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Abstract

The answer to the question in the title is contained in the following
conjecture by So [Discrete Math. 306 (2006), 153-158]:

There are exactly 27 ~! non-isospectral integral circulant graphs of
order n, where 7(n) is the number of divisors of n.

In this paper we review some background about this conjecture, which
is still open. Moreover, we affirm this conjecture for some special cases
of n, namely, n = p*, pg*, p>q with primes 2 < p < ¢ and integer k > 1;
and n = pgr with primes 2 < p < ¢ < r. Our approach is basically a
case-by-case study, but a common technique used in the proofs of these
different cases is the notion of a super sequence: a positive sequence in
which each term is greater than the partial sum of all previous terms. An
immediate consequence of this conjecture is a result of Klin and Kovacs
[Electron. J. Combin. 19 (2012), #P35], which asserts that there are
exactly 27" =1 non-isomorphic integral circulant graphs of order n.

1 Background

All graphs considered in this paper are simple, i.e., undirected graphs without self
loops and multi-edges. A simple graph is called circulant if it has a circulant ad-
jacency matrix [3]. By definition, circulant matrices are determined by their first
rows, and so each circulant graph is uniquely determined by its so-called symbol S.
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Symbols for circulant graphs of order n can be derived by the first row of the respec-
tive n x n circulant adjacency matrices and can be characterized as those subsets
S C{1,2,...,n—1} with the property that S = n—S, where n—S = {n—k : k € S}.

Let CG,(S) denote a circulant graph of order n with symbol S. The spectrum
of CG,(S) [6] is the multiset

Sp(CG(S)) = {Ao(S), M(S), ..., Au1(S)}

which can be computed as follows: for 0 <t <n —1,

JjeSs

where w = ¢ is the n-th root of unity. Since S = n — S, each eigenvalue Ae(S) is
a real number, and

M(S) =Y (@Y = (W) =) (W =) (@) = M)
JjES JjES jes jes
for 1 <t <n—1. Note that CG,(95) is a regular graph of regularity
S =) 1= (@°% =X(S),
JES jES
which is the largest eigenvalue because, for any ¢,

A(S) S S < D 1@ =D 1=1S] = X(S).

J€eS jES

By Perron-Frobenius Theory, the multiplicity of A\¢(.S) is 1 if and only if CG,(S) is
connected. Indeed, we can say more about the connectivity of a circulant graph [1].

Lemma 1.1 Let S be a symbol with ged(S,n) = m. Then CG,(S) is a union of
m copies of the connected circulant graph CG = (:.S), where S = {£:keS}C
{1,2,..., % —1}. Moreover, Sp(CG,(S)) consists of m copies of Sp(C’G%(%S)),
and so X\o(S) has a multiplicity m in Sp(CG,(9)).

Corollary 1.2 If Sp(CG,(S)) = Sp(CGL(T)) has the largest eigenvalue A\o(S) =
Mo(T) of a mulitplicity m then Sp(C’G%(%S)) = Sp(C’G%(%T)).

Lemma 1.3 If CGy,(S) is a connected graph then the eigenvalue A, (S) must have
an odd multiplicity.

Proof: For 1 <t < h—1,
)\t(S) - )\Qh,t(S).
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Therefore all eigenvalues have an even multiplicity except Ag(S) (which has multi-
plicity 1 due to connectedness) and A,(S) (which must have an odd multiplicity due
to even order 2h). O

Integral circulant graphs (ICG) are circulant graphs with integer eigenvalues only.
Each integral circulant graph comes from a special type of symbol called integral
symbol. In [6], it is proved that there are a total of 7(n) — 1 basic integral symbols
{G,(d) : d|n,d < n}, where G,,(d) = {k : ged(n, k) = d} C {1,2,...,n —1}. Note
that the collection of basic integral symbols is a partition of the set {1,2,...,n—1}.
The eigenvalues of CG,,(G,(d)) can be computed effectively using the Euler function
¢(+) and the Mobius function pu(-) as follows: for 0 <t <n —1,

__¢(n/d) n/d
e = e (Gtm) <2

In particular, Ag(Gn(d)) = |Gn(d)| = |Ga(1)| = ¢(%). These basic integral symbols
are used to generate all 27! integral symbols Uge pG,,(d) where D C {d : d|n,d <
n} is a subset of proper divisors of n. From now on, we denote by ICG, (D) the
integral circulant graph of order n with integral symbol Ugep G, (d), i.e., ICG, (D) =
CGp(UgepGr(d)), and its eigenvalues are given by, 0 <t <n —1,

