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Abstract

The generalized Kneser graph K (n, k,t) for integers k > ¢ > 0 and n >
2k — t is the graph whose vertices are the k-subsets of {1,...,n} with
two vertices adjacent if and only if they share fewer than t elements.
We determine the treewidth of the generalized Kneser graphs K(n, k,t)
when ¢t > 2 and n is sufficiently large compared to k. The imposed
bound on n is a significant improvement of a previously known bound.
One consequence of our result is the following. For each integer ¢ > 1
there exists a constant K (c) > 2¢ such that k > K(c) implies for t = k—c¢

that
tw(K (n, k, ) = (Z) _ (Z:i) 1

ifand only if n > (t+1)(k+1—1) .

1 Introduction

In this paper a graph I' is a pair (X, E') where X is a finite non-empty set and E is
a set of subsets of cardinality two of X. The elements of X are called vertices and
the elements of F are called edges. We write X = V(I'). A graph I is called empty
if it has no edges.

A tree decomposition of a graph T' is a pair (T, B) where T is a tree and B =
(B : t € V(T)) is a collection of subsets B; of V(I'), indexed by the vertices of T,
such that

1. every edge {u,v} of I' is contained in B, for some t € V(7T'), and

2. for each v € V(T'), the graph induced by T'on {t € V(T) | v € B;} is connected
and non-empty.
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The width of such a tree decomposition is the number max{|B;|—1 | t € V(T)}, and
the treewidth tw(I") of a graph I is the smallest width of its tree decompositions. The
treewidth of a graph measures how treelike a graph is. For example, the treewidth
of a non-empty tree is one and the treewidth of a graph on n vertices is at most
n — 1 with equality if and only if the graph is complete. There is a vast literature on
the treewidth of graphs, see [1, 3, 4, 5, 6, 7, 9] for some recent ones, and there are
applications. A famous one is the use of treewidth by Robertson and Seymour [8] in
their minor theorem.

For integers n,k,t with & > ¢t > 1 and n > 2k — t, the generalized Kneser
graph K(n,k,t) is the graph whose vertices are the k-element subsets of the set
[n] :={1,...,n} with two vertices K and K’ adjacent if and only if |K N K'| < ¢.
The condition n > 2k —t ensures that the graph is non-empty. If t = 1, these graphs
are called Kneser graphs and are denoted by K(n, k).

It was proved by Harvey and Wood [2] that the treewidth of K(n, k) is equal to

(Z) — (Zj) — 1 for n > 4k®> — 4k + 1 and k > 3. More recently, Liu, Cao and Lu

proved the following.

Theorem 1.1 ([6]). For integers n,k,t with k >t > 2 and
k
n22(k—t)(t+1)(t>+k+t+1 (1)

we have tw(K (n, k,t)) = () — (72;) — 1.

k k—t

The hard part in this theorem is to prove the lower bound for the treewidth. For
the upper bound, the authors of [6] also used (1) but in fact this holds in general,
which is our first result.

Theorem 1.2. Let n, k,t be positive integers with n > 2k —t and k >t > 0.

(a) tw(K(n, k1) < (1) — (=1 = 1.

k k—t

(b) If n < (t+1)(k+1—t), then the bound in (a) is not tight.

The reason for (a) not to be tight when n < (¢t 4+ 1)(k + 1 — ¢) is that in this
situation the generalized Kneser graph has independent sets that are larger than the
so called point pencils, see Section 2. Up to my knowledge, it is an open problem
whether equality holds in (a) for all n > (t41)(k+1—t). We can give an affirmative
answer for some parameter sets as follows.

Theorem 1.3. For each integer ¢ > 1, there exists an integer K(c) such that k >
K(c) and t = k — ¢ implies that

tw(K(n, k) = (Z) - (Z:D 1

for allm withn > (t +1)(k+1—1).
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We also give K(c) more explicitly in Corollary 2.9. For general k and t we can
improve the above result of Liu, Cao and Lu as follows.

Theorem 1.4. For integers n, k,t with k >t > 1 and

t+ A k(k+1—t)(k—t) ift>17

N {t+6k:(k:+1—t)(k—t) if2<t<16,
B In(t)

we have

tw (K (n, k) = (Z) - (Z:z) 1

The proofs in the present paper follow the lines of the proofs in [6] by improving
and simplifying their arguments. In particular, our proof avoids results of the ¢-
shadow of families of sets.

