two sequences so obtained. It follows that the pair (B;,Bs) satisfies the

required properties. O
Now we consider the case when Ay = 3.

Lemma 4.4 Let X = Ay be as in (4.1) with Ay = 5. There exists a nice pair

(B, Bs) of sequences of length 5% 3y where By and By consist of blocks of size 2 X s,

p(Bi) = p(By) = 5 and supp(By) = supp(B;) =

PRrROOF: We first consider the case when ¢ is odd. Consider the following shiftable
blocks:

1 [ —2-37] 4 1] —2[-4]5
A= T34 F=r—1s 1115

1 -1 3 ]—-4]—-3] 4 412 =22 ]=1]=5
E=r=rsTtarz 3 =42 © =[5 4115 |

1] 3 [-1]—-4]-3] 4 412722 -1]=5
/ . ! _
E=rtarstaisi4 ¢ =Szl -415

Note that A and F satisfy both (4.2) and (4.3); E and G satisfy (4.2); E' and G’
satisfy (4.3). We first construct the sequence By. To this purpose, take the block
B obtained by juxtaposing the block E and % copies of the block A. We obtain
a block of size 2 x s such that supp(B) = [1,4] and pu(B) = 5. Also, let C be the
block obtained by juxtaposing the block G and 52—6 copies of the block F'. Then C'
is a block of size 2 x s such that supp(C) = {1,2,4,5} and u(C) = 3.

Assume { =1 (mod 4). Let S = (B,B+4,B=+38,...,B+452). Then |5| = &}
and supp(S) = [1, /4] \ {¢}. If ¢ is even, take

t—2
81:S+|—(Si€)+|—(3i2€)+l—...+l—(Si—f).

If t is odd, then £ — 1 =855 =0 (mod 8). Let

Y = (B,Bi4,Bi8,...,Bi(4€_T9)>

and

81:S%(Sié)%(Si%)%...%(Si?ﬁ)%(Yi%é).
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In both cases, B; is a sequence of length (Zgl)t = 55 such that u(B;) = § and
supp(B;) = ®. The sequence B, is obtained by replacing in B; the block E with the

block E'.

Assume ¢ = 3 (mod 4). Note that, in this case, 85575 = 2 (mod 4) and so ¢ =
0 (mod 4). Take S = (B,B+4,B+8,...,B+457,C+({-3),B+({+2),B+

((+6), B+ ((+10),...,B+(20—5)). Then |S| = 5% and supp(S) = [1,2(] \
{¢,2(}. Define
t—4
By =SH(S£20)H(SL£40)H... 4 (SizTe) .
So, B; is a sequence of length (é_gl)t = o such that pu(By) = § and supp(B;) = ®.

The sequence By is obtained by replacing in B; the block G with the block G.

Finally, assume that ¢ is even. Note that, in this case, t = 0 (mod 8). Consider the
shiftable blocks:

0 - I |—(+1)|—(20+1)] 30+1
-1 4+1 2041 | —(30+1) |
I 1 +1 [+ +1 [—-1]-(0+1)
—(+1) | -2+ 2041 [—-0+1)] 1 | 30+1

Note that the blocks H and L satisfy both (4.2) and (4.3). Let K be the block
obtained by juxtaposing the block L and % copies of the block H. Then K is a
block of size 2 x s such that supp(K) = {1,/ + 1,204+ 1,30 + 1} and p(K) =
Let § = (K,K+1,K+2,...,K£(¢{—2)). Then |S| = ¢ — 1 and supp(5)
[1,40]\ {¢,2¢,3¢,40}. Define

s
5

t_
1’5’1:BQZS%(SiM)%(Si%)%...%(Si4T8).

So, B; is a sequence of length (4;1)15 = 55 such that u(B;) = 5 and supp(B;) = ¢. O

For instance, using the previous lemma with m = 30, s = 10, Ay = 3 and t = 5,
we have ¢ = 9. The sequence B; consists of the following five shiftable blocks:

B, - 1 /-1 3 |—-4(-3] 4|1 |-2|-3]| 4
-2 2 |-1] 2|3 |—-4|-1| 2|3 |—4]|
B, — S | =2 7T |-=8|-=T| 8|5 |—-6|-7|328
—6| 6 |-5]6 |7 |-8|-5|6 |7/ =8|
B, — 10 (-10| 12 | -13 | —-12} 13 | 10 | —11|—-12| 13
—-11| 11 | -10| 11 12 | =13 | =10 | 11 12 | =13 |’
B, = 14 | -14| 16 | =17\ =16 | 17 | 14 | —=15|—-16| 17
—15| 15 | =14 | 15 | 16 | =17 |—14| 15 | 16 | —17 |’
B, — 19 | =19 21 | =22 | =21 22 | 19 | =20 | =21 | 22
=20 20 | -19| 20 | 21 | —-22|—-19| 20 | 21 | —22

We now deal with the case Ay =2 (mod 4).
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Lemma 4.5 Let A = M)Ay be as in (4.1) with Ay = 2 (mod 4) and Ay > 6. There
exists a nice pair (B,B), where B is a sequence of length 3, consisting of blocks of
size 2 X s such that u(B) = Ay and supp(B) = P.

