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Abstract

In this article, a combinatorial characterisation of the family of planes of
PG(3, ¢) which meet a hyperbolic quadric in an irreducible conic, using
their intersection properties with the points and lines of PG(3, ¢), is given.

1 Introduction

Let PG(n,q) denote the n-dimensional Desarguesian projective space defined over
a finite field of order g, where ¢ is a prime power. The non-singular quadrics of
PG(n,q) are very interesting objects with many combinatorial properties. One of
the important properties of quadrics in PG(n, ¢) is that subspaces can only meet a
quadric in certain ways. Therefore, we may form families of subspaces that all meet
a particular quadric in the same way and then we can give a characterisation of that
family.

The characterisation of classical polar spaces by means of intersection proper-
ties with the subspaces of the original projective space can be traced back to the
1950’s seminal work by Segre and Talini and their schools. This was continued by
Beutelspacher, Thas and their collaborators in the 1970s and 1980s. In 1991, Tallini
and Ferri gave a characterisation of the parabolic quadric of PG(4, ¢) by its intersec-
tion properties with planes and hyperplanes [8]. Characterisations of non-singular
quadrics and non-singular Hermitian varieties by intersection numbers with hyper-
planes and spaces of codimension 2 is given in [6]. This generalizes the result of
Tallini and Ferri. One can refer to [5] for a detailed study in the past two decades.

A characterisation of the family of planes meeting a non-degenerate quadric in
PG(4,q) is given in [3]. In a series of two recent papers [1, 2|, characterisations of
elliptic hyperplanes and hyperbolic hyperplanes in PG(4, q) are given. A characteri-
sation of the family of external lines to a hyperbolic quadric in PG(3, ¢) is given in [7]
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for all ¢ (also see [10] for a different characterisation in terms of a point-subset of the
Klein quadric in PG(5, q)). In a series of two recent papers [4, 12], a characterisation
of secant lines to a hyperbolic quadric is given for all odd ¢. In this paper, we give a
characterisation of the family of planes meeting a hyperbolic quadric in PG(3, ¢) in
an irreducible conic.

Let Q be a hyperbolic quadric in PG(3, ¢), that is, a non-degenerate quadric of
Witt index two. One can refer to [9, Section 15.3.111] for the basic properties of the
points, lines and planes of PG(3,¢) with respect to Q. The quadric Q consists of
(¢ +1)? points and 2(q + 1) lines. Every plane of PG(3,q) meets Q in an irreducible
conic or in two intersecting generators. In the first case we call the plane a secant
plane, otherwise, a tangent plane. There are ¢> — g secant planes and (¢+1)? tangent
planes. Each point of PG(3,¢) \ Q is contained in ¢* secant planes and each point of
Q is contained in ¢? — g secant planes. Each line of PG(3, ¢) is contained in 0, ¢ — 1,
q or g + 1 secant planes.

In this paper, we prove the following characterisation theorem.

Theorem 1.1. Let X be a non empty family of planes of PG(3,q), for which the
following properties are satisfied:

(P1) Every point of PG(3,q) is contained in ¢* — q or ¢* planes of 3.
(P2) Every line of PG(3,q) is contained in 0, ¢ — 1, q¢ or ¢+ 1 planes of 3.

Then X is the set of all planes of PG(3,q) meeting a hyperbolic quadric in an irre-
ducible conic.

2 Preliminaries

Let X be a nonempty set of planes of PG(3,¢q) for which the properties (P1) and
(P2) stated in Theorem 1.1 hold. A point of PG(3,¢) is said to be black or white
according as it is contained in ¢*> — ¢ or ¢? planes of 3. Let b and w, respectively,
denote the number of black points and the number of white points in PG(3,¢q). We
have

b+w=¢"+¢ +q+1. (1)

Counting in two ways the point-plane incident pairs,
{(z,7) | x is a point in PG(3,q), m € ¥ and = € 7},

we get
b(q® — q) + wg® = |S|(¢* + g+ 1). (2)