2 Proof

For every graph I' its maximum vertex degree is denoted by A(I') and is called
its maximum degree. Also, for v € V(I') the set consisting of all neighbors of v is
denoted by T';(v). The cardinality of a largest independent set of I' is denoted by
a(T") and is called the independence number of the graph. There is a connection
between treewidth, maximum degree and independence number.

To see this, consider a graph I' and an independent set A of ' of size «(T"). Put
S=V({I)\ A Then T := (AU{S},{{a,S} | a € A}) is a tree (in fact a star) and
defining Bg = S and B, = {a} UT'i(a) for a € A results in the tree decomposition
(T, (Bi)icaugsy) of I'. Since |Bs| = [S] = |V(I')] — (") and |B,| < A(T') +1, it
follows that

tw(I") < max{A(D), |V([')| — «(T") — 1}. (2)

This was proved in [2].

We will apply this to generalized Kneser graphs. The independence number of
the generalized Kneser graph K (n, k,t) is at least (Z:i) since the k-element subsets of
an n-set containing a given t-set is an independent set of this size. We now compare
A(T) and |V(T")] — a(T") — 1 for generalized Kneser graphs T'.

Lemma 2.1. For positive integers n > k >t we have
n—t (k- by n—k +t_1 E\ (n—k < (7
k—t k—t = \iJ\k—i) = \k/)

Proof. The sum is equal to the cardinality of the set T} that consists of all k-subsets

of [n] that have at most ¢ — 1 elements in [k]. Also (}_}) is equal to the cardinality of
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the set Ty that consists of all k-subsets of [n] that contain [¢]. Finally, (k — t)t(g:’;)
is equal to the cardinality of the set T3 that consists of the k-subsets of [n] that
contain exactly ¢t — 1 elements of [t|] and one further element of [k]. As the three sets
T; are mutually disjoint, we have that |T3| + |To| + |T3] is at most the number (}) of

k-subsets of [n].

Corollary 2.2. For a generalized Kneser graph I' = K(n, k,t) with n > 2k —t and

k>t >0 we have
am <= (373 - -0 25

Proof. We have A(T') = 312, (") (3~%). In fact for every k-subset K of [n], this is

i) \k
the number of k-subsets of [n] that meet K in at most t — 1 elements. The statement
follows therefore from Lemma 2.1. ]

Proposition 2.3. Let n,k,t be positive integers with n > 2k —t and k >t > 0.

(a) tw(K(n,k,t)) < (7) — (=1 — 1.

k k—t

(b) If n < (t+1)(k+1—t), then the bound in (a) is not tight.

Proof. Put I' = K(n, k,t). We will apply (2). Since n > 2k —¢ and k >t > 0 we
have A(T') < (¥) = (32}) — 2 from Corollary 2.2.

k k—t
We have |V(I')| = (}) and a(T) > (}7}), as noticed above. Hence |V (I')|— (') <
(1) = (77})- Thus (a) follows from (2).

Now suppose that n < (t 4+ 1)(k + 1 —¢). Let A be the set consisting of all
k-subsets of [n] that have at least ¢ + 1 elements in [t + 2]. This is an independent
set of I' and thus a(I") > |A|. We have

rA|=<t+2>(Z:§:f) + (Z:fj)
) (Z:D +(t+1>(kk+_1t—t>—n<2:z:f) . (Z:i)

Hence [V(I)| — a(T") < (}) — (Z}), and thus also (b) follows from (2). O

k k—t

Theorem 1.2 follows from Proposition 2.3.

It was proved in [6] that the upper bound is sharp when n is sufficiently large
compared to k£ and £. We will improve this result by weakening the required bound
on n significantly. As in [6] and [2] we use a result of Robertson and Seymour on
separators. For a real number p with % < p < 1 a p-separator of a graph I is a
subset X of the vertex set V(I") of I" such that every component of I'\ X has at most
p|V(I'\ X)| vertices.
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Result 2.4 ([8]). Let T be a finite graph and p a real number with 3 < p < 1. Then
[ has a p-separator X with | X| < tw(I") + 1.