M(D) = M(UgepGr(d Z ¢ Z;;j ) ( n/d )> cZ.

dED gcd(t n/d) ng(t7 n/d

Complement graphs are useful tools; in particular, we use them heavily to simplify
the proof of Theorem 5.4. First, we notice that the complement graph of CG,(5)
is also circulant and indeed CG,,(S) = CG,(S) where S denotes the complement of
S with respect to the set {1,2,...,n — 1}. The complement graph of ICG, (D) is
also an integral circulant graph and indeed ICG, (D) = ICG,(D*) where D* is the
complement of D with respect to the set {d : d|n,d < n}. Moreover, we have the
following.

Lemma 1.4 (i) If Sp(CG,(S)) = Sp(CG,(T)) then Sp(CG,(S)) = Sp(CG,(T)).
(i) If Sp(ICGn(Ds)) = Sp(ICGn(Dr)) then Sp(ICG,(Dg)) = Sp(CGH(Dr)).

Proof: (i) Since CG,(S) and CG,(T) are regular graphs, Sp(CG,(S)) and
Sp(CGL(T)) are determined by Sp(CG,(S)) and Sp(CG,(T)) respectively. Hence
Sp(CG,(5)) = Sp(CG,(T)) implies that

Sp(CG(S)) = Sp(CGH(T))

and so

Sp(CG(S)) = Sp(CGH(T)).
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(ii) Since ICG,(Dg) and ICG,(Dr) are regular graphs, Sp(ICG,(Ds)) and
Sp(ICG,(Dr)) are determined by Sp(ICG,(Dg)) and Sp(ICG,(Dr)) respectively.
Hence Sp(ICG,(Dg)) = Sp(ICG,(Dr)) implies that

Sp(ICGw(Ds)) = Sp(ICG,(Dr))

and so

Sp(ICG(Dg)) = SpICGL(Dr)).
]

We adopt the convention that IC'G, () is the empty graph with all eigenvalues
equal to 0. In theory, there should be 271 integral circulant graphs, one from each
integral symbol. However, there is a catch: we need to make sure that it is impossi-
ble that two different integral symbols produce isomorphic integral circulant graphs.
Note that it is possible to have two different symbols producing isomorphic circu-
lant graphs; fortunately they are not integral symbols. Indeed, Klin and Kovacs [4]
proved that different integral symbols always produce non-isomorphic integral cir-
culant graphs by using the techniques from Schur ring and group theory. Hence we
know that there are exactly 27(™~! non-isomorphic integral circulant graphs of order
n. However, this result provides mere evidence but no affirmation for the conjecture
stated in the abstract because it is possible for non-isomorphic graphs to be isospec-
tral. Note that if we can confirm the conjecture by other means then we potentially
have an alternate proof for the result of Klin and Kovacs.

As far as we know, the conjecture is still open. In the rest of the paper, we affirm
the conjecture for the following special cases of n:

e n = p¥ with prime p and integer k > 1;

e n = pg* with primes p < ¢ and integer k > 1;
e n = p*q with primes p < ¢;

e n = pqgr with primes p < g < r.

To confirm the conjecture, we need to show that two different integral symbols
produce integral circulant graphs with different spectra (as multisets), or contrapos-
itively, two integral symbols producing the same spectrum must be identical. That
is,

Sp(ICG,(Ds)) = Sp(ICG,(Dr)) implies Dg = Dr

where Dg and Dy are subsets of {d : d|n,d < n} because the corresponding integral
symbols are equal: (Jecp, Gn(d) = Uyep, Gn(d). A common technique employed in
our proofs is the notion of super sequences.

Definition 1.5 A finite sequence (zg,z1,s,...,2 ) of nonnegative numbers is
called a super sequence if x; > Zj;t xj forany 1 <t < J.
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Lemma 1.6 Let p > 2. Then the sequence (1,p,p?, ..., p”) is a super sequence, and
sois (p—1,p° —p,p* = p*,....pH = p7).

The following lemma shows an interesting property that all partial sums of a
super sequence are distinct.