From Equations (1) and (2), by eliminating w, we get

%]

b=q(q3+q2+q+1>—7(q2+q+1>. (3)
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Again, counting in two ways the incident triples,
{(z,m,0) | x is a point in PG(3,q), m,c € ¥,m #cand x € TN},

we get
b(¢* —q)(@® —q—1) +we(@® —1) = |S|(|%] = 1)(g +1). (4)

Dividing both sides of Equation (4) by 2 the following equality is obtained.

ba(g —1)/2(¢* — ¢ — 1) +wg*(q = V(g +1)/2 = [Z[(|Z[ - D(g+1)/2.  (5)
Lemma 2.1. (i) If q is even, then ¢+ 1 divides b.
(11) If q is odd, then (¢+ 1)/2 divides b.

Proof. Since ¢* —q—1=(q¢+1)(¢ —2) + 1, we have ¢ + 1 is coprime to ¢*> — ¢ — 1.
Also ¢ + 1 is coprime to g being consecutive integers. If ¢ is even, then ¢ + 1 and
q — 1 are both odd and their difference is two and so they are coprime to each other.
If ¢ is odd, then (¢+1)/2 and (¢ — 1)/2 are coprime being consecutive integers (also
(¢ +1)/2 and q are coprime). Now (i) and (ii) follow from Equations (4) and (5),
respectively. O

Lemma 2.2. The number of black points in a plane of X is independent of the choice
of plane.

Proof. Let m be a plane in . Let b, and w,, respectively, denote the number of
black and white points in 7. Then w, = ¢*> +q+ 1 — b,.

By counting the incident point-plane pairs of the following set,
{(z,0) |  is a point in PG(3,q), c € ¥ ;0 #mand z € TN},

we get

br(q® — ¢ —1) +we(g® = 1) = (|2 = 1) (g +1).
Since ¢+ 1 is coprime to ¢ — ¢ — 1 (see the proof of Lemma 2.1), it follows from the
above equation that ¢ + 1 divides b,. Let b, = (¢ + 1)r, for some 0 < r, < q.

Since wy = ¢* +q+1—b; = ¢* +q+ 1 — (¢ + 1)r,, substituting w, into the
preceding displayed equation, we get

q3 —qrx = ‘Z‘

Since |X| is a fixed number, r, := ris fixed. Hence b, = (¢+1)r, which is independent
of . O

From the proof of Lemma 2.2, we have the following:
¢ —qr =3 (6)
for some 0 <r <q.

Henceforth the integer r is such that 0 < r < q and r satisfies Equation (6).
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Corollary 2.3. The number of black points in a plane in ¥ is (¢ + 1)r.

Lemma 2.4. Any plane of PG(3,q) not in ¥ contains q + (¢ + 1)r black points.

Proof. We prove the lemma with a similar argument as that of Lemma 2.2. Let 7 be
a plane of PG(3,¢) not in X. Let b, and w, denote the number of black and white
points, respectively, in 7. Then w, = ¢*> + ¢+ 1 — b,.

By counting the incident point-plane pairs of the following set,
{(z,0) | = is a point in PG(3,q), c ¢ ¥ ,0 #mand z € T No},
we get

be (@ +q+1) = (¢*—q) 1) +wr (P +g+1) —¢*— 1)) =
@+ +q+1—15 = 1)(¢g+1),

that is,
2by +quy = (P + P +q+1—|3 = 1D(g+1).

From Equation (6), |[X| = ¢*r — gr. The above equation simplifies to
2br +wr = (q+1+7)(¢+1).
Since w; = ¢* +q+ 1 — by, we get by =g+ (q+ 1)r. O

Corollary 2.5. 1 <r <qg-—1.

Proof. Note that 0 < r < ¢. Suppose r = 0. By Equation (6), we get || = ¢. From
Equation (3), we get that b = ¢q. This leads to a contradiction to Lemma 2.1.

Now suppose that r = ¢g. Then by Lemma 2.4, any plane of PG(3,¢) not in X
contains ¢? + 2¢ black points, which is a contradiction. Hence 1 < r < ¢ — 1. O

Lemma 2.6. We haver = 1, b = (¢ + 1)? and |X| = ¢ — q. In particular, every
plane in X contains q + 1 black points.

