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Abstract

Let X = (V,E) be a graph. A subset C ⊆ V (X) is a perfect code of X
if C is a coclique of X with the property that any vertex in V (X) \ C is
adjacent to exactly one vertex in C. Given a finite group G with identity
element e and H ≤ G, H is a subgroup perfect code of G if there exists
an inverse-closed subset S ⊆ G \ {e} such that H is a perfect code of
the Cayley graph Cay(G, S) of G with connection set S. In this short
note, we give an infinite family of finite groups G admitting a non-normal
subgroup perfect code H such that there exists g ∈ G with g2 ∈ H but
(gh)2 �= e, for all h ∈ H , thus answering a question raised by Wang, Xia,
and Zhou in [arXiv:2006.05100, 2020].

1 Introduction

The notion of perfect codes is fundamental to coding theory. In 1973, Biggs [2]
extended this concept for distance-transitive graphs, which led to various general-
izations for association schemes and simple graphs [1, 3, 5, 10]. The generalization
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of perfect codes for simple graphs is of particular interest to us. Given a graph
X = (V,E) and t ∈ N, a subset C ⊆ V (X) is a perfect t-code if for every vertex
x ∈ V (X), there exists exactly one vertex c ∈ C which is at distance at most t from
the vertex x. In particular, C is a coclique or an independent set of the graph X. A
perfect 1-code of X is called a perfect code.

One can also extend the concept of perfect codes for groups. Given a finite group
G with identity element e and a subset S ⊆ G \ {e} which is inverse-closed (i.e., if
x ∈ S then x−1 ∈ S), the Cayley graph Cay(G, S) is the graph whose vertex set is
the group G and whose edge set consists of pairs (g, h) ∈ G×G such that hg−1 ∈ S.
As S is inverse-closed, the graph Cay(G, S) is a simple graph. A subset C of G is
a perfect code of G if C is a perfect code of a Cayley graph of G. In other words,
there exists an inverse-closed subset S of G \ {e} such that C is a perfect code of
Cay(G, S). If H ≤ G is a perfect code of G, then we say that H is a subgroup perfect
code of G.

Perfect codes for groups have been well-studied in the past decade [4, 6–8, 14].
For instance, Huang, Xia, and Zhou [6] gave a necessary and sufficient condition for
a normal subgroup to be a perfect code.

Theorem 1.1 ( [6]). Let G be a group with identity element e, and let H �G. Then,
H is a perfect code of G if and only if the following formula, Φ(G,H), holds:

∀g ∈ G (g2 ∈ H) ⇒ ∃h ∈ H, (gh)2 = e.

Throughout this paper, we use G to denote a finite group and e to denote the
identity of G. In [11], Wang, Xia, and Zhou asked the following question.

Question 1.2. Does Theorem 1.1 still hold when H is a non-normal subgroup of G?

In this short note, we show that Φ(G,H) is no longer a necessary condition when
H is not normal. Consequently, we give a negative answer to Question 1.2. To do
this, we provide an infinite family of examples. Fix a positive integer n ≥ 1. Set
q = 2n and let α be a primitive element of the quadratic extension Fq2/Fq. We have
Fq2 = Fq ⊕ Fqα. Consider the affine group

AGL(2, q2) :=
{
(a, A) | a ∈ F

2
q2 and A ∈ GL2(Fq2)

}
,

with multiplication (a, A)(b, B) = (a+Ab,AB), for any (a, A), (b, B) ∈ AGL(2, q2).

For any T ⊆ Fq2 , we let

(
T
T

)
be the set of all vectors of F2

q2 with entries in T .

Let Hq be the subgroup of AGL(2, q2) given by

Hq :=

{
(b, I2) ∈ AGL(2, q2)

∣∣∣∣ b ∈
(
Fq

Fq

)}
,

where I2 is the identity matrix. Our main result is stated as follows.

Theorem 1.3. The subgroup Hq is a non-normal subgroup of AGL(2, q2) which is a
perfect code but Φ (AGL(2, q2), Hq) does not hold.
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2 Proof of Theorem 1.3

2.1 Main lemmas

We recall that when G is a group and H is a subgroup of G, then a subset S ⊂ G is
a left transversal of H in G if for any g ∈ G, we have |gH ∩ S| = 1. A few general
characterizations of subgroup perfect codes are given next.

Lemma 2.1 ( [9]). Let G be a group and H ≤ G. Then, H is a perfect code of G if
and only if H has an inverse-closed left transversal.

Lemma 2.2. [13, Corollary 3.3] Let G be a group and let H ≤ G be a 2-group.
Then, H is a perfect code of G if and only if Φ(NG(H), H) holds, where NG(H) is
the normalizer of H in G.

We note that a much stronger statement than Lemma 2.2 was first proved in
[12, Theorem 3.1, Theorem 3.2]; however the proof contained an error. This was
subsequently corrected in [13].

2.2 Proof of the main theorem

We first note that there exists s ∈ Fq and t ∈ F
∗
q such that α2 + sα + t = 0, or

equivalently, α2 = sα+ t.

Lemma 2.3. The property Φ (AGL(2, q2), Hq) does not hold.