Lemma 1.7 Let (x,x1,%2,...,2;5) be a super sequence. If a;, b; € {0,1} for all
0 <j < J such that Z;}:O ajr; = ijo bjx;, then a; = bj for all0 < j < J. In
other words, if x7 = [xg, 71,29, ..., 2] is a vector such that x7a = xTb for some

(0,1)-vectors a,b € {0,1}’T, then a = b.

Proof: Assume that there exists j such that a; # b;. Then the set R={0<j < J:
a; # b;} is non-empty and let m be the largest element of R. Suppose without loss
of generality that a,, = 1 and b,, = 0. Then we have the contradiction:

J m J
E OJ]'.I']' = E ajxj —+ E OJ]'.I']'
Jj=0 Jj=0

j=m-+1

m J
= Z a;r; + Z bjx; (since m is the largest element of R)

=0 j=m+1
J
> Tyt Z bjz; (since a,, =1 and z; >0 )
j=m+1

m—1 J
> Z T+ Z bjz; (due to the hypothesis on z;)
i=0 j=m+1

m J
ijxj + Z bjz; (since b, =0,b; <1)

j7=0 j=m+1

J
= E bj[L‘j.
Jj=0

v

Lemma 1.8 Let dy = 1,ds,...,d; < n be all the proper divisiors of n such that

(60070

is a super sequence. If Dg and Dy are subsets of {dy,...,d;} such that

Sp(ICG(Ds)) = Sp(ICGu(Dr))

then Dg = Dr.
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Proof: Since Sp(ICG,(Dg)) = Sp(ICG,(Dr)), we have A\o(Ds) = A\o(Dr). Hence

> o5 = Y 1G] = Y [Gu(d] = Y 6(5).

deDg deDg deDr deDr

Because of the super sequence hypothesis and Lemma 1.7, we conclude that Dg = St.

0J
The following lemma from [5] is needed in Sections 4 and 5.

Lemma 1.9 Let p be an odd prime which is a proper divisor of n. If
Sp(ICG,(Ds)) = Sp(ICG,(D7))

then % ¢ (Ds — Dr), where Dg — Dy ={k : k € Dg and k & Dr}.

2 The case n = p* with prime p and integer k > 1

In [6], So not only proposed the conjecture for all n but also reported (without proof)
that the conjecture is true for a prime power n. In this section, we give the proof of
such assertion.

Theorem 2.1 Let Dg and Dy be two subsets of proper divisors of p* with prime p
and integer k > 1. If Sp(ICG1(Dg)) = Sp(ICG+(Dr)) then Dg = Dy.

Proof: The proper divisors of n = p* are 1,p,p?,...,p" !, and so

(¢<%>,¢<%>,...,¢<?>) = (6(0), 6., S))
= (p—L,p*—p,....p" —p"™)

is a super sequence by Lemma 1.6. Hence Dg = Dy by Lemma 1.8. U

3 The case n = pg* with primes p < ¢ and integer k > 1

In [6], So also reported (without proof) that the conjecture is true for n being a
product of two distinct primes. In this section, we extend this result to n of the form
pq* where p < ¢ are distinct primes and k > 1 is an integer. We consider the cases
p > 2 and p = 2 in Theorems 3.2 and 3.3 respectively. Both theorems were originally
published in the Master’s thesis of Chris Cusanza [2]. However, we present different
proofs using super sequences.
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Lemma 3.1 For primes p,q such that 2 < p < q and integer k > 1, define
p—1 ifi=0,
TOU o ifj=1,3,.,2k— 1,

zj=1q (¢—1)g=
Then the sequence (g, x1, X2, ..., Top) =
is a super sequence.
Proof: We prove that x; > Z;;B xj for t =1,...,2k by induction on ¢.

Fort =1, 14 :q—1>p—1:x022;;éxj since p < q.
Consider ¢t > 2. If t is even, then

t t—2
E T; = Iy + Ty + g T
j=0 Jj=0

< x+ a1+ a1 (by induction hypothesis)
(p—1)(g—1)g " +2(q — 1)g=™"

t_
= (p+1)(¢g—1Dg=""

t+2 _q

< (q—1)¢g= = (since p < q)
= Tt41-
Similarly, if ¢ is odd, then
¢ t—1
D e = @t )
=0 =0
< ¢+ ax; (by induction hypothesis)
g
= 2(qg—1)q 2
< (p—1)(g—1)g% " (since 2 < p)
= Ti41- =

Theorem 3.2 Let Dg and Dy be two subsets of proper divisors of pg® with primes
p,q such that 2 < p < q and integer k > 1. If Sp(ICG,(Ds)) = Sp(ICG (D7)
then Dg = Dr.