PRrROOF: We first consider the case when ¢ is odd. Consider the following shiftable
blocks:

1 |-1] 2 | -2 112 |-1]1]-1]-2
A——11—22’E——2—12—212

Note that A and E satisfy both (4.2) and (4.3). To construct the sequence B, first
take the block C obtained by juxtaposing the block £ and % copies of the block A.
We obtain a block of size 2 X Ay such that supp(C') = {1,2} and u(C) = Xs. Consider
the sequence S = (C,C+2,C+4,...,C £252). Then |S| = 5, u(S) = As and
supp(S) = [1,£] \ {¢}. If t is even, take

. -2
B:S%(Siﬁ)%(Si%)%...%(Si%f).

s

If t is odd, then ¢ — 1 = 42122 = (mod 4). Let

t

Y = <C,Ci2,0i4,...,0i <2£7T5>)

and

N — —1
B:S%(Siﬁ)%(Si%)%...%(Si%ﬁ)%(Yi%é).

In both cases, B is a sequence of length (ﬁl)t = 5y such that u(B) = Ay and

supp(B) = ©.

Suppose now that ¢ is even. Note that, in this case, ¢ = 0 (mod 4). Consider the
shiftable blocks:

o L] e+ —(t+1)
-1 1| =(+1)| +1 |

a - 1 (+1| -1 1 —1|—-(+1)
=+ -1 [L+1]—(+1)| 1| £+1

Note that the blocks F' and G satisfy both (4.2) and (4.3). Take the block H
obtained by juxtaposing the block G' and % copies of the block F. We obtain a
block of size 2 x Ay such that supp(H) = {1,¢+ 1} and pu(H) = Ay. Consider the
sequence S = (H,H+1,H+2,...,H £ ({—2)). Then |S| =¢—1, u(S) = Ay and
supp(S) = [1,20] \ {¢,2¢}. Take

B:S%(Si%)%(SiM)%...%(SiQ%ﬁ).
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Hence, B is a sequence of length (il)t = 5% such that w(B) = Xy and supp(B) = ®.

Finally, for every £, writing B = (Kl, K, ..., K%) and ¢ = 3, for every ¢ € [1, ﬂ}
we construct the block B; juxtaposing the ¢ blocks Ky (i—1)q; Koyi-1)gs - - - Kig-
The blocks B; are of size 2 X )y, that is, of size 2 X s. So, we can set B =
(Bl,BQ,Bg,...,B%) 0

For instance, using the previous lemma with m = 84, s = 10, \; = 7, Ay = 10

and ¢ = 8, we have ¢ = 4. The sequence B consists of the following six shiftable
blocks:

B = T35 =515 =11 =55 |

B, — 216 -2]2[-2]-6] 2 -2]6 -6
—6|-2]6|-6]2]6|-2[2]-6]6]|

B, — 31733 [=3[-7]3[=3]7]-7
=377 =737 |=3[3 =77V

B, — 9 [13]-9] 9 [-9[—-13]9 [-9] 13 | —-13
—13]-9[13 =139 | 13 [—9] 9 |[—13] 13 |

B — 10 | 14 [—10] 10 [—10[—14] 10 | —-10] 14 | —14
—14|—10| 14 [—14| 10 | 14 |—-10| 10 | —14| 14 |

B, — 11 ] 15 | —11] 11 | —11]—=15] 11 [—=11] 15 | =15
—15|—11| 15 |=15] 11 | 15 | 11| 11 |=15| 15

We now deal with the case Ay = 2.

Lemma 4.6 Let A = A\ Ay be as in (4.1) with Ay = 2. Suppose that t divides 2=

2 °
There exists a nice pair (By, B2) of sequences of length s Where By and By consist

of blocks of size 2 x s, (By) = pu(Bsy) = 2 and supp(By) = supp(Bz2) = P.

Proor: Write s = 4q + 6 where ¢ > 0 and take the following shiftable blocks:

1 [—2]—4] 5 1 [—2]—=3] 4
Us = rq72 T2 5 Us = Y372 13 2|
2 [ 2] -5]-6] 4 | 7 1 |-1]-5]-6| 417
i = 3737615 a7 ™ ~ 221615 a7
6 | —6|]—2]-3] 1] 4 1 1] —4]-5][3]6
Vi = 773 2 112" V" ~ =25 13 6
, _ | L [-1[4]-5]-7]8 o - 1] 4] -1]-5[-7]38
o1 2 =4 5 | 7 [=8 2425 |7 [-=8

Note that, since ¢ divides %, { is an odd integer.