Proof. Note that, by Corollary 2.5, 1 <r < ¢—1. If ¢ = 2, then r = 1. Assume first
that g even, ¢ > 4.

By Lemma 2.1(i) and Equation (4), it follows that ¢(¢ — 1) divides |X|(|X| — 1).
Since |X| = ¢* — gqr (Equation (6)), we have q(q — 1) divides (¢* — qr)(¢®> — qr — 1),
i.e, ¢ — 1 divides (¢*> —r) or (¢* —qr — 1).

Note that ¢> —r=(¢*—1)—(r—1) and ¢* —qgr—1=(¢* —q) + (¢ —1) —qr. If
q — 1 divides (¢*> —r), then r =1 or r = q. If ¢ — 1 divides ¢> — qr — 1, then r = 0
orr=q—1. Since 1 <r<qg—1,we have r=1or ¢ — 1.

Suppose r = ¢ — 1. Then by Equation (6), we have |X| = ¢(¢*> — ¢+ 1). From
Equation (3), we obtain b=¢*+q—1=¢*(¢+1) — (¢ —1)(¢+ 1) + (¢ — 2), which
is a contradiction to Lemma 2.1(i) for ¢ > 4. Hence r = 1 for all ¢ even.
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Now assume that ¢ is odd.

By Equation (5) and Lemma 2.1(ii), we see that (¢ — 1)/2 divides |X|(|X] — 1).
Thus q(q — 1)/2 divides (¢* — ¢qr)(¢® — qr — 1), ie, (¢ — 1)/2 divides (¢*> — r) or
(¢° —qr—1).

Asbefore > —r=(¢*>—-1)—(r—1)and ¢@®—qgr—1=(¢>—q)+ (¢q—1) —qr. If
(g—1)/2 divides (¢*—r), then r =1 orr = (¢+1)/2. If (¢—1)/2 divides ¢ —qr —1,
then r=(¢—1)/2orr=q—1. So,r=1,(¢—1)/2,(¢+1)/2 or ¢ — 1.

Suppose that 7 = ¢—1. As in the ¢ even case, here also we obtain b = ¢*+¢—1 =
(@ +q¢*) — (¢*>—=1)+ (¢ —2). By Lemma 2.1(ii), (¢ +1)/2 divides ¢ — 2 i.e, (¢+1)/2
divides ¢ +1 — 3. This gives ¢ = 5. So b = 5>+5—1 = 129, r = 4 and hence
|X] =5%—5-4=105. Now w = 53+52+5+1—b=27. On the other hand, putting
the values of b = 129 and |X| = 105 in Equation (4), we obtain w = 55/2, which is
a contradiction.

Suppose that r = (¢—1)/2. Then by Equation (6), |X| = ¢* —q(¢—1)/2. Putting
the value of |3| in Equation (3), we obtain b = (¢*+2¢—1)/2 = (¢*+1)/2+ (¢—1).
By Lemma 2.1(ii), (¢ + 1)/2 divides ¢ — 1 i.e, (¢ + 1)/2 divides ¢ + 1 — 2. This gives
g=3and hencer =(¢—1)/2=1.

Suppose now that r = (¢ + 1)/2. Then by Equation (6), |X| = ¢* — ¢(q + 1)/2.
Putting the value of || in Equation (3), we obtain b = (¢3 + 2¢*> + 4¢ + 1)/2 =
(> +1)/2+ q(qg+ 1) +q. Again by Lemma 2.1(ii), (¢ + 1)/2 divides ¢, which is a
contradiction as ¢ and ¢ + 1 are coprime. Hence r = 1 for all ¢ odd.

Hence for all ¢, we have r = 1 and || = ¢* —¢. Now by Equation (3), b = (¢+1)?
and by Corollary 2.3, every plane in ¥ contains ¢ + 1 black points. O

Corollary 2.7. (i) There are (q+ 1)* planes in PG(3, q) which are not in 3.

(ii) Every plane in PG(3,q) not in ¥ contains 2q + 1 black points.