A second ingredient of our proof is the result of Wilson on the independence
number of generalized Kneser graphs.

Result 2.5 ([10]). For integers k >t > 1 and n > (t + 1)(k + 1 — t), we have
(K n, k1) = (1)

As we have already noticed previously the independence number is larger when
<(t+D(k+1-1).

Lemma 2.6. Suppose n, k,t are positive integers with k >t and n >t + %(k +1-—
t)(k —t). Define the function

fiAreZ|0<r<t—-1} >R, f(r):= (IE::)(Z:ZI:)

Then f is monotone increasing.

Proof. For integers r with 0 < r < ¢t — 2, it is easy to see that f(r) < f(r+1) is
equivalent to

(k—r)k—=2t+r+1)<(n—=2t+r+1)(t—r).

This in turn can be written as (n — t)(t —r) > (k —t)(k+ 1 —t). In view of the
assumed lower bound on n and r < ¢ — 2, this is true. [l

Lemma 2.7. Suppose n, k,t are integers with k >t > 0 and p is a real number with
% < p <1 such that

n>{t+1)(k+1-1t),
1
n2t+§(k:+1—t)(k:—t), and

=)= ()T

k_t) elements.

Then every p-separator of K(n,k,t) has at least (Z) — (
Proof. Assume on the contrary that there exists a p-separator X with [X| < (}) —
(+71). Then U := V(K(n,k,t)) \ X satisfies [U| > (}}). The components of
K(n,k,t) \ X each have at most p|U| elements, and hence there is a union A4 of
components with (1 — p)|U| < |A| < p|U]| (this is clear if some component has at
least (1 — p)|U| vertices and otherwise it follows from p > 2(1 —p)). Let B=U\ A
be the union of the remaining components, so that also (1 — p)|U| < |B| < p|U]|. As
A and B are unions of components of the graph K(n,k,t)\ X, we have [ANB| >t

forall Ae A and B € B.
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Since n > (t+ 1)(k+ 1 —t), Result 2.5 shows that |U| > a(K(n, k,t)). Hence U
contains adjacent vertices, that is there exist two elements Ay, Ay € U which intersect
in less than ¢ elements. We may assume that A;, Ay € A. Put s := |A;NAy| < t. For
every t-subset Y of A; we put By := {B € B |Y C B}. The following observation
is from [6].

Claim: If Y is a t-subset of A; and if r := |Y N Ay, then |By| < f(r).
This can be seen as follows. If B € By, then |As N B| > t and hence |(A2 \ Y) N
B| > t —r. On the other hand, for each of the (k_r) subsets Z of size t — r of

t—r

Ay \ 'Y, there are exactly (Z:;ﬁ:) k-subsets of [n] that contain ZUY". It follows that
1By| < (71 (Z:ZII) = f(r) establishing the claim.

Define S := A; N A, so that s = |S| <t —1. Since |A; N B| >t for all B € B we
have

ve(4t)
Fix any subset T of A; with S CT and |T'| =t — 1. Then

Bl< > Byl< Y f(Yns)

ve(n)  ve(h)
< %)f(pfrm) < 2 (t;1> (kj_lr_t)f(r)

where the first inequality follows from (3), the second from the above claim, the third
from Lemma 2.6, and the fourth by counting for 0 < r <t — 1 how many t-subsets
of A; share exactly r elements with 7. Using |B| > (1 — p)|U| and |U| > (}_}) we
find

t—1
-2 <2 () C) G
If we substitute r =t — s the resulting inequality contradicts one of the hypotheses
of the present lemma. O
Theorem 2.8. Suppose n, k,t are integers with k >t > 0 such that
n>t+1)(k+1-1),

nZt—i—%(k:—i—l—t)(k—t), and (4)

1/n—t >mm§_t} b= I\ (k+1—t\/k—t+s\/n—t—s -
3\k—t) — — s—1 s s k—t—s)/)

Then tw(K (n,k,t)) = () — (1Z}) — 1.

k k—t
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n—t

Proof. By Lemma 2.7 every %—separator of K(n, k,t) has at least (") (k t) elements.