Proof: The order pg* has 2k + 1 proper divisors {1,q,...,¢",p,pq,...,pg"'}. Let
us label the proper divisors as follows:

7 _ if 7 =0,
dj: qu*% 1f]:1,3,,2k—1,
—

¢ 2 if j=2,4,...,2k.
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Consequently, for 0 < j < 2k, we have gb(%k) = z;, which is a member of the super
J
sequence defined in Lemma 3.1. Hence Dg = Dy by Lemma 1.8. 0

Theorem 3.3 Let Dg and Dy be two subsets of proper divisors of order 2q* with
a prime ¢ > 2 and an integer k > 1. If Sp(ICGyy(Dg)) = Sp(ICGyy(Dr)) then
Dg = Drp.

Proof: Let m be the multiplicity of A\o(Dgs) = A\o(Dr). Then m|2¢* and so we have
the following five cases.

Case 1: m = 1. That is, (i) Ao(Ds) = Ao(Dr) has multiplicity 1. By Lemma 1.3,
both A (Dg) and Ay (Dr) have odd multiplicity. From the hypothesis

Sp(ICGqu (Ds)) = Sp(]CGQQk (DT)),

we have (i) Ax(Dg) = A (Dr).
Now the order 2¢* has 2k + 1 proper divisors {1,q,...,¢",2,2q,...,2¢"1}. Let
us label the proper divisors as follows:
¢* if j =0,
di=4{ ¢7 ifj=12,... .k
2% if j=k+1,k+2,...,2k.

Since both Dg, Dy are subsets of {1,q,...,¢" 2,2q,...,2¢"1}, for 0 < j < 2k,
define a; = 1 if d; € Dg, a; = 0 otherwise. Similarly, define b; using Dy. Note that
Dg = Dr if and only if a; = b; for all 0 < 5 < 2k.

Note that Ao(Ds) = 37 a;|Gpgr (dy)] = X2, aqu(%’“) = ap + Qx4 + Qya where

Q=1l¢—1(q—1)q - (¢=1¢" "], 24 = [a1,...,@]" and y, = [aps1, ..., a2)"
Similarly, A\o(Dr) = bo+ Qzp, + Qyp where x, = [by, .. ., bk]T and yp = [bgt1,-- -, bzk]T.
Hence, from (i),

ap + Qrg + Qo = by + Qzp + Q.

Note that

Ap(Ds) = D > (W)

deDs i€Gy 1 (d)

2k
=24 > -V

Jj=0 iEGqu (d7)
= —ap— QT4 + QYa-
Similarly, A (Dr) = —by — Qxp + Qyp. Hence, from (ii),
—ayg — QT + QYo = —bo — Qup + Q.

Consequently, by adding the two equations and then simplifying, we have Qy, =
Qyp. By Lemma 1.7 (because the sequence of entries from () is a super sequence
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by Lemma 1.6), y, = y. It follows that ag + Qz, = by + Qx,. By Lemma 1.7
(because the sequence of entries from ) with an additional 1 in the beginning is a
super sequence by Lemma 1.6), ag = by and x, = xp. Finally [ag 24 4] = [bo zb yb]
and so Dg = Dr.

Case 2: m = 2. By Corollary 1.2, Sp(ICG(3Ds)) = Sp(ICG (3 Dr)). Now, by
Theorem 2.1, %DS = %DT, and so Dg = Dr.

Case 3: m = ¢" with £ > r > 1. By Corollary 1.2, Sp(IC'Gqu_r(q%DS)) =
Sp(IC’Gqufr(q%DT)). Moreover the multiplicity of /\O(q%DS) = /\O(q%DT) is 1. By
Case 1, q%DS = q%DT, and so Dg = Dr.

Case 4: m = ¢*. By Corollary 1.2, Sp(IC’Gg(q%DS)) = Sp(IC'Gg(qikDT)). Now, by
Theorem 2.1, qisz = qikDT, and so Dg = Dr.