If ¢ =4z +1>5, take S = (Us,Us £4,Us £38,...,Us £ 4(x — 1)). Then |S| =z,
p(S) =2 and supp(S) = [1,4] \ {¢}. Let B be the sequence obtained by taking the
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first 55t blocks in —H—(S:I:Ec) If ¢ = 42+3 > 3, take S = (Us,Us+4,Us+£8,...,Us+

c>0
Az — 1), Us+4x,Us + (40 +5),Us + (4 +9),...,Us = (82 +1)). Then |S| = 22 +1,
wu(S) =2 and supp(S) = [1,20]\ {¢,2¢}. Let B be the sequence obtained by takmg
the first 55 blocks in + (S & 2¢c). In both cases we obtain a sequence B of blocks

c>0
of size 2 x 4 that satisfy both (4.2) and (4.3) and such that supp(B) = [1, N] where
N = qu +n with n = LthJ

Now, we have to construct a sequence S’ of shiftable blocks of size 2 x 6 satisfying

condition (4.2) in such a way that [S| = 33~ and
supp(S’) = N+1,2% 4 ! \Sjl:je n+1 !
pp = "IN 5 Je ] n ap .
21
If £ =3, then t = 5* and N = 352 =0 (mod 3). We can take 5" = —|+(Zi(N—|—

9¢)). If ¢ =5, then t =142 and N =552 =0 (mod 5). Define T' = (V}),Vg +7).

4)\17
If 5% is even, we can take S' = —|+ (T £ (N + 15¢)). If 53 is odd, we can take

c=0

S = (m% (T % (N + 15c))> i+ (Vs (32 + 52)).

c=0

Suppose now that ¢ > 7: in this case, any set of 6 consecutive integers contains at
most one multiple of /. We start considering the interval [N + 1, N + 6] and the
first multiple of £ belonging to the interval [N + 1, £ + [¢/2]]. So, if (n+1)¢ is an
element of [N 41, N + 6] we take the block V, where r must be chosen in such a way
that supp(V, = N) does not contain (n + 1)¢. Otherwise, we take the block V7 and
repeat this process considering the interval [N + 7, N + 12].

It will be useful to define, for all b > 1, the sequence
Hb) =V, Ve £6,V;+12,... Vo £6(b—1)).

Also, we set H(0) to be the empty sequence: so, for all b > 0 the sequence H(b)
contains b elements and supp(H (b)) = [1, 6b].

Write (n+ 1) — N = 6hg + 19, where 0 < rg < 6, and define the sequence
So = (H(hg), Vi £ 6hy).

Note that ry is odd, since ¢ is odd and (n+ 1){ — N = (n+ 1){ +n =1 (mod 2).
Furthermore, supp(Sy £ N) = [N + 1, N + 6ho + 7]\ {(n + 1)¢}.

Now, for all j € [1, [t/2] — 7], write £ — 7+ rj_y = 6h; 4+ r;j, where 0 < r; < 6, and
define the sequence

j—1 J
S = <H(hj)i <7j+6zhi> Vi, £ <7j+6zhi>> :
i=0 =0



F. MORINI ET AL./AUSTRALAS. J. COMBIN. 80 (2) (2021), 249-280 268

Note that (n+j +1)0 — N =63 _ h; +7j +r; and

J—1 J
supp(S £ N) = [N+ 1+7j+6> hi, N+7(j +1) +6Zhi] \{(n+j+1)}.
i=0 i=0
. t/2)=n
The elements of S are the first 53~ blocks in 4 (S, = N).

c=0

Finally, writing B = <A1,...,A%> and S = <G1,...,G ), foralli=1,... &
22

m m_
2] 72X

let B; be the block of size 2 X s obtained by juxtaposing the ¢ blocks

A-1ygr1, AG-1)gr2; A(i—l)q+37 oy Aig

and the block G;. By construction, the sequence By = (By, ..., B%) satisfies con-
dition (4.2), has cardinality 53-, u(B1) = 2 and supp(B1) = supp(S5) U supp(S5’) = ©.

The sequence B, is obtained from B; by replacing the block Z with the block Z’
(case { = 3). O

Lemma 4.7 Let A = My be as in (4.1) with Ay = 2. Let p be an odd prime dividing
s and suppose that t is a divisor of ’}f—f such that t =0 (mod 4p). There exists a nice

pair (B, B), where B is a sequence of length o consisting of blocks of size 2 X s such
that u(B) =2 and supp(B) = ©.

PRroo¥r: Take the following blocks:

W L | —(+1) | —(20+1)] 30+1
4 —1| +1 20441 [ —=(Be+1) |

- 1 —1 [—Bl+1)[—4+1)] 20+1 50+ 1
6 —(+1) [ L+1] 40+1 30+1 | —(204+1)| —(50+1)

Then W, and W satisfy both properties (4.2) and (4.3) with column sums (0, 0,0, 0)
and (—¢,¢,0,—/,0,0), respectively. Furthermore, pu(Wy) = u(Ws) = 2 and

supp(Wy) ={jl+1:5€10,3]} and supp(Ws)={j¢+1:75€][0,5]}.
Let V' be the following 2 x 2p block:
V=W | Wyx60|Wy£100] - | Wy£(2p—4)(].