Proof. (i) follows from Lemma 2.6 and the fact that there are (¢® + 1)(¢ + 1) planes
in PG(3,¢). Now (ii) follows from Lemma 2.4, since r = 1. O

We call a plane of PG(3,q) tangent if it is not a plane in ¥. By Corollary 2.7,
every tangent plane contains 2g + 1 black points. We need the following result to
prove a couple of results.

Lemma 2.8. Every black point is contained in 2q + 1 tangent planes. Every white
point is contained in q + 1 tangent planes

Proof. Let x be a point of PG(3,q). If = is a black point, then x is contained in
q? — q planes of ¥ and so it is contained in ¢* + ¢+ 1 — (¢ — q¢) = 2q + 1 tangent
planes. Similarly, if x is a white point, then it is contained in ¢> +¢+1—¢*> = ¢+ 1
tangent planes. O

Lemma 2.9. Let [ be a line of PG(3,q). Then the number of tangent planes con-
taining 1 1s equal to the number of black points contained in [.
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Proof. Let t and s, respectively, denote the number of tangent planes containing [
and the number of black points contained in [. Observe also that for every plane
m of PG(3,q), either 7 contains one point of [ or the whole line {. By applying
Lemmas 2.6, 2.9 and Corollary 2.7 together with the above observation, we count in
two different ways the number of point-plane incident pairs of the following set,

{(z,7) | x €I, 7 is a tangent plane and x € 7}.

Hence
52+ 1)+ (q+1—=8)(g+1)=((g+1)*=t)-1+t-(qg+1).

It follows that s = t. This proves the lemma. O

Corollary 2.10. Every line of PG(3,q) contains 0,1,2 or g + 1 black points.

Proof. From Theorem 1.1(P2), every line is contained in 0,1,2 or ¢ + 1 tangent
planes. The proof now follows from Lemma 2.9 O

3 Black lines

Let B be the set of all black points in PG(3,q). We call a line black if all its ¢ + 1
points are contained in B.

Lemma 3.1. Let w be a tangent plane. Then the set m N B is a union of two
(intersecting) black lines.

Proof. By Corollary 2.7(ii), we have |7 N B| = 2¢ + 1. Then 7 N B is not an arc,
since an arc in any plane contains at most ¢ + 2 points. Thus there is a line [ in 7
such that |l N B| > 3. By Corollary 2.10, [ C B.

Let « be a point on [. Since |t N B| = 2¢+ 1 and | C B, ¢ other points (points
not on [) of 7 N B are contained in ¢ lines through z, different from [. If there is a
line m(# 1) containing « which contains two points of 7N B\ {z}, then |mnN B| > 3.
By Corollary 2.10, m C B. So, in this case 7 N B = [ Um. On the other hand,
if there are two points y and z (different from x) of B which are contained in two
different lines (different from /) containing x, then the line m’ := yz intersects [ at a
point different from y and z. In particular |m’ N B| > 3. Again by Corollary 2.10,
m’ C B. In any case, 7t B =1 Um’. This proves the lemma. O

Lemma 3.2. Fvery black point is contained in at most two black lines.

Proof. Let x be a black point. If possible, suppose that there are three distinct black
lines [, m, k each of which contains x.

Note that, by Lemma 2.9, all the ¢ + 1 planes containing [ (similarly, m) are
tangent planes. This gives 2¢ + 2 tangent planes through = (with repetition allowed)
and there is a unique tangent plane, namely (I, m), containing both [ and m. Since



BIKRAMADITYA SAHU / AUSTRALAS. J. COMBIN. 84 (1) (2022), 178-186 184

by Lemma 2.8, there are 2¢ + 1 tangent planes containing x, it follows that each of
the 2¢ + 1 tangent planes containing x either contains [ or m.

On the other hand, again by Lemma 2.9, there are ¢+ 1 tangent planes containing
k. Out of these ¢ + 1 planes, the planes (k,[) and (k,m) have already been counted
as planes containing x. Since ¢ > 2, there is a tangent plane containing k& (and hence
containing x), different from (k,[) and (k,m). This gives a contradiction to the fact
that each of the tangent planes containing = either contains [ or m. Hence, there are
at most two black lines containing x. O

Lemma 3.3. Fvery black point is contained in precisely two black lines.