Case 5: m = 2¢" with &k > r > 1. By Corollary 1.2, Sp(IC'qufr(ﬁDs)) =
Sp(ICG p-+(5=Dr)). Now, by Theorem 2.1, 3--Dg = ﬁDT, and so Dg = Dp. [

7

2q"

4 The case n = p’q with primes p < ¢

The results in this section also appeared in [2] and [5], but both had different proofs
than ours. We consider three cases depending on the values of p and ¢: (i) p = 2
and ¢ =3, (ii) p=2and ¢ > 3, (ili) 2 < p < q.

Theorem 4.1 Let Dg and Dy be two subsets of proper divisors of 22 -3 = 12. If
Sp(ICGlg(Ds)) = Sp(]CGm(DT)) then DS = DT.

Proof: The order 12 has five proper divisors {1,2,3,4,6}. Hence there are five
basic integral symbols: G12(1), G12(2), G12(3), G12(4), G12(6), and so 2° = 32 integral
symbols. Using the formulas in Section 1, we can compute the spectra of all 32
integral circulant graphs explicitly and see that they are all different multisets. [

Theorem 4.2 Let Dg and Dr be two subsets of proper divisors of 2%q = 4q with
odd prime ¢ > 3. If Sp(ICG4y(Ds)) = Sp(ICG4y(Dr)) then Dg = Dy,

Proof: The order 4q has five proper divisors {1, 2,4, q,2¢} with an odd prime ¢ > 3.
Hence there are five basic integral symbols:

Gug(1), Gug(2), Gag(4), Gag(q), Gag(29).

By Lemma 1.9, Ds — Dy C {1,2,¢,2q} and so | Uyep,_p, Gag(d)| = @171 + agry +
asrs + aqxy for some a; € {0,1} and z; = |Gyy(29)] = 1, 22 = |Gay(q)| = 2, x5 =
|Gag(2)] = ¢ — 1, 24 = |G4y(1)] = 2(¢ — 1). Similarly, [Uyep,_p, Gag(d)| = bizy +
boa + b3xs + byxy for some b; € {0,1}. Since Sp(ICG4y(Ds)) = Sp(ICG4y(Dr)), we

have
U Gu(d)| = X(Ds) = Xo(Dr) = | | Gu(d)],

dEDS dEDT
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and so

> i =| U Gl (@) = U G D) = 3 b

7 deDg— deDr—

Note that x1 < z9 < x3 < x4 is a super sequence because ¢ > 5. By Lemma 1.7,
a; = b; for all i | i.e., Dg — Dy = Dy — Dg. Since (Dg — Dr) N (D — Dg) = 0, we
have Dg — Dy = Dy — Dg = (). Consequently, Dg = D. O

Theorem 4.3 Let Dg and Dy be two subsets of proper divisors of p*q with primes
p,q such that 2 < p < q. If Sp(ICG2y(Ds)) = Sp(ICGy2y(Dr)) then Dg = Dr.

Proof: The order p?q has five proper divisors {1, p, p? q, pq} with primes p, ¢ such
that 2 < p < q. Hence there are five basic integral symbols:

Gp2q(1)> Gqu(p)a Gqu(p2)a Gp2q(q)a Gp2q(pQ)'

By Lemma 1.9, Dg — Dr C {1,p,q} and so | Uyep,— DT 22q(A)] = a121 + axwe + aszws
for some a; € {O 1} and 21 = |Gpe(q)| = p(p — 1), |G 2(p) = (p—1)(¢—1),
|

p%q
x5 = |Gp2(1)| = p(p — 1)(g — 1). Similarly, |Uycp,_ps Gp2(d)| = bizy + baws + byzs
for some b; € {0,1}. Since Sp(ICG2,(Ds)) = Sp(ICG2,(Dr)), we have

’ U Gp2q(d)’ = )‘O(DS) = )‘O(DT) = } U Gqu(d)}a

dEDS dEDT

Zaixi:} U szq(d)]:] U szq(d)]:Zbixi.

dEDS dEDT

and so

Note that z; < 25 < z3 is a super sequence because 2 < p < ¢. By Lemma 1.7,
a; = b; for all i , i.e., Dg — Dy = Dy — Dg. Since (Dg — Dr) N (D — Dg) = 0, we
have Dg — Dy = Dy — Dg = (). Consequently, Dg = Dr. O

5 The case n = pgr with primes p<q <r

The results in this section are new. We give the complete proof when n = pqr with
primes p, q,r such that 2 < p < ¢ < r. Since the proof for n = pgr with primes
2 =p < q < r are similar except for some minor differences, we omit its inclusion.