Clearly, also V satisfies both (4.2) and (4.3) and its support is supp(V) = {j¢ + 1 :
J €10,2p —1]}. We can use this block V for constructing our sequence B: the 2 x s
blocks of B are obtained simply by juxtaposing h = Zip blocks of type V + x, for
r € X C N, following the natural ordering of (X, <). So, we are left to exhibit a

suitable set X of size % such that the support of the corresponding sequence B is .
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Let Xy = [0,¢ — 2]. Then supp(V £ x;,) Nsupp(V + z;,) = O for each z;,,z;, € Xo
such that x;, # x;,. Furthermore,

UJ supp(V ) = [1,2p]\ {j¢ : j € [1,2p]}.

z€Xo

Similarly, for any ¢ € N, if X; = [2pil, (2pi + 1)¢ — 2] then

U supp(V £ x) = [1 4 2pil, 2pl + 2pil] \ {j¢ : j € [1 + 2pi, 2p + 2pil}.
reX;

—1

Clearly, X;, N X;, = 0 if 4; # i5. Therefore, take X = U X;: this is a set of size

=0
(0 —1) =L . Ameh _ mh T4 follows that the sequence B obtained, as previously
4p T 4p 2\t 2)\

described, from the blocks V + 2, with x € X, has support equal to

-1

supp(B) = ‘L:Jo ([1 + 2pil, 2pl + 2pil] \ {j¢ : j € [1 + 2pi, 2p + 2pi]})
= [Li\{ie e L) = [La+ 5\ {e2e. 1),

as required. a

Example 4.8 Using the previous lemma with m = 18, s = 10, A\; = 3 and ¢t = 20,
we can choose p = 5 so that ¢ = 0 (mod 20). Hence ¢ = 4 and B consists of the
following three shiftable blocks:

B, = 1 | =1|-=13|-=-17| 9 | 21 | 256 | =29 | =33 | 37
5|5 | 17 | 13 | =9|—-21|—-25| 29 | 33 | =37’

B, = 2 | =2 |-14|-18| 10 | 22 | 26 | —=30| =34 | 38
—6| 6 | 18 | 14 | -10| =22 | —=26| 30 | 34 | =38’

B, — 3 | =3|—-15|-19| 11 | 23 | 27 |=31|—-35] 39 .
-7 7|19 | 15 | =11 |-=23|=27| 31 | 35 | =39

Lemma 4.9 Let A = A\ Ay be as in (4.1) with Ay = 2. Let p be an odd prime dividing
s and suppose that t is a divisor of s such that t =0 (mod 4). There exists a nice

pair (By, Bs) of sequences of length s Where By and By consist of blocks of size
2% s, u(B1) = u(Bz) = 2 and supp(By) = supp(By) =

ProOOF: By hypothesis we can write £ = py + 1. Consider the following blocks:

w, = Lyt [“@+D | —(p+Dy+2)| (p+2)y+2
—(y+1) | 2y+1 (p+Dy+2 | —((p+2)y+2) |
we — 2w+l =@+ -+ | Ap+Dy+2)| (p+2)y+2
O 7 [y +2) | pyt+2 [-1] y+1 p+Dy+2 | —((p+2y+2) ]
o L2y+l |1 @y |~y | (et Dy+2)| (p+2y+2
6 [ —y+2)|-1] py+2 y+1 P+Dy+2 [—((p+2y+2)
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Note that the block W, satisfies both conditions (4.2) and (4.3), while Wy satisfies
condition (4.2) and W{ satisfies condition (4.3). Furthermore,

supp(Wy) = {(p+Ly+j+1,0p+2)y+5+1:5€][0,1]},
supp(Ws) =supp(W¢) = {ipy+7i+1,0Gp+Dy+j+1,0Up+2)y+j+1:
j €1[0,1]}.

Let V' be the following 2 x 2p block:

V=|Ws | Wat2y [ Witdy|--- [Wit(p-3)y].

Clearly, V satisfies (4.2) and its support is

supp(V) = {iy+1,(p+i)y+2:i€[0,p—1]}
= {iy+ 1,0+ (Gy+1):1€[0,p—1]}.

We can use this block V' for constructing the sequence B; as done in Lemma 4.7: it
suffices to exhibit a suitable set X of size %, where h = %, such that the support
of the corresponding sequence B is ®.

Let Xo = [0,y — 1]. Then supp(V + z;,) Nsupp(V £ z;,) = 0 for each z;,, x;, € Xo
such that x;, # x;,. Furthermore,

U supp(V £2) = [1,py] U [0+ 1,0+ py] = [1,20)\ {¢, 2¢}.

z€Xo

Similarly, for any ¢ € N, if X; = [2i/, 2il + y — 1] then

| supp(V £ 2) = [1 + 2i¢, (2i + 2)¢] \ {(2i + 1)¢, (2i + 2)¢}.

reX;

-
Clearly, X;, N X;, = 0 if i1 # i5. Therefore, take X = [J X;: this is a set of size
i=0

cY = i : E_TI = i Tt = oy 1t follows that the sequence B; obtained from the

L 2mh mh
1
blocks V' 4+ z, with z € X, has support equal to

t
o1

supp(B1) = U ([1+2i6,20(0 + 1))\ {(2i + 1)¢, (20 + 2)¢})

)

=0
[1,Le)\{¢,2¢,.... L0} =@,
as required. The sequence B, is obtained by using W instead of Wj. O

The last case we need is when Ay =0 (mod 4).