Proof. Let g =

((
0

α + s

)
,

(
1 α
0 1

))
∈ AGL(2, q2). We have

g2 =

((
α2 + sα

0

)
, I2

)
=

((
sα + t+ sα

0

)
, I2

)
=

((
t
0

)
, I2

)
∈ Hq.

Let h =

((
u
v

)
, I2

)
∈ Hq with u, v ∈ Fq. As t �= 0, we have

(gh)2 =

[((
0

α+ s

)
,

(
1 α
0 1

))((
u
v

)
,

(
1 0
0 1

))]2

=

((
u+ vα

α + s+ v

)
,

(
1 α
0 1

))2

=

((
vα + t

0

)
,

(
1 0
0 1

))
�= (0, I2).

Consequently, Φ (AGL(2, q2), Hq) does not hold.

Lemma 2.4. The normalizer of Hq in AGL(2, q2) is given by:

NAGL(2,q2)(Hq) =
{
(a, A) | a ∈ F

2
q2 , A ∈ GL2(Fq)

}
.



A. BEHAJAINA ET AL. /AUSTRALAS. J. COMBIN. 81 (3) (2021), 474–479 477

Proof. For any g = (a, A) ∈ AGL(2, q2) and h = (b, I2) ∈ Hq, we have

ghg−1 = (a, A)(b, I2)(a, A)
−1 = (Ab, I2). (1)

Let g = (a, A) ∈ NAGL(2,q2)(Hq), where A =

(
u v
w z

)
. Since g ∈ NAGL(2,q2)(Hq), we

know that g(b, I2)g
−1 = (Ab, I2) ∈ Hq, for (b, I2) ∈ Hq (see (1)). In particular,

Ab ∈
(
Fq

Fq

)
, for b ∈

{(
1
0

)
,

(
0
1

)}
.

Therefore, the columns of A are elements of

(
Fq

Fq

)
and so A ∈ GL2(Fq). In other

words, NAGL(2,q2)(Hq) ⊆
{
(a, A) | a ∈ F

2
q2, A ∈ GL2(Fq)

}
.

Conversely, if A ∈ GL2(Fq) and a ∈ F
2
q2 then, by (1), it is easy to see that

(a, A) ∈ NAGL(2,q2)(H). This completes the proof.

An immediate consequence of Lemma 2.4 is that Hq is not a normal subgroup of
AGL(2, q2).

Theorem 2.5. The subgroup Hq of AGL(2, q2) is a perfect code.

Proof. Since Hq is a 2-group, we may apply Lemma 2.2. Consequently, we only need
to show that Φ

(
NAGL(2,q2)(Hq), Hq

)
holds. Let g = (a, A) ∈ NAGL(2,q2)(Hq) such that

(a, A)2 = ((A+ I2)a, A
2) ∈ Hq, that is, (A+ I2)a ∈

(
Fq

Fq

)
and A2 = I2. Let us prove

that there exists b ∈
(
Fq

Fq

)
such that ((a, A)(b, I2))

2 = (0, I2).

First we note that if A = I2, then (a, A)2 = (a, I2)
2 = (a + a, I2) = (0, I2). Thus,

for b = 0, we have ((a, A)(b, I2))
2 = (0, I2). Therefore, we assume henceforth that

A �= I2.

Suppose that (A + I2)a =

(
a1
a2

)
∈
(
Fq

Fq

)
. Recall that the spectrum of a square

matrix is the multiset consisting of all its eigenvalues. Since A2 = I2, the spectrum

of A is the multiset {1, 1} and tr(A) = 0. Thus, we may write A =

(
t v
u t

)
, for

some t, u, v ∈ Fq. As det(A) = t2 + uv = 1, we obtain the equality (t− 1)2 = uv.

For any h = (b, I2) ∈ Hq, we have

(gh)2 = ((a, A)(b, I2))
2 = (a+ Ab,A)2 = ((A + I2)(a+ b), I2) . (2)

1. Assume that t = 1.

In this case, uv = (t− 1)2 = 0 and so u = 0 or v = 0. Without loss of generality,

assume that u = 0. Then, A =

(
1 v
0 1

)
and since A �= I2, we must have v �= 0.
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Hence, A + I2 =

(
0 v
0 0

)
. Consequently, (A + I2)a =

(
a1
a2

)
implies that a2 = 0.

Taking b =

(
0

−v−1a1

)
∈
(
Fq

Fq

)
in (2), we have (gh)2 = (0, I2).

2. Assume that t �= 1.

Let t′ = t − 1. Since uv = (t − 1)2 = t′2 �= 0, we know that u �= 0, v �= 0, and

A+ I =

(
t′ u−1t′2

u t′

)
. Note that (A+ I2)a =

(
a1
a2

)
implies a1 = u−1t′a2. By letting

b =

(
0

−t′−1a2

)
∈
(
Fq

Fq

)
in (2), we have (gh)2 = (0, I2).

We conclude that Φ
(
NAGL(2,q2)(Hq), Hq

)
holds, therefore Hq is a subgroup perfect

code of AGL(2, q2).
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