The set of proper divisors of n = pgr is {1,p, q,r,pq, pr,qr}. Hence there are
seven basic integral symbols:

Gn(1), Gu(p), Gu(q), G(r), Gul(pg), Gulpr), Galqr).

Let 2y = |Gu(r)| = (p — (g — 1), 22 = |Gu(g)| = (p = 1)(r — 1),23 = |Ga(p)| =
(¢—1)(r—1),24 = |Gn(1)| = (p—1)(¢—1)(r —1). Then z; < x5 < x3 < 24 because
2<p<qg<r.

We prove our result in two cases according to the values of p, q,r:
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(i) (g—p)(r—p) > (p—1)% ie, z1+ 25 < x3,
(i) (¢ =p)(r—p) < (p—1)% ie., 21 + 9 > 3.

Theorem 5.1 Let Dg and Dy be two subsets of proper divisors of pqr with primes
p,q,r such that 2 <p < q<r and (g—p)(r —p) > (p— 1)*. If Sp(ICGpy(Ds)) =
Sp(ICqur(DT)) then DS = DT.

Proof: Since Sp(ICGpy(Ds)) = Sp(ICGuy(Dr)), by Lemma 1.9, Dg — Dr C
{1,p,q,7} and 50 | Uye py— p, Gpor(d)| = @171 +a972+azz3+a474 for some a; € {0, 1}.
Similarly, [Ugep,—pg Gpar(d)| = b121 4 bawy + bzws + byzy for some b; € {0,1}. More-
over, we have

‘ U GPQT’(d)} = /\O(DS) = /\O(DT) = Z} U qur(d)}a

deDg deDr

> =| U qur(d)\z\ U qur(d)}:Zbixi.

7 deDg— deDp—

and so

Note that 71 < x5 < 13 < T4 is a super sequence because 2 < p < g < r are primes
such that (¢ — p)(r —p) > (p — 1)?, ie., 11 + 2o < x3. By Lemma 1.7, a; = b
for all ¢, i.e., Dg — Dy = Dy — Dg. Since (Dg — D) N (Dy — Dg) = 0, we have
Dg — Dy = Dy — Dg = (). Consequently, Dg = Dr. O

Lemma 5.2 Let Dg and Dp be two subsets of proper divisors of pqr with primes
p,q,r such that 2 <p < q<r and (g—p)(r —p) < (p—1)%. If Sp(ICGpy(Ds)) =
Sp(ICGypyr(Dr)) and Ds # Dy with |Dg| < |Dr| then (¢ —p)(r—p) = (p—1)?, and

Ds — Dy ={p}, Dr—Dgs={q,r}.

Proof: Since Sp(ICGpy(Ds)) = Sp(ICGhy(Dr)), by Lemma 1.9, Dg — Dy, Dy —
Ds C{1,p,q,r}. Moreover, let S = cp, Gpor(d) and T = Uycp,. Gpgr(d), then

|S| = ’ U qur (DS) = /\0 DT = ’ U qur ’ = |T|>
deDg deDr
and so
|5 -1 =] U qur<d>\ =| U GW d)] =T -]
deDg— deDr—

Since Dg # Dr, both S — T and T' — S are not empty. Using |Dg| < |Dr|, we
have the following cases to consider.
(i) |S—T|=w; and |T — S| = x; where i, j are distinct.

Hence z; = |S —T| = |T' — S| = z;, which is impossible because z; < 25 <
r3 < T4.
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(ii) |S —T|==; and |T' — S| = z; + x;, where i, j, k are distinct.

(8) 24 =[S =T| =T = 5| =21+ 2
Hence (p —1)(¢ = 1)(r —1) = (p—1)(¢ — 1) + (p — 1)(r — 1), and so
(q—1)(r—1)=q—1+r—1,1e., (¢—2)(r —2) =1, which is impossible
because 2 < p < g <.

(b) =[S -T|=|T = 5| =1 +x3
Hence (p —1)(¢ = 1)(r —1) = (p—1)(¢ — 1) + (¢ — 1)(r — 1), and so
(p—1(r—1)=p—1+r—1,1ie, (p—2)(r—2) =1, which is impossible
because 2 < p < g <.