Lemma 4.10 Let A = My be as in (4.1) with Ay =0 (mod 4). There ezists a nice
pair (B, B), where B is a sequence of length o consisting of blocks of size 2 X s such
that u(B) = Ay and supp(B) = .
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PRrOOF: Let @) be the 2 x )‘2 block obtained by Juxtaposmg 2 copies of the shiftable
block

1 |-1
-1 1

Clearly, @ satisfies both conditions (4.2) and (4.3). Furthermore, supp(Q) = {1}

TTL

and p(Q) = Ag. Take a partition of ® into 5~ subsets X;, each of cardinality i—

Writing, for all ¢ € [1, W } X, = {xivl,xivg, e ,xi7%}, let B; the block

B=|Qt@ii—1|Qt@a—1)|Qt(ms—1)] - Qi(:p 25—1)'

Then each B; is a block of size 2 x s such that supp(B;) = X; and u(B;) = As.
Finally, it suffices to take the sequence B = <Bl, By, ..., B&). O

221
Example 4.11 Using the previous lemma with m = 16, s = 10, \; = 2, Ay = 4
and t = 5, we have £ = 9 and ® = [1,22]\ {9,18}. So, can take X; = [1,5],

Xy = [6,11] \ {9}, X3 = [12,16] and X, = [17,22] \ {18}. Hence, the sequence B
consists of the following four shiftable blocks:

B, - 1 /-1 2 |=-23|-3|4|-4| 5 |5
-1 1 |-2|2 |33 |—-4]4|-5|5])
B, — 6 |-6|7 |78 |=8] 10 |-10| 11 |—-11
-6 6 |—=7| 7 |-8| 8 |—-10| 10 |—11| 11 |’
B, — 12 | =12 13 | =13 | 14 | —-14| 15 |—=15| 16 | —16
—12 12 | =13 | 13 |—-14| 14 |—-15| 15 | =16 16 |’
B, = 17 | =17} 19 | —=19] 20 | =20 | 21 | =21 | 22 | —22
—17| 17 | =19 19 | =20| 20 | =21 | 21 | =22 | 22

Proposition 4.12 Suppose that A divides ms and write A\ = My be as in (4.1).
There exists a nice pair (By, By) of sequences of length -3 s Where By and By consist
of blocks of size 2 x s, (By) = u(Bs) = A2 and

supp(B1) = supp(Bs) — {1, e EH \{e, 20, ... EJ e} _ 0.

PrOOF: If Ay = 5, the statement follows from Lemma 4.4. If Ay # 5 is odd, we
apply Corollary 4.3. If Ay = 0 (mod 4), we use Lemma 4.10. So, we may assume
Ao =2 (mod 4). If Ay > 6, the statement follows from Lemma 4.5. Finally, suppose
Ao = 2. Since s > 6 and s = 2 (mod 4), there exists an odd prime p that divides
s. Now, our analysis depends on ¢; recall that ¢ is a divisor of F=. If ¢ divides 2’7}\5,
we apply Lemma 4.6. Otherwise, we must have t = 0 (mod 4). If t divides {2, the

ms

result follows from Lemma 4.9. If ¢ does not divide Np? then ¢ is divisible by p. In
particular, ¢ = 0 (mod 4p) and so we can apply Lemma 4.7. a
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Proposition 4.13 Suppose that A\ does not divide ms. There exists a nice pair
(B, B), where B is a sequence of length 3 consisting of blocks of size 2 X s, such that
supp(B) = ® and condition (2.1) is satisfied.

PROOF: As previously observed, we have A = 0 (mod 8). Let @ be the following
shiftable block:

1 |1-1

C=Ta
Clearly, @ satisfies both conditions (4.2) and (4.3). Furthermore, supp(Q) = {1} and
nQ) =4

Suppose that ¢ is odd or ¢ is even. Consider the sequence X obtained by taking the
natural ordering < of {i — 1|4 € ®} C N and define Y = 2 x X.

Suppose that £ is even and ¢ is odd. Let X; be the sequence obtained by taking the
natural ordering < of {i —1 | i € U} C N, where ¥ = ®\ {£}. Also, let ¥} = 2 % X,
and let Y5 be the sequence obtained by repeating % times the integer ¥ — 1. Define
Y = Y] Y, and note that |Y| = 7.

2
In both cases, write Y = (y1,ya,...,yms). For all i € [1, %}, let B; the block

B, =| @tz | QL Yar-nz | | QL Uis |

Then each B; is a block of size 2 x s: it suffices to take the sequence B = (By, Bs, . . .,
Bm). O

4.2 The subcase k =0 (mod 4)

Assuming k = 0 (mod 4), from ms = nk it follows that m must be even. We now
explain how to arrange the blocks of the sequences previously constructed, in order
to build an integer *H,(m,n; s, k). To this purpose, we define a ‘base unit’ that we
will fill with the elements of the blocks.