Proof. Let x be a black point and [ be a black line containing x. The existence of
such a line [ follows from Lemma 2.8. By Lemma 2.9, let 7y, 79, ..., m441 be the g+1
tangent planes containing [. For 1 < i < g+1, by Lemma 3.1, we have BNm; = [U;
for some black line I; of ; different from [. Let {p;} = IN{;. Lemma 3.2 implies that
pi #pjfor1 <i#j<qg+1, andsol = {p1,p2,...,Pgt1}. Since x € [, we have
x = p; for some 1 < j < ¢+ 1. Thus, x is contained in precisely two black lines,
namely, [ and ;. O

4 Proof of Theorem 1.1

We refer to [11] for the basics on finite generalized quadrangles. Let s and ¢ be
positive integers. A generalized quadrangle of order (s,t) is a point-line geometry
X = (P, L) with point set P and line set L satisfying the following three axioms:

(Q1) Every line contains s + 1 points and every point is contained in ¢ + 1 lines.

2) Two distinct lines have at most one point in common (equivalently, two distinct
points are contained in at most one line).

(Q3) For every point-line pair (z,l) € P x L with = ¢ [, there exists a unique line
m € L containing x and intersecting [.

Let X = (P, L) be a generalized quadrangle of order (s,t). Then, |P| = (s +
1)(st+1) and |L| = (t+1)(st+1) [11, 1.2.1]. If P is a subset of the point set of some
projective space PG(n, q), L is a set of lines of PG(n, ¢) and P is the union of all lines
in L, then X = (P, L) is called a projective generalized quadrangle. The points and
the lines contained in a hyperbolic quadric in PG(3, ¢) form a projective generalized
quadrangle of order (g, 1). Conversely, any projective generalized quadrangle of order
(g, 1) with ambient space PG(3,q) is a hyperbolic quadric in PG(3, ¢), this follows
from [11, 4.4.8].

The following two lemmas complete the proof of Theorem 1.1.

Lemma 4.1. The points of B together with the black lines form a hyperbolic quadric
in PG(3,q).
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Proof. We have |B| = b = (¢ + 1)* by Lemma 2.6. It is enough to show that the
points of B together with the black lines form a projective generalized quadrangle of
order (g, 1).

Each black line contains ¢ + 1 points of B. By Lemma 3.3, each point of B is
contained in exactly two black lines. Thus axiom (Q1) is satisfied with s = ¢ and
t = 1. Clearly, axiom (Q2) is satisfied.

We verify axiom (Q3). Let [ = {z1,2a,..., 2.1} be a black line and x be a black
point not contained in /. By Lemma 3.3, let /; be the second black line through z;
(different from [) for 1 <i < ¢+ 1. If [; and [; intersect for ¢ # j, then the tangent
plane 7 generated by [; and [; contains [ as well. This implies that 7N B contains the
union of three distinct black lines (namely, [,;,[;), which is not possible by Lemma
3.1. Thus the black lines [y, l5, ..., ;41 are pairwise disjoint. These ¢ + 1 black lines
contain (¢+1)? black points and hence their union must be equal to B. In particular,
x is a point of /; for unique j € {1,2,...,¢+ 1}. Then [, is the unique black line
containing x; and intersecting .

From the above, it follows that the points of B together with the black lines form
a projective generalized quadrangle of order (g, 1). This completes the proof. O

Lemma 4.2. The set of planes in X are the planes meeting B in a conic.

Proof. Let m be a plane in ¥. Note that |7 N B| = ¢ + 1 by Lemma 2.6. Suppose
that [ is a line of 7 containing three points of 7 N B. Then by Corollary 2.10, [ is
contained in w N B. Since |7 N B| = ¢+ 1, we have [ = 7 N B. By Lemma 2.9, all
the planes containing [ are tangent, which is a contradiction to the fact that 7 is not
a tangent plane. Hence |l N B| < 2. Since the line [ in 7 was arbitrary, 7 N B is an
oval in m. Since B is a quadric by Lemma 4.1, the planes of ¥ are exactly those that
meet B in an irreducible conic. O
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