(c) zg=|S—=T|=1|T -S| =z + a3
Hence (p — 1)(g—1)(r—1) = (p—1)(r—=1)+ (¢ — 1)(r — 1), and so
p—1)(g—1)=p—1+qg—1,1ie, (p—2)(¢—2) =1, which is impossible
because 2 < p < q <.
This is the only remaining possible subcase, and (¢ —p)(r —p) = (p—1)%
Hence S —T = Gpyr(p) and T'— S = Gpyr(q) UG (1), 1.e., Ds— Dr = {p}
and Dy — Dg = {q,r}.

(iii) |S —T| ==; and |T — S| = zj + z; + x; where i, j, k, [ are distinct.
Because |S—T| = |T— S| and 21 < x5 < 23 < x4, we must have xy = |[S—T| =
|T — S| =21 + 29 + 3. Since (¢ —p)(r —p) < (p—1)%, ie., x1 + 19 > @3,
p—D@—1Dr—-1)=x4=21+ 22+ 23 <221 +205=2(p— 1)(q + 1 — 2)

and so (¢—1)(r—1) <2(¢+r—2),ie.,4 > (¢—3)(r—3), which is impossible
because 2 < p < q <.

(iv) |S —=T|=wx; +z; and |T — S| = x), + x; where 4, j, k, | are distinct.
Because |S —T| = |T — S| and 1 < xy < x3 < x4, we must have z; + 24 =
|S—T|=|T -S| =x9+x3. Hence (r —1)(p+q—2)=p—-1)(r—-1)+(¢—

Dir—1)=x+az=a1+xs>24=(p—1)(¢—1)(r—1)>(r—1)(p+q—2),
which is impossible. ]

Lemma 5.3 We list the spectra of several integral circulant graphs of order pqr.
o For ICG e ({p}).

(¢=1)(r=1) if qrli, .
Mh=8 T e i

1 otherwise.
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e for ICqur({Q> r}),

¢ (p—l)(q+T_2) iof pqr|i, r.e. 1 =0,
(p _ 1)(] iof pq|i and 1> 0,
(p—1)r if prli and i >0,
| ) —@-Dr-1) if qrli and i >0,
—(¢g—1)+1=2—¢q ifonly qli,
—(r=1)+1=2—r ifonly r|i,
| 2, otherwise.
e For ]Cqur({]-})7
(((p—1)(gq—1)(r —1) if pgrl|i, i.e. i =0,
—(p—1)(g—1) if pqli and i >0,
—(p—1)(r—1) if prli and 7> 0,
| ) —(g—-1D)(r=1) if qrli and i >0,
Ai({1}) = 1 if only pli,
g—1 if only qli,
r—1 if only |1,
1 otherwise.

e for ICqur({pq});

otherwise.

Ml ={ T I
o For ICG,,({pr}),
- {15 0

otherwise.

o For ICG,,({qr}),
Mi({gr}) = { ]iI L el

otherwise.
Theorem 5.4 Let Dg and Dy be two subsets of proper divisors of pqr with primes
p,q,r such that 2 <p < q<r and (g—p)(r —p) < (p—1)%. If Sp(ICGpy(Ds)) =
Sp(ICqur(DT)) then DS = DT.

Proof: Without loss of generality, let |Dg| < |Dr|. Assume the contrary that Dg #
Dr. Then, by Lemma 5.2, (¢—p)(r—p) = (p—1)?, and Dg— Dy = {p}, Dy — Dg =
{g,r}. Hence, p > 5 and

DS:{p}UD7 DT:{qar}UD

where D C {1, pq, pr,qr}. We have five cases to consider according to the cardinality
of D.
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Case 1: |D|=0.

Then Dg = {p} and Dr = {¢,7}. From Lemma 5.3, 1 € Sp(ICG,,(Ds)),
but 1 € Sp(ICG,y(Dr)) because 2 < p < ¢ < r. Hence Sp(ICGp(Ds)) #
Sp(ICGpe(Dr)), a contradiction!

Case 2: |D|=1.

Then Dg = {p,y} and Dy = {q,r,y} for some y € {1, pq, pr, qr}. From Lemma
5.3, we have 1 = 2+ (—=1) = Mi({¢,7}) + M({y}) = \i(Dr). However, again
by Lemma 5.3, 1 # X\;({p}) + \i({y}) for any i because 5 < p < ¢ < r. Hence
Sp(ICGLe (Dg)) # Sp(ICGpy(Dr)), a contradiction!

Case 3: |D|=2.