Let G = (G, ...,Gy) be a sequence of blocks such that the following property is
satisfied:

there exist b integers o4, ..., 0, such that the elements of G are blocks (4.4)
G, of size 2 x 2b with v9;,_1(G,) = —79(G,) = o; for all i € [1,]. ’

So, let G be a sequence satisfying (4.4), where the blocks G, = (gl(?) are all of

size 2 x 2b, with 20 < d. Let P = P(G) be the pf array of size 2d x d defined as
follows. For all i € [1,b] and all j € [1,2b], the cell (i,i 4 j — 1) of P is filled with
the element gizg and the cell (d + 4,7+ j — 1) is filled with the element gélz, here,
the column indices are taken modulo d. The remaining cells of P are empty. An

example of such construction is given in Figure 2.

We prove that P is a pf array whose columns all sum to zero. Observe that
every row of P contains exactly 2b filled cells and every column contains exactly 4b
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a1 [ gt ] gt
a2 a2 | 99 | o)
a7 [ os | 95 [ o)
9 a4 g [ ot
97 | o) 9 [ gt
99 1 gi% | g )
g [ 89 | o83 [ &S
g [ 6 | 953 | %)
9 [ a8 | 953 [ o8]
9 g [ 89 | 93
953 | 9% 931 | 95
99 | 8% | %) 931

Figure 2: This is a P(Gy,...,Gs), where Gy, ..., Gg are arrays of size 2 x 4.

elements. The elements of the i-th column of P are

i i—1 i+1-2b i i—1 i+1-2b
gi)lvggz )7"'7g§,;rb )7 gé,)hgéz )7"'7g§,;rb )7

)

where the exponents must be read modulo d, with residues in [1,d]. Since the
sequence G satisfies (4.4), we obtain

b

Yi(P) = Z’Yj(Ginj) = Z”Yj(Gz’) = Z(Uu —0,)=0.

u=1
Furthermore, notice that 7;(P) = 71 (G;) and 744;(P) = 2(G;) for all j € [1,d].
Proposition 4.14 Suppose 4 < s <n, 4 <k <m and ms = nk. Let \ be a divisor

of 2ms and let t be a divisor of 27;\”. There exists a shiftable integer *Hy(m, n; s, k)
in each of the following cases:

2 (mod 4) and k =0 (mod 4);
=0 (mod 4) and k =2 (mod 4).

s
(2) s
Proor: (1) If A divides ms, let (B, Bs) be the nice pair of sequences constructed in
Proposition 4.12 and set B = A\ x B;. If XA does not divide ms, let B be the sequence
constructed in Proposition 4.13. Write d = ged(%,n) and a = %d. Note that a is
even integer. In fact, write m = 2md and n = dn. Since k = 0 (mod 4), from
s.m k s

S5 =mni we obtain n divides >

Given a block B, € B, define for every j € [1,n] the block T;(B}) of size 2 x a
consisting of the columns C; of By, with i € [a(j — 1)+ 1, aj]. So, the block By, of size
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1 |-1 —-13 | —17 9 21 25 | —-29 —-33 | 37
2 | -2 —14 | —18 10 22 26 | =30 —-34 | 38
-3 3 | —19 —-15| 23 11 | -31 27 39 —35
-5 5 17 13 -9 | -21 —-25| 29 33 | =37
—6| 6 18 14 —10 | —22 —-26 | 30 34 | —38
-7 15 19 | =23 —11| 31 —27 | =39 35
1 |-1 —-13 | —17 9 21 25 | 29 —-33 | 37
2 | -2 —14 | —18 10 22 26 | =30 —-34 | 38
-3 3 | —19 —-15| 23 11 | =31 27 39 —35
-5 5 17 13 -9 | -21 —-25| 29 33 | =37
—6| 6 18 14 —10 | —22 —-26 | 30 34 | —38
-7 15 19 | =23 11| 31 —-27 | =39 35
1 |-1 —-13 | —17 9 21 25 | 29 —-33 | 37
2 | -2 —14 | —18 10 22 26 | =30 —-34 | 38
-3 3 | —19 —-15| 23 11 | -31 27 39 —35
-5 5 17 13 -9 | =21 =251 29 33 | =37
—6| 6 18 14 —-10 | =22 —-26 | 30 34 | —38
7 =71 15 19 | -23 11| 31 —27 | -39 35

Figure 3: An integer ®Hy(18, 15; 10, 12).

2 X s is obtained by juxtaposing the blocks T1(By,), To(By), - - -, Tr(By). Furthermore,
for all + € [1,m] and all j € [1, 7], each of the sequences

(T3(Bi-1ya1): Tj(Bi-1yara), - - -» Tj(Bia)) ,

of cardinality d, satisfies condition (4.4).

Let A be an empty array of size m x n. For every i € [1,m] and j € [1,n], replace the
cell (4, j) of A with the block P (T;(B—1)4+1), Tj(B(i-1)a+2); - - - » T;(Bia)), according
to the previous definition. Note that, for all r € [1, %], we have 7.(A) = 7y (B,) =0
and 7,y m (A) = 7(B,) = 0.

By construction, A is a pf array of size m xn, supp(A) = ® and the rows and columns
of A sum to zero. If X\ divides ms, then every element of ® appears, up to sign, ex-
actly A times. If A does not divide ms, condition (2.1) is satisfied. Furthermore,
each row contains an = s elements and each column contains 2am = k elements. We
conclude that A is a shiftable integer *H;(m, n; s, k).