Result 2.4 implies thus that tw(K(n, k,t)) > (7) — (};) — 1. Proposition 2.3 gives
equality. [l

It remains to analyze inequality (5). If & — ¢ is sufficiently small, we find the
following.

Corollary 2.9. For integers ¢ > 1 define

e GO [GO

Then for all integers k and t with k > K(c) and t = k — ¢ we have
n n—t
. 1
() - (=) ©

Proof. Consider integers ¢, k,t,n with ¢ > 1, k > K(c), t = k — ¢ and

tw(K(n, k,t))

for allm withn > (t +1)(k+1—1).

n>t+1)(k+1—=t)=@t+1(c+1). (7)

Since K(c) > 2¢, then k > 2cand t = k—c¢ > ¢+ 1 > 2. Also (7) implies n > 2k —t,
so that n, k,t are parameters of a generalized Kneser graph K(n,k,t). As k > 2c,
then (7) implies (4). Assume that (6) is not true. Then Theorem 2.8 shows that

()= (0
-5t e e (L)) e
ity et () () e e

From (7) we find n —¢t >t and n —t — 1 > (¢ + 1)c. This proves the inequalities in

(t—l)!(n—t—s)!_ﬁ t—i (t— 1)1 1

= < < .
(t—s)!(n—t—1)! tn—t—i = (n—t—1p"1 7 !

1=

On the left hand side of (8) we use that n —¢ > (t+ 1)c = (k+ 1 — ¢)c and find

(c—1) c+1\[c+s) 1
<
—C Zc—s 3—1)< s )( s )05—1

and hence k < K(c). Since we assumed k > K/(c), this is a contradiction coming
from the assumption that (6) is not true. Therefore (6) is true. O
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Corollary 2.9 proves Theorem 1.3.

Remark 2.10. The value K(c) was chosen in such a way that (8) is not satisfied.
For fixed small ¢ one can determine K’(c) explicitly such that (8) is not satisfied iff
k > K'(c) and hence (6) is satisfied for all n,k,t with & > K'(c), t = k — ¢ and
n> (t+1)(k+1—t). For example one finds K'(1) = 12, K'(2) = 54, K'(3) = 195
and K'(4) = 626. For ¢ = 1, a better result was proved in [6].

Corollary 2.11. Suppose n, k,t are integers with k >t > 1 and

- t+mmt—DE(E+1—t)(k—t) ft>17 ©
Tt 6k(k+1—1t)(k—1) if 2 <t<16.
Then tw(K (n,k,t)) = () — (72;) — 1.
Proof. Define
t—Dk(k—t)(k+1—t
=Dk Okt1-1) o
n—t
Assume the statement is wrong. Then Theorem 2.8 shows that
t
1/n—t t—1\/(k+1—t\[(k—t+s\(n—t—s
- < . 11
EIYED 91 () [ G |G [ (SN R

For every integer s with 1 < s <t we have
n—t—s\ _(n—t ﬁk—t—gg E—t\"(n—t)
k—t—s k—t Z,:On—t—@ n—t k—t

Using this and (}) < a’/b! for binomial coefficients with a,b > 0 in (11), we find
1 t—I\/(k+1—t\[(k—t+s\ [k—1t\"
2 51 () [ G T

N (=0

(t—1 1)!sls! n—t

Using the definition of ¢ in (10), this implies that

t S

t—1 &
3 = Z (s —1)lsls! (12)

s=1

Case 1. We have 2 <t < 16. Then one can check for each possible value of ¢ that
(12) implies that ¢ > (¢t — 1). Using (10), this contradicts (9).
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Case 2. We have t > 17. By (10) and the hypotheses of Corollary 2.11 we then have
¢ < In(t) and therefore

S

t—1 c
o eNT &
3 = Z (s — 1)lsls!

s=1
%)

<ot 2 n 1 c®
C JE— —_— R
- 4 213! g s!

c? 1 .
§c+Z+T3!(e —1)

1 1
<Int+—-(Int)>+ —(t—1).
<Int+ 2(Int)’ + —(t— 1)

This implies that

t—1<4Int+ (Int)*

For t = 24 and hence for all t > 24, this is a contradiction. For 17 <t < 23 one can
check easily that (12) implies that ¢ > In(t), which is a contradiction. O

Corollary 2.11 proves Theorem 1.4.
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