Subcase 3.1: D = {pq,pr}.

Then Dg = {p,pq,pr} and Dy = {q,r,pg,pr}. By Lemma 5.3, \,(Dr) =
Ma,r}) + ({pdd) + A({pr}) = —2(p — 1) + (=1) + (=1) = —2p, but
Ni(Dg) = (¢q—1)(r—=1)+(¢g—1)+(r—1) > 01if gr|i, —1 otherwise. Hence
—2p & Sp(ICG,y(Dg)), and so Sp(ICGy(Ds)) # Sp(ICGpe(Dr)), a
contradiction!

Subcase 3.2: D = {pq, qr}.

Then Ds = {p, pq, qr} and Dy = {q,r,pq, qr}. By Lemma 5.3, A\{(Dr) =
M{a,r}) + M({pa}) + M({gr}) =2+ (=1) + (=1) =0, but

((q(r—1)+(p—1) if pgrli,
qir—1)—1 if qrli, pfi,
) . P — 1 1f Q/ha p|27
MDs) =4 7y it gfi, pfi,
—q+(p—1) if qli, vfi, pli,
[ —q¢—1 it qli, rfi, pfi.

Hence 0 & Sp(ICGpy(Ds)), and so Sp(ICGpy(Ds)) # Sp(ICGper(Dr)),
a contradiction!

Subcase 3.3: D = {pr, qr}.
Then Dg = {p, pr,qr} and Dy = {q,r,pr,qr}. By Lemma 5.3, \{(Dr) =
M{arh) +M{pr}) + M{gr}) =2+ (-1) + (=1) = 0, but

((q—1)r+(p—1) if pgrli,
(¢q—r—1 it qrli, pfi,
| ) p-a if rfi, pli,
Ai(Ds) = 1 it rfi, pli,
| -1 if rli, qfi, pfi.

Hence 0 & Sp(ICGpy(Ds)), and so Sp(ICGpy(Ds)) # Sp(I1CGper(Dr)),

a contradiction!
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Subcase 3.4: D = {1,pq}.
Then Dg = {p,1,pq} and Dy = {q,7,1,pq}. Since Sp(ICGpy(Ds)) =
Sp(ICGpuy(Dr)), by Lemma 1.4, Sp(ICGpy(D%)) = Sp(ICGpy (D7),

and so

Sp(ICGpg({g, 7,01, qr})) = SPUCGper({p, prs 47}))

which leads to a contracdiction by Subcase 3.3.

Subcase 3.5: D = {1,pr}.
Then Dg = {p,1,pr} and Dy = {q,r,1,pr}. Since Sp(ICGpu(Ds)) =
Sp(ICGpy(Dr)), by Lemma 1.4, Sp(ICGpy(D%)) = Sp(ICGpy (DY),

and so

Sp(ICGpr({q, 7,09, qr})) = Sp(ICGper({p: P25 q7}))

which leads to a contracdiction by Subcase 3.2.

Subcase 3.6: D = {1,qr}.
Then Dg = {p,1,qr} and Dy = {q,7,1,qr}. Since Sp(ICGpy(Ds)) =
Sp(ICGpg(Dr)), by Lemma 1.4, Sp(ICGp,(D%)) = Sp(ICGp (D7),

and so

Sp(ICGper({q, 7 pr,pa})) = SpICGper ({0, P, pg}))
which leads to a contracdiction by Subcase 3.1.

Case 4: |D| = 3.

Then D = ({p} U D)* = {q,r} U E, and similarly D; = {p} U E where
E ={1,pq,pr,qr} —D. Since Sp(ICG,y(Dg)) = Sp(ICGpy(Dr)), by Lemma
1.4, Sp(ICGpyr(D%)) = Sp(IC G (D7) and so

SPUICGyar({a,7} U E)) = SpUICCop({p} U E))
with |E| = 1. By Case 2, it leads to a contradiction.

Case 5: |D|=41ie. D ={1,pq,pr,qr}.

Then D% = ({p} UD)* ={q¢,r} , and similarly D} = {p}.
Since Sp(ICGpyr(Ds)) = Sp(ICG Ly (Dr)), by Lemma 1.4, Sp(ICG)py (DY) =
Sp(ICG e (D3)) and so

Sp(ICGper({q,7})) = Sp(IC Gy ({p}))-
By Case 1, it leads to a contradiction. 0
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