(2) This follows from (1). In fact, if s = 0 (mod 4) and k£ = 2 (mod 4), an in-
teger *H;(m,n; s, k) can be obtained simply by taking the transpose of an integer
Ay (n,m; k, s). O

The integer 5Hy (18, 15; 10, 12) shown in Figure 3 has been obtained by repeating
A1 = 3 times each of the blocks of Example 4.8. In Figure 4 we give an integer
8H;(16, 20; 10, 8), obtained by repeating A\; = 2 times each of the blocks of Exam-
ple 4.11.
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—16
22
16

—22

—16
22
16

—22

—11
16
11

—16

—11
16
11

—16

—15

21
15
—21
—15
21
15
—21

—10
15
10

15
10
—15
—10

—15

—10

21
4

20
14
—20
—14

—14
20
14

—20

—14

-13
19
13

-19

-13

19
13
-19

-13

17
12
-17
—12

—12
17
12

-17

—12

Figure 4: An integer ®*H;(16, 20; 10, 8).
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4.3 The subcase k =2 (mod 4)

Here we only solve the case m even, which implies that also n is even.

Proposition 4.15 Suppose 6 < s<n, 6 <k <m, ms=nk and s,k =2 (mod 4).
Let X be a divisor of 2ms and let t be a divisor of 2’1\15. If m is even, there exists a
shiftable integer *H,(m,n; s, k).

PrOOF: Without loss of generality, we may assume m > n (and so s < k). If
A divides ms, let (B, Bs) be the nice pair of sequences constructed in Proposition
4.12. Take Bf = A * By and B3 = A\ * By. So, B} and Bj have length 7 and
u(By) = w(B3) = A If A does not divide ms, let (B}, B3) be the nice pair of
sequences constructed in Proposition 4.13. In both cases, write B} = (B, ..., Bn)
and BS = (B, ..., B’%), where B} satisfies (4.2), B; satisfies (4.3) and

%
2

2ms

H R L

supp(BY) = supp(B;) = [17 { v

Set B B
Bi=(Bs,...,Bu) and BZ:<Bg,...,B'%).

Since, by construction, £(B;) = £(Bj) for all i € [1, %], it follows that E(By+4 By) =
E(BY) = E(B) and supp(B, + B;) = (1, [%]]\ {j¢: j € [1, [t/2]]. Furthermore, if
A divides ms then p(B, + B;) = A; the same holds if A does not divide ms, and £ is
odd or t is even; if A does not divide ms, £ is even and ¢ is odd, then every element
of &\ {%} appears in £(By 4 B1), up to sign, exactly A times, while the integer %
appears, up to sign, % times.

Using the blocks of the sequence gz, we first construct a square shiftable pf array A;
of size n such that each row and each column contains s filled cells and such that the
elements in every row and column sum to zero. Hence, take an empty array A; of
size n X n and arrange the § blocks B, = (bg?) of By in such a way that the element

bﬁ fills the cell (2r —1,2r — 1) of A;. This process makes A; a pf array with s filled
cells in each row and in each column. Since the rows of the blocks B, sum to zero,
also the rows of A; sum to zero. Looking at the columns, the s elements of a column
of A; are

by, B, by, by, LB L b
or
P A i e N i e PO N Sl
where the exponents 7, ..., 7+ 5/2 must be read modulo %. Since gg satisfies condi-

tion (4.3), the sum of these elements is

s/2 s/2
Z o9 =0 or Z o9;—1 =0,  respectively.
j=1 j=1
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By construction, £(A;) = £(B).

Now, if m = n, then A; is actually a shiftable integer *H;(m, n; k, s). Suppose that
m > n. If we arrange the blocks of the sequence B mimicking what we did for the
construction of an integer 'Hy(m —n,n; s, k — s) in the proof of Proposition 4.14, we
obtain a shiftable pf array A, of size (m —n) x n such that £(A,) = E(B,), rows and
columns sum to zero, each row contains s filled cells and each column contains k — s
filled cells. Let A be the pf array of size m x n obtained by taking

A
Ay |

A=

Each row of A contains s filled cells and each of its columns contains s+ (k —s) = k
filled cells. By the previous properties of By 4 By, it follows that A is a shiftable
integer *H,(m,n; s, k). O

An integer 2H,(16, 16; 14, 14) is shown in Figure 5, choosing A\; = 2 and \y = 14.
In Figure 6 we give an integer °H3(20,12;6, 10), where A; = 5 and \y = 2.

1 2|-1}1|-1|{-2| 1 |-12 |-2]1]-1] 2 |-2
—2|-1] 2 |-2|1 2 |-1|1|-2| 2 |—-1|1/|-2| 2

3 4 | -3 3 | -3|—-4| 3 |-3|4 |43 |-3|4] -4

41 -3| 4 |—-4]| 3 4 |1 -3 3 |—-4| 4 |-3] 3 |—-4]| 4
7| =7 6 7|-6|6 |-6|-7|6 |—-6|7/|-7| 6 |—6
=T\ 7 7| —-6| 7 |=T| 6 7T |—-6|6 |=7| 7 |—-6|6
8 1 -89 |-9 3 9 | -8 8 |-8|-9| 8 -89 |9
81 8 |-9] 9 -9(-8] 9 |-9]| 8 9 | -8 8 | -9 9
2 |=-2| 1 |-1| 2 |-=2 1 2 |-1|11|-1|-2|1]-1
-2 2 |-1|1]|-2| 2 2| -1] 2 |-2]|1 2 | —-1]1
3 | -3 4 |43 |-3|4]|—-+4 3 4 | =3 3 |-3|—-4
-3 3 | -4 4 |-3] 3 |—-4]| 4 4|1 -3 4 |-4| 3 4
—-6|-7|6 |-6| 7 |=T|6 |—-6|7]|-="7 6 7T |—-6| 6
6 7T|—-6|6 |-T7T| 7 |-6|6|-7|7 -7|—-6| 7 | =7
-8 8 | -8|-9| 8 | -8 9 |-9| 8 |-8]9 |9 8 9
9 |-9| 8 9 (-8 8 |-9, 9 |-8, 8 |-9|9 -9 -8

Figure 5: An integer 2H,(16, 16; 14, 14).

5 Conclusion

Thanks to the constructions of Sections 3 and 4, we can prove Theorem 1.10. In fact,
case (1) follows from Proposition 3.8; cases (2) and (3) follow from Proposition 4.14;
case (4) follows from Proposition 4.15. Unfortunately, we are not able to solve
the existence of an integer *H;(m, n; s, k) when s,k = 2 (mod 4) and m,n are odd.
However, we can prove the existence of an SMA (m, n; s, k) for this choice of m,n, s, k.
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1 -1 | -4 | -5 3 6
-2 2 ) 4 -3 | —6
7 -7 | —-11| —-12| 10 13
-8 8 12 11 | =10 | —13
1 -1 | -4 -5 3 6
—2 2 ) 4 -3 | —6
7 -7 |—-11| =12 | 10 13
—8 8 12 11 | —-10 | —13
3 6 1 -1 | -4 -5
-3 | —6 —2 2 5 4
—11| —-12| 10 13 7 -7
12 11 | =10 | —13 -8 8
1 -1 —4 | =5 3 6
7 -7 —11 | —12 10 13
1 -1 —4 | =5 3 6
-7 7T | —12 —11| 13 10
-2 2 ) 4 -3 | —6
—8 8 12 11 —10 | —13
-2 2 ) 4 -3 | —6
8 -8 | 11 12 | —13 —10

Figure 6: An integer '“H3(20,12;6, 10).

PROOF OF THEOREM 1.6: If s,k = 0 (mod 4), the integer ?H,(m, n; s, k) we con-
struct in Lemma 3.3 is actually a (shiftable) SMA(m,n;s, k). Similarly, if s = 2
(mod 4) and m is even, the integer 2H;(m,n; s, k) constructed in Propositions 4.14

and 4.15 are (shiftable) signed magic arrays. So, we are left to consider the case
s,k =2 (mod 4) with m,n odd.

Without loss of generality, we may assume m > n (and so s < k). Let A; be an
SMA(n,n; s, s), whose existence is assured by Theorem 1.2. Clearly if m = n we have
nothing to prove. So, suppose m > n. Since m—n > 2is even and k—s =0 (mod 4)
with & — s > 4, by Proposition 4.14 there exists a shiftable SMA(m — n,n; s, k — s),
say Ay. Let A be the pf array of size m x n obtained by taking

A

A= Ay £ns/2 |

Each row of A contains s filled cells and each of its columns contains s + (k —
s) = k filled cells. Also, note that £(A;) = {£1,%2,...,+ns/2} and E(Ay £
sn/2) = {£(1 + ns/2),£(2 + ns/2),...,£ms/2}. Since E(A) = E(A1) UE(Ay) =
{£1,£2,...,£ms/2}, Ais an SMA(m,n;s, k). O

We can now prove the existence of magic rectangles.

PROOF OF THEOREM 1.12: Let A be a shiftable SMA (m,n; s, k), whose existence
was proved in Theorem 1.6, and let A* be the pf array obtained by replacing every

negative entry = of A with =z + 22

5. and by replacing every positive entry y with
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y + 5 — 1. Since £(A) = {—1 =210 {1,2,..., 2} we obtain £(A*) =
{0,1,..., 5 1} U {”;5,% ,ms — 1} This means that every element of

[0, ms — 1] appears just once in A*. Obviously, every row of A* contains exactly

s filled cells and every column of A* contains exactly k filled cells. Now, since A

is shiftable, every row of A contains § negative entries and 5 positive entries. So,

2
the elements of every row of A* sum to £ (%425 —1) = w

the elements of every column of A* sum to w We conclude that A* is an

MR(m, n; s, k). O

. Analogously,

Example 5.1 Take the shiftable SMA(5,10;8,4) of Figure 1, whose construction
is given in Lemma 3.3. Proceeding as described in the proof of Theorem 1.12, we
obtain the following MR(5, 10; 8, 4):

20 | 18 1312730 8 3|37

3912216 11129132 6 1
A*=[19]21|24| 14 913134 | 4 .

17123126 |12 7133136 2

0 15125]28 10 5 35138
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